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Characterizations for extremal extensions

000000000000 (Go Hirasawa)

1 00

gobobobbooooobobbuododobobboooooobobobbooooooboobo
0000000000 (ef.4),000000000000000, 00000 extremal 0000
J0000b00bobooobbobD,extremal 00 O0O0OO0OO0DOO0ODOOOODOODODO
ggog

2 OJUooooogod

(H,(,-)) D0O0O0O0O0O0O0OOOO0O0OOOO0OOOOOC(H), S(H)oooooo, 000000
O0000000,B(H)ODOD0DUOD HOOODODODODOODODOOODODOOOO,000oooooo
gogoog

S(H)DC(H) D B(H).

00000 a:dom(a) CH—-HOOOOOOODO,00 A BeB(H) (kerACkerB) 000
0o,
dom(a) = AH, ran(a)= BH,

a=B/A : Au— Bu, u€H

gooobooboobo
Ooo0oboob AOo0b00b0obb0 0000, 000O000ODOO,

(af,f) >0, fedom(a)
O00000000,00000 ¢0 «cOD0OODOOODOO
af =af, f¢€dom(a)C dom(a)

0000000000000 eCae0D00000D0O0,0000000000000 «a0ODO
oooo,
aCa® ie, af=a"f, [fé&dom(a)C dom(a®)



D000000,000 (af,g) = (f,ag), f,g €dom(e) J00D000000000000O0O0O0
0000000000000000000000@MO00000000000000«O00000
00000,a=¢" 000000

00000,00000000a(@>0, «Ce’)000,000000000000@ (eCa
a>0,a=a") 0000000000

00,00000000000000 <O00000000a4,6, 00000000000

00000

[l SIS

1 1 1
a; <ay <= |lai fl| < |le3 f|l, f € dom(ai) C dom(a

).

gbobogoboobodbbuoobobooobboobboobobobob,0obboobobobo
gobbboooobbooooo,bugoaobbodan
gobbobd e,ee U000 O0OO0OOOOOOOOOODOOOO

CL1:W1/(I—W1>, Q/QIWQ/(I_WQ).

(0<W;<I,i=1,2)0000,0000000

[ CL1§CL2<:>W1§W2. J

0000,0000000000 BH)ODDODDOOOO,000000000000O0O0OODOAO
goboboooobod

3 Uuobbuobouobuoooon

S(H)>¢0000000000000000000 00000e=B/A000000000,
a(I+a)'=B/(A+B)000000,00000000(0000)000000000000,
0000 (A+B)H (CH)OOODODODOOOO,00000000(0000)00000000
HOOOOOOOOOOO0O0O0OO0OO0OO00O000000000000000000 woOoooo
ooooooooao,

B/(A+B)CcW, 0<W<I, [W|=|B/(A+B)|=1

noooao,
B=W(A+B), ie. (I—W)B=WA.
noo,
a=BJ/ACW/(I-W)
W/(I-W)0000000000000000000000000000,00 «000000
a:=W/(I-w)0000000000000
000000,00000000000000000,WO0000 Wy0OO0OO WeO00OOOO

ooooo,
Wy <W < Wh.
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00, Wy<W<Wp,00000OOO WOODODO,W/(I-W)0O «000000000000
00000000000,¢0000000000,a:=W/(I-W)000000000000
0000,0000 ay:=Wx/(I-Wy), 0000 ar:=Wr/(I-Wp)OODDODDODOOODODO
Wy<W<Wr,000000,0000000000000000,000000000000
000000000000000000000

00000 Wy, We]0OOO ¢« 0000000000000 0O0O0OD, 0000000000000

4 Extremal extension U [J [ [J

00000000 ¢0 O0ODODO0O a O extremal extension 00 00O,

inf (a(p—f),p—[f)=0, € dom(a)
f€dom(a)

000000000000 YuMArdinskii (¢f.[]1]) DODOO00O0O0O0OOOOOOOOOOOOO,
gbbodbooobooobuoobbuoobboobooogob,obbooboooboo
gbbodbbodobbodobbooboo,buoobbuoobboouobooboboobboo
00000000000y edom(e) DO0OO0OODOOOO,

fedom(a
noo,
(ap,p) == _inf {=2Re(ap, f)+ (af, f)}

= sup {2Re(ayp, f) — (af, f)}
fedom(a)

= Sup {2‘(6S07f)|_(af7f)}
fedom(a)

_ (@, /I (¢, af)I?

B feignl?(a) (a’f7 f) a feignl?(a) (a’f7 f)

= [[@Zel

~1

DDD,dom(ﬁ)Cdom(m)DD,DDDD.
B ~1 ~
lairell = llazel| ¢ € dom(a).
gooooo,0ooooooooood

Proposition 4.1 OO0 00000O0.



(1)a0 a0 extremal 00O OO
1 ~1 ~
(2) llagell = llazell ¢ € dom(a).
~3 ~1 ~1 ~3
(3) llagell = llazel| ¢ € dom(az) (C dom(ag)).
00, ay, ar O extremal OO0 .

0000000000 (2) = (3) 0002 |gm@ D000 a2 000000000000

(a: |dom(@)) = az.

Vo e dom(az) 0000,

1

(¢n, a2 pn) — (go,ﬁégp) (pn € dom(a)) in H x H.
1
DDD,{E%gpn}D Cauchy 000000, 00 (2) 00 {age,} 0 Cauchy 00O0O0O0O00O0O,
1

1 1 1
@, 00000,pedom(@) 00 ae=0000000,

1 1 1 L
[azenll = llazell OO flageall = llag-ell

ogooo,

~1 ~t ~1

la>¢ll = llagell ¢ € dom(a>).
O000,ay O extremal 000000000000, ar0 extremal 000000000 O0O0O
ogoooood

5 U0O0UU0O0O0O extremal UOOOOONO

O0,00000000 etremal 000000000000 OCOOODOOO0O a,a, W, Wy 0O
goouooboooboboooon
Proposition 5.1 00 O0O000O0O.
D) a=W/(I-W)O extremal 00000 .
(2) 00 isometry X e B(H) O0OOO0O, X*WyX =W OOOO.
(1) = (2) 000000000000Wy <W OO I-W<I-WyD000, ([ -W)HC
(I -Wy)zH. 000,00 X 00000 (I—-W): = —-Wy):X. 0000,1—-W =

1 1 ~1 1
X*(I-Wyn)X =X*X-X*WyX --- (). 00,00 |[aze| = l[aze| ¢ € dom(a2) = (I-W)zH
ud X
IWA /(= Wi)% - (= W) Xull = [WH/(T = W% - (1 = W)kul.
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1
IW2Xu|| = |[W2ul|, (we H). OOO, X*WyX =W.
0000, (x) 00 X O isometry 0000000000000000000

go,bo0ggobboboooobon
Ub.c00obbboooobbobboooobbbuoogon
O0000,00000000 e=W/(/-W)0O0O0O0OOOOOO0O00OO
(1) a O extremal 000000
2)woooooo Wy, Wg] O extreme point 0000

O00000,M.GKrein DOOO000O (cf[5])) 00D O0O0O0O0OO0DO00OOODOOOODOOOO

Theorem 5.2 ([2])

«0 00000000000000000000. 00000000 a=J-V)I+V)
gogoon.

(1) a0 extremal 000000

(2) V. OOO [V, Vp] O extreme point 0000

g, oo oobobbobbbbbbbbbbbboboooon
g, bgdboboboobbuogbbuogobooooboobobooobbooobbuoobboo
gob,dgdgbboboodgbbbdoodobbbuooobbbabooo,bbooobbobao
gobbobooggbbobog,bobuooobboooobobogn

000, M.GKrein(1947) 00 0000000000000 00000O0O0O0O00O0O0O0OaO
gobobooooon,

Vi=I-a)(I+a)™ 00000, |[V]=1, dom(V)C H
Ooddono viuooo FOOoooobooooooood
VeBH): 0000, |[V|=]|V]=1

A= -V)I+V)!

gobbbu,ebbDb0O0O000OLbLOOO0OO0O0bLbObObOOOo0oobbbO v ooooooo
goooog VND g VFDDDDDD(le VN<V<VF)

ar == Vi) +Va)Y @y i=( —Ve)(I + V)™t

O0D000,av<a<ar0000000

Ooon

[1] Yu.M.Arlinskii, S.Hassi, Z.Sebestyén and H.S.V.De Snoo, On the class of extremal extensions
of a monnegative operator, Operator Theory Advances and Applications, Birkhatiser Verlag,
Basel 127 (2001), 41-81.
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[3] G.Hirasawa, Extremal positive selfadjoint extensions of a positive symmetric quotient, Acta
Sci. Math. (Szeged), 65 (1999), 203-216.

[4] S.Izumino and G.Hirasawa, Positive symmetric quotients and their selfadjoint extensions, Proc.
Amer. Math. Soc., 129 (10) (2001), 2987-2995.

[5] M.G.Krein, Theory of selfadjoint extensions of semi-bounded Hermitian operator and its ap-
plication I, Mat. Sb., 62 (1947), 431-495.



Daniell [ Radon-Nikodym [ [ []
[]

Joog
oooodogbogt

O00000000D00D000D000 (Hiroki Saito)

In this study, we obtain the new formulation of the Radon-Nikodym Theorem without o-
finiteness by Daniell integral. In Daniell integral, Radon-Nikodym density function couldn’t
be constructed as a function, but ”density part” forms special system of measurable functions.
We shall call this system folder. Moreover, investigating some non-o-finite example, we see
that Daniell integral differs from Lebesgue integral.

1 Daniell] 00O 0O O

O00o0D, 00000000 DanielDODOODOOOOODO. DanielDODOOOOOOOOO
goooboooboo,boboboobooboob. bobboo, banielOoooooo, O
0000 Daniell 000000000000 0O0O0ODO. O000DO0OOO0OOOOOO ], [2000
gobooogd.

Definition 1.1 HO OO Q#0) 00000000000 VectorlatticeDD,fD HOOOOO
DDDDDDDDDDDDDD:hn\0:>fhn%0.HDDDDDDD,IDDDDD,S’DD
(0 H, [) O Daniell system O 00O .

Definition 1.2 H* OO O OD0O0DO0O000O0O0OOO0OOOOO. 0000 fe HTOO, 00
h, e HOOOO h, A fO00000000. feHTOODDODOOO 4c0o0000000O0.
feHt0O0D0O0O00 A O0000 [fi=lim, [, 0000000.0000000 4000
0000000000,0000000000000 H#;,000.

int

HOOODODOOOHTOODODOODOOOOO.00DDODOoOooooo fDDDDDEIDDDDD
00000,00001],2]0000000000000O0O0O0O0O00O0OO.

Definition 1.3 7 Cc Q0D O00000000,00 feH,, 0000 col(Z)L 0000000
goo.

000, [(Z) 000 Z0O indicator function, i.e., I(Z) =1on Z,=0o0n Z°¢, 000, col(Z) O
200 +o0o00000O0O0O0OOOODO. DOODDODDODDODODOOOO0OO0OOODDODODODOOOOOOO
00000000, feH,, 00000000000000000O00O0O0O0OOOO0O0O0.

wnt



Definition 1.4 00000000000 000000 ¢:Q > RU{+cc} 000000000
0,0000000000000000000,0000,00h,eX0000, h, > ¢ (ae.)
0D000000000. MOODODOOOOOO.

DcQUODOOOO0OOOI(D)emMOIDDOOOOODOODO. OOODODODODOO,000
oooQOOo0oOooboOooboOoooooobo0ooDboOobO.oboboooboo3b0oooboobooo.

Definition 1.5 0000 0 £T000000,00 feHt, ge M, 0000 ¢=f—g (ae.)

wnt
godgoooooo. 00000,
/w:/f—/g

00O00.00,feH;,00000,00000000000,000 £000.

wnt

00 DanielUDDO0ODOO0ODOO. DO0OOODOOODOOODODOOOO,0b0O00b0bDOn
Oo0o0oooooooooobooOo0o0.ooo,DooobooCocboOoOoOgOooon. HO Stone
O00oobOoobo,00b0oob0g A0l hAN1eHDOODOODOODOOO. StoneOODOO
00,000000000000000000,0000 ¢0 carrier {p#0}000000000
gobooooo.

2 Folder ] Folder O 00 OO 0O [

O0000,000000000folder 0000000000000 0O. 00000 Raof4]00
O quasifunctiond Zaanen[3| 00000000 cross-section0 0000000, 0000000
ob00. 0b0,b000000000000000000D0ODOODO0O0,000000 Daniell I
O00oobo0o0odfolder 00, 000000000O0DOCOOOODOOOOODOOOO
O000. Daniell0 0 00O, Radon-Nikodym O OO folder OO0 OO0O0DOOO0O0O0DOOOOOO.
foldere 00000000000 OOOOO,0000000 RDO0ODOOO0ODOOOO.

Definition 2.1 F C QUDUOO0O00O00000O0,00 opeHTOOO0OO,E={p>0}000
O00000D0.00D00Db0O0boenon.

folder (h)OO E0O0 MOOOO: &€ - M; E— hgO0OOO0O0OO0OODOOO: EF €€,
hpl(E) = hgar (a.e.).

Example 1. 00
ESEwI(E)

Ofolder OOO. OOODOODODODOODODOOO folder0,00000000000O. OODO (I)O
gobobogd.
Example 2. QU OO00O00OO0OO A ODOOOODOODO,

gBEHhQI(E)



00000 folder D00, DO0OODO0,00000000 folder ()OO0, 0000000000
hyDODOOOOODODOODO.

p00000000. 0000 o0 folder (WO DO o) 000 :E3E s php0000. O
0000000, Example 20 folder O, (h) =ho([)00000. 00,0000000 00O,
carrier {9 20} 000000000000 E,ODO0O0DO0OOOOOOOO.0O0O0,00000 Ey
00000, plh) = ¢he,()OODOOO0O00OD0. 000, folder p(h) 0000000 phy D00
gogdooooooooo.

folder (h) DODODODOO0O0O0O density00000,0000000 fO000, fhg, 00000
O0000000.000,Eef0{f#0}00000000.

00, density folder () 00000000,

[ = [ e, en

gobb.bogoboboboooobbbuoooon.

3 Radon-NikodymOOGO4Oo4odooond

gobbobooodoobo.

Theorem 3.1 (Radon-Nikodym Theorem) Let (2, H, [) be a Daniell system satisfying the
Stone condition, and @) be any integral on H such that @ < [. Then there exists a non-negative
density folder (h), such that for any f € H,

an = [ s o
This (h) is determined (a.e.)-uniquely.

Remark 1. Q< [0 QO [0000000000000,0000,000 [-0000 Q-0
0000O000O00OooO.

Remark 2. 000 Daniell 1000, HO o-0000000 leHTO0000O0000. OO
0Qef000000.000000-00000000000000000000000
00,,00000000000000 Radon-NikodymOODODOODOOOOOO. 00000
0000000000000, Q=10,1], B0 [0,1]00 Borel 000, 00000000, p0O
O0000000000,B00000000 400000000000, 00000 »000
Lebesgue 000000, Radon-Nikodym 000 000000000000 000000O00O0.
0000 Daniel 1000O000. Q=10,1,X0[0,1]00000000000000000
00000, ie.,

f= ZakI({k}) A : finite set, a; € R.
keA

o000, HO Stene0 00000 OOOOODOOOO.OO000OO

/fizzak,



00D00.000000,Ac[0,1]000000000 I(A)eX000, [I(ADADODDOOO
000000000000.00000000000000,

of—DDDDDDDDDDDD,
e J0000OODOODODOULOODUDODL,DODbOODLOQUOUDODODO.

e Q¢E0DDHO-ODODODODO.

00000,#00000000000 QO (00000000000, DO00O0D0O0O00Q
goboboooooooboobog,

)= aQ(k))

00,QUk)0000D00000.000,QU(Kk):=c¢ (0<c¢eR)0D0D00,

EEM/ /Z@I eI (m)

keA keA med

000000. h:=Y, ,eI[(m)00000,h0Q00000000000,Q(f)=[fh0O
0000.00ARO000000000.000,(G)=AI)00000,0he=Ar[(E)00O0OO
000Q(f)=/f(hD00000. 000000000, Daniel0000000,0000000
0000,000000000000 Lebesgue 0000000000000000000000
00.0000000000,Q0O Lebesgue0 000000 ¢,=0000,Q00000 0000
000000000, Lebesgue 00000000000000000.000,00000000
00000000000, (00)

4 00O

Radon-Nikodym 000000000000, /0000000000000. 0000000
0000000000000 000000 L*00000000000000000. 00
D00 Daneill 000000000000 000000000000 folde000000000
Dooooo.

000,£0000 ||f] = f|f]0 BanachDODOOOOD0O00, |[(h)]e := suppee |[e]loo O
0000,00, ||hele000000000000. (R)0000000 folderD0000 [[{A)]|e <
00000000, 000, folder000000000000000000000 (k)€ £>®0
0000000000 (000000000000000000. 00000000.).

Theorem 4.1 (Dual space of £) let (Q,H, [) be a Daniell system. For any T € L* (dual space
of L), there exists an essentially bounded folder (h) such that for any f € L,

Tf = /f (2)

When this holds, we have ||T'|| = ||(h)||« and the mapping 7 : T — (h) is an isometric isomorphism
between L* and the space of essentially bounded folders, so that they may be identified.
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0000 -00000000000000. 000,1<pg<o0c0000000000,
(chHy=L/00000007007000000000O0DOOCOCOOO0O0O.

gog,0dgdddddddddoooooooooooooooboboobobobbbboooon
O00000.000000 J.Schwartzh)OOOO TBottsDOODODDOODODOODOOOOOOOO.
000000 [7p.1990000000000000. 00,00000000, E.J.McShane[6] O
gob.booggbboboooooboo.

Q=1[0,1], B={ACQ:Aor A°: countable}. 0000 BO ¢-000. 00000000,
ooog, f:0,]] RO B-000000000DO0OOODOOOO. OO, fely(w)OOOO
00,{f#0)000000,00 Y |f(#)l<cc 00000000000, ¢:[0,1 - 1[0,1) O

{770}
00000000,000 fel'()O00,.-fell(w)000.0000,

{reQ: flx)#£0} ={xeQ:af(x)#0}

000,z€(0,1]00000 Y lof(@)] £ X f(2)] <coODD.
00,7:LYu) — RO

Tf= [ u2)f(x) du= / o f(x) dy (3)

[0,1] [0,1]

0000, 700000000, |7/ <|f,000007T000000.000000, f=1I({1})
nooo,
Tf= | I1({1}) dp=1=]|7l
0,1
00000, |7|=10000000000.00,004000007f= f,,fgds0000
Doooo, f=I/({t)000000,0 (3)00000,

/[01] vl(x € {t}) du=TI({t}) = / I(z € {t))g(z) du

0,1
000,¢(z)=2000000000.00000B000000.

Daniel 00000O00. Q=[0,1], 0 Q00000000 ROO0000000, e, heX
00 h=Y,,al({k}))000000000. 000 [h:=3,.,a000 ADD0O00,00
00.H",MOO00000 Radon-NikodymO OO OOOOOO0O0O0O0O00O. fe£00000
O,{f#0}0000, ) |f(z)l<ecD0D00000000D0D000000.

{f#0}
Tf .= /Lf

00000000 7Te£ 0000, )= (), ie.,

T:L—-R0O

() :E>3Ew—zl(x € E)

000000, Tf=[f)000000000,000010,1]00000, ()e£*00000
0oo00. p

00,00000000000000000HMmOOOO0O0000O[9000. 00000
ooooooooo.
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DO000o0o0o0oon defect 0000000

O00000000000000000 (Michio Seto)

1 0dOdod

000000000000 defect DOOODOOODOOODOOXNOOODOOOODOOOO
00000 k() 000O0OD00O1/k\(2) 0 0 N000000O0OODODOOOCOOOOOOOOOO
000000 defect OOOODOOOO0ODOOODOOOOODOOOODOOODOOOOODOOO
OO000D00D0OD00O00 defect DODODOOODOODODODOOO

2 Hardy 00 H?*(D)
D={\eC:|\[<1}0000DDO0 Hardy 00 H*D) D0000O00DOO00D
H2(]D)):{feHol(D):Z|cj|2<—l—oo (f(z):chzj)}

Hardy 00 H*(D) 000000000000 000O0O0OOOOOOO

1 )
kx(z) = T (Szego O).

Hardy 00 H*D) 000000000000 OOOO

00 2.1 (Beurling) 7,0 T, :h+ 2h (he H*(D)) 00D OO0DO ToeplitzO0OODOOOM O
H?*(D)0 7,-000000000000000000000000000000 inner00 ¢O0O
O00OM=¢qH*D)0000000000. 000 imner 0000 DOODOODOOOOOOOO
DOOOO |g=1lae. 0000000000

Beurling 00 000000MOO0000 R.OR.: fezf (fEM)ODODOODDOO0OOOO
A=Iy—R.R
0 MO defet 00000000000000

A =ProjMe:2M)=q®q

13



O0000000 ®0O Schatten form OO0 000000000000 O0O0OOOAD MO0O0O
gobboboooobbbuoooobbod

A=RR, - R.R' =R, R.]

D000000AOO000000000 selfcommutator 00000000000A O Beurling
0000000000000000000000000000000000000000000
0D0000000000AMO MOO ADOODOOOOOO0OO00O0O0O0O0000000000
0 EM/ky=(1—- )k 0 HX (D)0 MOODOD0O0OO00000000000000000000
D000000000000000AOOO0O00000 1/k(z)000000000000

(f R Ra) = (f, (1= A2)R)
= (/, k,\ ) —{f >\2k,\ )
= (£ B = AR R
= (f, k") — (RRLf, K
= ((Im — R-R) f. k) (*)

Bewrling OO OO OoOoooooobobOooooboboooobooboboobooboboon
ggbbbbuooodgbobbbbooooobbbbouooooobbbooooobbboogo
0000000 (Sz-Nagy and Foiag [26], de Branges and Rovnyak [9]) 00000000000
O00D00 D00 defect 000 ADOOOOODOOOODOODOOOODOO

00 21 00000000000000000( 000000000 OOOOOOOOOOO
0000000 Agler O hereditary functional calculus 000000000000 OOOOOO
000 20000000000

00 22 0000000000000000000000O00OD0OO((+x)0D00O0ODOODODOOOO
oobooboooooboobogooboooob00kDbbooboobobobobDobboooo
gbogboobooboobobobbobbobbooboobooboobooboobo
O000000000000000000Ode Branges [8] 000 OO

00 2.2 (Paley-Wiener 00) « >000000
H(a) = {F € Hol(C): 00O a O and / |[F(t)]? dt < —l—oo}
R

0000000000 H(e) OOOODODODODOOO0ODOO0O00O00 XeCO FeH(e)ODO

00 | .
ﬂM:éF@%%%%lﬁ

00000000000 %H(e) O -

sin(az — al)

m(z — )

I A I A N O O A A R B 520 (58
Wiener 0O OOODOOO0O

]{Z)\(Z> =
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Paley-Wiener 000000000000 DO00ODODOODODO deBrangesOOO0OO-000000 S
gooooooooobdoboboboooboboobogoooosoooboobooooogoonog
00 (1,1) 000000000000 000000000000000OOODODODODODOOO0OO
ooooogoo

00 2300 1000000000Hardy 00 H*D) DO “000000” 000000000
Drury-Arveson O O (Drury [12], Arveson [3,4]) 0000000000000 00O0OO0OOvon
Neumann 0000 ([12], [3))D00000000O0O (Greene-Richter-Sundberg [15])0 Nevanlinna-
Pick 00 ([2] 000)000000 (Costea-Sawyer-Wick [7]) 000D 00000000000
gogooooboobobooooo

3 Hardy 00 H?*(D?)

D?00 Hardy 00 A*(D*) 0000000000000 0OOOOO
H*(D?) = H*(D) ® H*(D)
000000000000000000000000000A*D?) 0000000000000
HQ(]D)2):{fEHol(ID2):Z|cij|2<+oo (f:ZcUzﬁ%)}

i,§>0 ,j20

DOOOO0O0OD HXD?) 0000000000000000000000X=(A,A)eD?
OD0000A%D?) 00000000

1
(1= Aiz)(1 = Aozo)

k(z1, 22) = (Szego O0).
00D*00000000000000000 BanachOO H*(D?) 0000000 OOOH%D?),
H>*D?*) 0 H?, H*0O0O00D00D00O0O0ooooooo

H?*0 AF*000000000000000000000

he H>= fhc H* (YVhe H*Vfc H®)

000000000000 A?0 F*0000000000000000O0OO0O0OOOOO0
O0O00oboobg TeeplitzODOO 7,7, O00O0O0ODOOOOOOODOO0ODLOODOOOO
00000 A?00000000000000000000000000O000000OO0O00
o (r.,,7.,) 000000000000000000000000 H*D?) 00 Beurling 000
0000000000000 0000Douglas-Paulsen [10] 0000000000000 00OO0
gobbboooobbboodobobooooboboboooobo

15



4 Bergman 00 L3*(D)

00000 Bergman 0000000000000 00Bergman 0000000000 H?*D)
0 F*D)0000000000000000000000Bergman 00 L2D)00O0O0OOO0O
gobobod

1
Li(]D)):{fEHol(]D)):%/|f(z)|2 d:):dy<oo(z:x+iy)}.
D
OO0 eDOOOOODOODO

1

ka(z) = Ve

(Bergman 00)

O000L2(D) 000 0000000 8, 00000000008, 0 Bergman JOOODOO
ooos,00b0b000ob00oboo0ob0obooboooOooOoDo

H*(D?)/[21 — 2] & (LA(D),S,)0 0000000

000000000 -2 0000000000000000000O0O0O0O0O0L2D)000
gobbbuogoboboboooobboboooobobogao

0041 MO [2D)0000O0O0O0O0O0O0OOOOOOOOOOOOO
(i) dimM/[(z—AMM] 0 AeDODOO0OO (Richter [21])0
(ii) dimM /=M 0000000 1,2,...,00 00000 (Apostol-Bercovici-Foiag-Pearcy [1])0
(i) M/zM O M OO0OO0 (Aleman-Richter-Sundberg [5])0
D0O0O0R, 0 H2D) 000000000000 LAD) 00 defect 0000
A=1-2R.R'+ R’R?”

0000000000 Yang-Zhu 3] 0000000000000 O0O root operator D 0 OO0
O00000((+) 0D0000O00O0OO0DAOOO l/k,\(z)zl—QzX—i—z'ZXZDDDDDDDDDD
ooooogo

5 Rudin 0O

rank MOOO MOOOOODOOODOODOOOOOODODOoDo MmOOoooobooooOooD
00000000BeurlingDO0O0DOO0OO0O0OAH*D) 000000 rankM =1 0000 Bergman 0
0000 rank M O0O0O000O0O 1,2,...,0c00000 ([5)0000H?(D?* 00000 Rudin
gobbooodgboo

00 5.1 (Rudin [22]) H2(D*) O000rankM =00 0000000 M OOODOODO
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Rudin O00OO0OOODOOOOOOOO0ODLOO0DOODODOODOO0OO00Rdin 0DO0DOO0OO
O000000000000000000000000000000000000 ([24], [27)0
000 51 000000000Rdin00000000000O0OO0O0DOOOO ([23)) D000

o Qp — 27 o N 3
bn(21) = o where a,, =1 —1/n> (n € N), (1)
gi(21) =[] (=) (2)
n=j

DO000DOO00H?=HXD)® HAD) 000000
M= o¢HD)® 2
=0

00000000 MO H?°000000000Rudin 00000 Rudin’s module 000000
O00000 RudnODODOOOODOODOOOODOODOODOOOODODOOODOOOO
oooooobOobooooooooMmOoboooOobOobOOoOobOODOobDOobOobDOO

dim M/[(z1 — AM)M + (23 — Ao)M)] < rank M. (3)

oooo
IM)={eD*: fN) =00 MO00000

000(.3) 0000 Rudin 00000000000000000000

n+1 ((A,A2) = (o,0) € 3(M))
1 (A1, A2) € 3(M)).
0000 (M, A) = (0000000 n—oo00000rankM =00 0000

dim M/[(z1 — M)M + (22 — M) M)] = { (4)

goooo

00 51 0000000000D0000000OHibert OO0 (Douglas-Yan [11)) D000 O0OO
000000000000 0Rudin DODODODODODODOD Hilbert DODODODOO
O000000rank OOOOOOOOOOODODOOOOOOODOOOOOOOO0OO ([25/00
O000) 000000000 ramkM=neNOOO MOOODOOOOOOOOOOO

g s1d000bobuooaoon
MMy = MJ[(z1 = MIM + (22 = A)M)] (A= (A1, X2) € D?) (5)

OMOOODOODOODOODOODODOODOOOOODOOODO0O00DO0o0bO0ObOobDOOoOodgGleason-
Richter-Sundberg 0 0000000000000 000O00OO0O00O00O0O0O0O0O0OO0OO0O ([14)O0
00000000000 0000 Banach ODODOOOODOODOOODODODOODODODOOOODOO
gogooobbbooooooobbooooooooobobboooobobobobobobooo
00 (Eschmeier [13])0

godooooobobbbbooooooouoooooon
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00 5.2 ([28], [14]) H2 00000 MO AeD?00000¢(\) #0000 e MNH®O
000000000000 A¢3(M)00000dimM/M, =1.

000000000 (b5 0D*\3M)00000000000O0D00O0O0O0O0ODO0OOO0OO
0000 kMOMOO00000000000O(G4) 0000 3(M)000000000000
OMOOODODOOOOOOODODOOOO

6 000 Ay
MO H*000000000000000MO0000 Ry (f€H®)O
Ry:hes fh (h e M)

O0000000000000 A O Yang [30], Guo-Yang [18] O O core operator 0000 00O
000 Guo O [16] O defect operator 00 0000000000000 00O0O0OO0O defect 00O
gooooooobon

A=1Iy—R, R, —R,R, + R, R.,R, R,

00 AO 1/ky\(21,2) = (1 —200)(1 —X) 00000000
O0D0D0DO defect 000 ADOOOD?00000000000000
z

i A

(b>\l (21)76/\2(22)) where b>\j = b)\j (Zj) == " J
1-— /\ij

gooooooooooooooo ([25])D
Ay =1y — RbA1 RZM — RbA2RZA2 —+ RbA1 RbA2R2A1 RZAQ ()\ = ()\1, )\2) c ID)2)

D*0000000000000000000000000O000000000000000A,

0000000 0bO000O0b0o0D A\OODODDODODOOODODOoODOOoDoooooAyO A

00000000oooooooOoOoooooooA=(0,0)0000UOoOoDoOoOOOO
gobbboooobbbuoooobbboooobooo

00 6.1 (Guo-Yang [18], Guo-Wang [17]) H? 00000000 MO AeD* 00000
ker( — Ay) = M/ M,
gobooog

O00000MA=(0,000000 Guo-Yang (18] 000000000 OOOODOOOODO XeD?
gboogogn

00 6.2 (Guo-Yang [18]) 000 A= (M\,\) €eD? 000000000000

(i) [[Axl=1.
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(i) A, OOODODOODOOO trA, =1
(iif) ||Ax|2 < 3dim(H2/M) + 1.
00 6.1 000 ||Ay0 X0D00000D0O00O00O

Yang D000 H? 0000000000000 OOOOO

00 6.1 (Yang [30]) H’O00000 MOOOOOA O Hilbert-Schmidt 000 O0O0O0OOM O
Hilbert-Schmidt OO0 O OO OO0O

00000 Hilbert-Schmidt DO OO0OMOOOO0ODOOOO0OOOO0ODOOODOOOODO Rudin O
gobbbooogobobodad

00 6.3 ([25]) H2OOOOO MOOO0ODOOOO0000O

(i) OO MGD2DDDDAHD Hilbert-Schmidt 000 O0OO0O0OO0O0O AeD? 000 A, O
Hilbert-Schmidt O O O .

(i) M O Hilbert-Schmidt 0000000 OA, O AD000O0O0OOOHilbert-Schmidt 000 O
goooo

00 6.4 ([25]) M O Hilbert-Schmidt 000000000 g eD? 0 dimM/M, =n> 10
0000000000UNe(A,)={1}0000 1000000 00000000000 U,
000000000 Ael,000000(A)NU ={o1()),...,0,(\)} 000000000000
ooooo.

ooooooboaN—-»pbOobOo0obOO00A O 10ODOOOOOODODODO10DOOO
0o00dmM/M,=n0000000000000000000O0O0O0O0O0O0DOOOOOOOO
gobboboobooogboboboobuoooobbboooon

061 ¢ =aq(z1)0 ¢ =q2) 00000 mmer 00000OMO @0 o 0000000
H*D?) 00000000 (19). 00000

2 (if g1(M1) = q2(A2) = 0)

dimker(f — Ay) =
1 (otherwise)

oooboooooA,OODOOODOOobDbOOoOoD

o(Ax) = {0,1, £0(\)}, where 0(X) := /(1 a1 (\)[?)(1 — [g2(A2)[?).
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(A, A2) = (0,0) 00000 Yang ([28) 0000000000. 0O006(A\)£100000(N) O
000000000

e = (VI ()P —vT=la(W)P) i —qA_(;?l(—)A_)

Q2()\2) C]1<21)(1_— Q2()\2)Q_2(2’2))
T —[g2(A2)? (1= Aiz1)(1 — Aozo)

q1(A\1) CI2(22)(1_— ql(Al)Q_l(Zl))
L—]q(A)> (1= Az)(1 = Aoze)

+

0000e(A) =0 (c(\)—»1)000.¢(N\)=10000000 10000000000

q1(21)kx, g2(22)kx

gobbobodoogogbbobouooogobobbooooobobooooobbobbooood
O0000000000000000000000 (Kato [200 000O)O

00 6.2 00O 61000 63000 640000000000 0O0O0DOOO0O0O0O0O0O0O0O0OO
gooobooobooobooobobooboobUooboUobooboobOoobooooDbobDo
0000000000 00OD" 00 Hardy D00 Bergman OOOC* 000000 Hardy OO 0O
Bergman O 0 0 Drury-Arveson D OO0 0000000 OO0OO

Jood
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[ O Blaschkel O O O [
Toeplitz-composition C* [

000000000000 0000D000 (Hiroyasu Hamada)

Hardy OO OO ToeplitzO OO 7, 0000 7, 000000 ¢c*O0000 ToeplitzO 7ODO0O
O00000o0D00o0n00T,0 FredhomOOOOOOOODOOOOOOToeplitzO 7 0O0ODO
O0000000000000000000000 ¢, 0000ToeplitzOOO 7, 000000
C,000oo«x000000000T,0c, 0000000 C*O7Cc, 000000000O0O
O0000000D0OO0000000D0 ROOUO BlaschkeDOOODODOOOOTCrkODOOOO
gobood

OO0 ROOOO 1000 Blaschke OO OOO0OOOODOOODOOOOODOOODOTCRODOO
O Park [12], Jury [6, 700 0000000000000 0O0O0O0O0O0OO0OOOOOOOOOO
O000000000000000000 Kriete-MacCluer-Moorhouse [10) 0000000

goooooooocooooobo  TooooooOobOobObDOOODOOOObDOODOO
Hardy 0 00 H2(D)0 000

00. feAF*D)0000ODOOOOOO

lim f(re”) = f(e”) a.c.f

r—1—

D00000000A%D)0 LAT)0000 Fourer 000000000000 HX(T)ODOOO
00 H?:= HX(D)=HXT)0000

OO0 ToeplitzOODOODODODODODOOOODOO C*ODUODO ToeplitzODOODOODOODO
gobooboboogon

00 (ToeplitzOOO). ac LT 0O0O0O0OO0OHXT)OOO0O0OT,0
T,f := Pyeaf, f € H*T)
D000DD000OO0O0Pe-0 F¥(TOOOOOOOO

T=C*T,)0000000 ToeeplitzOOODOOOODO C*(-)0 (DODDOOOOO)-0000
oocroopooooo

00 1 (Well-known). (1) Toeplitz0 70000000000
T={T,+K|acC(T),K € K(H?)}.
DDDDIC(HQ)D Hardy OO H?00000000000000O0O0C*O00000
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(2) Toeplitz0 7O K(H?)0DO00DO0000DO00ODO00O00DO0OO0DO
T/K(H*(T)) 2 C(T), T.+K — a.
godd
gogooobbobbbotoooooooooooobbn
00 (000D00). ¢»:D—»DO0000000AED)O0000DO C,0
(Cof)(z) = fle(z), z€D
goodd
O000000000OToeeplitzOOOOOOOOOO Cc, 0000000000 C*O000000O
00 (Toeplitz-composition C*0). ¢ :D—-DOOO0O0O0OOO0
(1) 7C, :=C*(1.,C,)00007TC,0 0000 Toeplitz-composition C* 00000

(2) Toeplitz0 0000000 K(H)000000000007C,0AK(H) 00000000
000000C, :=TC,/K(H)ODOOOD

oooooo0 oc, 000000000 oc,000000000000000000000A0
ObooobobobdbeboboobUobbobbo0obo0obU0obbOn BlaschkeO O OO
000000 Blaschke DO ODOOOODOODOOOO

O0. A =1,|z <10000
Z — Zk

R(z):)\gl_z_kz

OO000ORUODO BlaschkeUDODOOn0O RODODOODOO

O0000000000000000R(0)=000000000000Hamada-Watatani [5] O
obobooooooooooboboouo oy, 00b0b0o0oooooooboboOooooo

OO0 2. ROOO 200000 BlaschkeDOOOOOOCR=0x, 000000

000000 Ox, 0000000000000Cx,00000 (0000000 0000000
00000)00000000OO

0 3. ROOD 200000 BlaschkeOO O OOO
RO JuliadO JpO T« OCrO OO O

O0000000000000000000000 BlaschkeO O JuliaDOOOOOOO[L, pp.79,
Example] 0000000
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0. (1) .
R(z) = 5—

OO0O0OD0ORODUODODOOOOOODOO Jg=TUODOOOCRODODOOO

(2)

22241
R(z) = ———.
O00000RODOOOOODOOOO JpOTOO CantorDOO00OOOOOO OCrpOO0O
oooong
® g
z+1
R(z) = .
(2) 3+ 22

OO0oooRODODODOOOOOOD Jp=TOOODOODO OCROOOOODOO
gobbobogoobobbuooooboo

0 4. ROODO 0200000 Blaschke 00 000ORODOO0OO0O0O0DO00D00DOOC, =
OC..000000000 Ko(OCr)2Z®Z/(n—1)Z, K1(OCr) 220000

0000 Shub (13000000000 RO R,OODOOODOODOOOOOOOOOOOO
Ry(z)=-"00000

0000000 20000000000000000000000030000000000
0000000000000000020000000
10000000000000000000000000

00 5. ¢:D—DO000000O0O0OOO0O0
CoTy = TwooCr,  a € C(T)

oooooo

200000000000000000000000000 [2]0000000

00 (Aleksandrov-ClarkO00). ¢ :D -DO0000000ae TOOOOOHerglotzOOOO
OoooooboToOODO p, 000000

1—Jo(2)” / — |2
= dpta(C).
oo~ Jric— el
00 (AleksandrovOd O 0). fO0 TOOODOOOOOO

(Ao(f))(a) == / (O dpalC).
googoo

25



O.e=RUO0OU Blaschke DO OO

(Ar(f))(a) = f(©)

goobo

20000000000000000000 ¢:D—DO |p(e¥)]=1aefD0000000¢0
gboobooboooood

@(e) = lim p(re”) a.e.f.

r—1—

000000 BlaschkeDOOOOOOOOOOOOOOOO
00 6 (Jury [8)). 00000000

C;Tacgo:TAw(a)7 CLELOO(T)
ooOooon

O00e00000000000 AleksandrovOOODOOOOOOODO(2),3)0000000
gobbboooobbbooooobn

00 7 (AleksandrovO OO O00O0). 00000000

(1) (L>~(T)0 D00 Exel 40000 o«0000O transfer 010 0)
a: L®(T) — L>(T) O

(a(a))(z) == a(R(z)), a€L>(T),z€T
D00000A,:L>T)— L>T)0000 (000000000000)00
Ap(a(a)b) = aAy(b), a,be L¥(T)
0ooooo
(2) A,0 LXT)0000000000000C;=4,0000
(3) ¢(0)=00000A,0 H¥T)0000000000000C;=A4,0000
3000000000000000

00 8 {w}}, cC(M)0OOOOD

> T, Cr(T.Cr)* =1

k=1

gooood
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gbooob. 0oboboo RO

Z— 21 Z— 29

R =
(2) 1—72121— 7232

gobobuogooboo

N 1= |zP 2z —
O

1—7212 1—722 1—722

DO0000{wR"wR|k=0,1,...} 0 H¥(T)DO00O000000000G(z)=-"00000
T, CrC. = v R*,  T,,Crl = uyR”
ooooT,Ck0T,CRO00D000000D0D0O0000DDO HXT)OOOO O

O0000O000R(0)=000000 Hamada-Watatani (5] 000 000000000000
0000000 Courtney-Muhly-Schmidt 3]0 000000000000

RODOO Blaschke 00000 A=C(T)0D0000O00 C*0 O, 00000000O0OODO
000 Kajiwara-Watatani (9]0 00000000

00.Xz=C(T)0000Xz00OOO0OO000 A-ADDOO0OOODebeA € Xz00000
(a-€-b)(2) := a(2)§(2)b(R(2))

00000000 XpgODOOooo ADODOoDODO

e — 2
(€= An(laPEn), En€ X DODD uy(z)= Y 2E

1 -7z

000000000 XxpOODODOOODDOOOS00000000 CRrT,=T,.rCrOO000OO0
oo

O00. Ox,0 XpOOOOOO Cuntz-Pimsner 0 [11|0000000000000000O C(T)
0S5 (eXp)ODDOOODDODOODOC*O0DOO

Sags = aSeb,  Sen =S¢ + 5y, S¢Sy = (&) a;

> 8,Sn =1, abeA &neX,
i=1

0000{vy}",0 Xx000000000

O0.00000000XzpO0ODOODOOO0D ADODODDOOOOODOODOODOODOODDOOO
gobboboooobboboooobbobooon

SeSy=A(§ma e CrRT.Cr = Taga),

=1 i=1
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0000000000000000000000000000000000 {a,S5:|ae C(T),€ €
Xz} OOOOOOODO«00O 00000 "C*O000000O0ODODOOOOOOOOOOOO

00 2000000.00000003000000000
®:0x,—0Cr 0000000 awT,+K(H?)

gbobobboob o000 0ObObUObDRUDO2000DO0 Blaschke OO O
k>10000 R*2) =.00000000000000000¢é0000000000000O
gooboood [l

0002000000 Blaschke 000000000000k >100000R*z2)=2000
000000000 20000000000)000000000 2000000000000
gobbbooobbobooogbobooooboboan

gd.ogn 1DDDDDR(z):e”/2zDDDDDDD RY(z)=.0000000000000

oo
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Jubgdbootdbotdgbgtdbootgbod

O0000000000000000000 00 (Hironao Koshimizu)

gboodgbboooobbooobbooobboodob.boodg,boobboooboo
gboboggbboggbbuogooboboo. bbo,obbogobooobbuooobboo
goboog.

1 ODodboodoodoogd

BO BanachOODODO,7T0 BOOOOOO0O0O0O0OOCD.TO BOOOOOODO (isometry)
ooooo,

0o @) ITf=1srA (feB)
O0000oo0o0o0o. 00,70 (1)0oo000 ()ooooooo,BO00O0O0OO0O0OoOoOOO
O (finite codimensional linear isometry) O O O .

00 @) 700000000000000OO.

gobo,gobobogbbo,ouogobbooobobob.ogobo,ogobboogbbobao
0000000000.000oo0oOo0ooooooooo, 178,14, 10000000,
gb,buogdooboogo1l1bbobugubobooo,bbuoooobobooooboo
0.000,0000000000. 70 (1)00000 (i), @000000,70 8O0 (O
000000)000000 (forward shift operator 0 O O isometric shift) O O O.

00 (@) TOODODODDODOODO 1000,
00 i) N7B)={0}000.
n=1

000, 197200 Crownover d 2(N) 0000000000000 00,Banach0O0OOO0O0O
000000 (4). 0000000000000,00 [11,9,6,18,20,1,19/000.

2 OJUboogod

XO0O0O0OOO Hausdorf 0000, X OOOODODODOOOOOO C(X)OOO.C0X)O,X
gobbobobogobbbodood

Ifllo =sup{|f(2)] :z € X} (f € C(X))

O000,Banach00000. C(X)OOOOOO0OD0OOOOO,000000000000 ([5).
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00 A. (Banach-Stone 0 0 O)
C(X)ODDO0O0D0O0000O0 TO, jwk)|=1(zeX)000weC(X)0,X 00O
XO0OOoooooo pbooo,

(T)(x) = w(x)flp(zx)  (reX, fel(X))
oooQ,.

0D00000000000000000.000,w=100000,00000000.00,0
0D00000000000000000000000,1<p<oo,p£20000 LP-00, Hardy
00 H?(D), Begman 00 LP(D) 000000000000 ([7)).

gbgo,gbbobbobbooboobooboobooboobobobob.

3 C'o,1]

000 [0,1]0000000000000000 ¢o,1]000. ¢Yo,1]0,[0,1]00000
D0000000000,0000000.0000 ¢Y,1]0000000000000000,
00,00300000000000.

[flle = max {[f(2)] + ()| -« € [0,1]}
[flls = [1flloe + 11/l (f € C'o,1))

[fllar = max {|[ flloc, [1/"lloc }

(000, f/0 fO000000.) O00DOOOOOOOOOOOOO,CYo,1)]O0000O000

000000 BanachOODOOD. 000000000000 OOOOO CYo,1)0000,00

O0000000000000000000000000000 ([3, 16, 13)).
gob,0d200b0boboooooooo.

1flle = 1F O + 1Moo
[ Fllm = max {[f(O)], ][ f]]oo }
00000000,000000000000000.000,000000000000000

O0000o0oOoo.O00,ct,1]000000000000000, 0000000000000
gbgobgobobooboo.

(f eC'0,1])

00 1. (CYo,1,]-l,) ooO (C¢Yo,1],|-|l.,) 0000000000 TO, A =10
0000 A |w)=1(xel0,1) 000 weC[0,1]0,[0,1]00 [0,1]00000
000 o0000,

(Tf)(x) = Af(0) + /:W(t)f/(sf?(t))dt (z €0,1], f € C'[0,1])
oooo.
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D00, A=1lLw=1¢@) =1 (tc(0,1])0000,7000000000000000000
000.00,00,1 00 LipschitzOOOOOOOOO0OO0OO0O0OO0O0OO0O0O0O000O0, |||+ [l
0000000000,00000000000000000000000000000.

ooo, (CYo,1,] - |l.) 0000,0000000 ([15)).

oo 2. (co,1,||-|l,) 000000000000000000.
ooo, (¢Yo,1,|-|l.) D0000000000000.

4 Wiener[]

TOODOOOooOOooOooooooo.oooboobobooobooooboo Tooooooooo
wooo. wio, Toooboogoogogouooo,bbobooboobo,booboob. oo,
goobo

fllw = " 1fm)] (f e W)

n=—oo

~

O0000,woOoOOoOOoOoOOooOoOoOoO0O0 BanachOOOO (ODOO, f(n)O fO000000
O00000.). 000 WienerOODODO. WOOOOODODOOOO,00000000000OO
gobobogd.

003.WOO0OO0OO0O0000 T TO,|wh)=1rez) 00020000 wO,Z
00 z0OO0ODOOO0 0000,

(e}

(T =Y wn)flen)"  (2€T,feW)

n=—oo

gooo.

0000,00000000000000000000000000000.000,w=1,¢(n)=

n(n#0,1,2),00) =101)=2¢2)=00000,7000000000000000.
0030000, W O ¢4(Z) 0 Banach 0000000000, /(Z)00000000. 00

0,PZ)(1<p<oo,p#2)00000000000,00000000000000 ([2)).

00B.#(z)0000000000 TO,|wn)|=1(reZ) 000 20000 wi,
z00 zOOOODOOO 0000,

(Tf)(n) =wn)f(p(n))  (ne,fet(Z)
0ooo.
00BOOOODOOO 3000000,

O0,/Z)(1<p<oo,p#2)000000000,000000000000000CDO0ODO.
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00 4.((Z) 00000000 7T0O,00 (1)000 G)00000000.

(1) OO0 ng €Z 0, UX g9 (ng) =Z 000 Z~{ne} 00 ZODOODODO 0O,
lwn)|=1Mm#ny) 000 Z~{ne} 0000 wOOOO,

w(n)flpn))  (n#no)

0 (n=mno

RN

(Tﬁ@)Z{ (f € (2))

gooo.

(i) ZO0 ZzO0DOO0O0 o0, m:= (i) =
L,y eZ(i#7) 0, w@)P +lw()" =1 (wli
000 Z0OOOOD « 0000,

(/) 00 U, *({m}) =2 000
),w(j) #0) 00 Jw(n)| =1(n#1,7)

(Tf)(n) =wn)f(p(n))  (n€Z,fel(Z)
oooo.

gooo,wibhdbbooboooboobgoobo.

(co,1,||-l.) 0 WO,000000000000000000000000000O00O00O0
0.ooo0,(¢o,1,] . 000000000000000,wWO000000000o0o0oao.

O00,Jarosz0 00000000000 BanachOOO OO, 0000000000 ([12]).

00 C.(A|-|4) 000000000000 BanachOOODO. 0000,
Te=eOOO (A -) 0000000000 700000000000 (%)

000000 -.0000 ADOOOO ||-)00000.

(CY0,1],] - |x) DOO0DO00O00O0D0O000 BanachO O OO, (CY0,1),-|x) 0000000
0D00000000000000000,00 |-x000 (x)0000000000. 000,
(W,||-lw) 000000000000000000000000000. (W,||-|w) 00000
0000000 Banach0OOO0O00,00CO0000000O0OOO. 000,00 CO000
000,00000000 (x)0000000010000000000

11l = max {|[flloc, [[/ = F(Dllw} (f €W)

ooooo,

OTe=e000000 (W,|-)0000000000 700000000000000°?
000,00 (W,|-|)0000000000000000°7

goooo.
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bbb otdbootdgbbotgubd

0o Joooooogood

oo
0000 (Kazguhiro Kawamura)

XOoooooooboooXxooooboooo T X —-X00Oooooooooroooo
O0"00000007T000000000O0O0ODOOOO0O0O0000O0O0O0O000000 C(X)0
XO0O0OOooooOooooDOsuypOOOOOO BanachOOOw: X -=CO00000O0OO
00000 0000000000000Ur,:CX)—-C(X)OOOOOOOOO0O0O

Urwf)(x) = w(z) - f[(T(2)), felC(X), zeX (1)

idbtdwdbdoboboboooooup, 0 Up0boooboboobooroobooboobongd
ooooodoo ur,00o00obo U, 00000000000000000

0000000000000 000000000000O00O0DO000000 (X,w)DODOOOO
T:X->X000OOOOOO00000 L*(X,n)00000000000 Up: LA(X, p) — L* (X, p)
gbogbboobodgbuooboobboboboobuooboobbobb.o0bodboo
0000000000000 000o0000oOoOo0o0oDO0o0oDOooOoUOoDOoO Bloooo
gobbbuooobbbodoodobbobboooobbboooobbbooon

gogooouoooobobbbbbibodooooooooooooobobobbbbooooo
ooooo S: X —-XO07T:Y —-YUOOoooooobooooooooo er: X YO
Toh=hoSOUODOUOOOOOODODODODOODOODODODOOODODOODODODODOO
gobboboooobbbuoodobbbooad

o011 00000S: X—-XO0T7T:Yy—-YUOUOOoooooooooooooooobooooo
OooO0wW:CY)—»C(X)0D0O0OO0O00OUsoW=WoU,ODODODOOOOOOO

000 Banach-Stone D D 00000000000 DODOOO0O Banach-StoneO0 OO D OOO0O
Jdddooooo00odd00oooooooo0o0oOoooobOoDo0ooOoOoOooOooDoDbooa
0Jd0do0ooo0o0ODbO0o0d000OoooooOboo0o0o0oOoooobboo00oooooooDbDooa
Oddddoooooooooooooooooo

bbb «40goboboobboobooobooobo0 T X —-T00000000
Ur,00000000000000O0OC000O0C0wOOOOO0OO0DOOOODODOOOTOOO
ggbbobboooogbobobobbooooobbbbouoooobbobbooooobobobougo
gogobobobobbboooooobobobbodooooobobbooooooboboboooo
gooobgobiobxeXDOOO

w(z) # 0 (2)
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0000000000000 0000ODOO(H)oOoooooooDoOo:

(Urwf) (@) = fw(@)] - (w(z)/[w(@)]) - f[(T(2)), fel(X), zeX (3)

00000 |w)|0000000000000000 (U,f) () =w)/|w@)|- f(T(z)0 "0
00’0000000000000000000w(z)/|w)|0000 wx)0000000

jw(@)| =1, zeX (4)
gbobobobobooobbobooboboboboboboboboobobobo400Oon
gobbobooogbbobuoooobood

uobUr,0000000000C0000DO00DOOOOOOOOOOODOO0OO

()00000007TO00000000000U,:C(X)—»C(X)0000000000000
Ur,00000D0000000000000

() 0OD0DO0O0O0T:X - XO000000 -00000 200000 {T"x) |n>00 X
000000-000000MD Ur,,00000feC(X)000000000000000

Urwf=w-foT =Af (5)
00000050000000000000000000 (000000000000
000 n(z0)00000 [f(T"(x0))| = [f(x0)|0 (6)
00 {T"(zo) |n>0}000000000 000000 O|f(z)|=const 2000000000
00000 f0|f|=10000000000

dooooddddoobdooooooooooooooTooooooooooooooa
D000O00Map(X,T)0 XOO TOOOOOOOO0000000000Map(X,T)O compact-
open 000000000 f,geMap(X,T)OODOOOO f-90 f-g(x) = f(z) -g(x), ze XO
O00000OMap(X,T)OOODODOOODODOOOO

0o0O0002 T:X—»XO0O0O0OOOOOOO0OO0 XO0000000000000000000
00000

Wr={w:X —=T|Upuf=A-fO00000XeTO feMap(X,T)ODODODOO} (7)
0000 WrO Map(X,T)00000000000000O

[X,T]D XO0OTOOOOOOoOooOoOoOoooOoOoOooooXxXoooooooooooooooo
000 HY(X;Z)0000000 (X, T|000000000000000000 f € Map(X,T)0 O
000 f0000000000 [f] € [X,T)~HYX;Z) 00000000 []: Map(X,T) — [X, T]
gooooowrpooooooad

WTin—)Hl(X;Z)

gobgbobboodgn Hl(X;Z)DDDDDDDDDDDDWTDDDDDDDDDDDDDD
goboobooggn
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ImWy 000 KerWer

gbooboowrOOoboobooboobooobo

0000 []: Map(X,T) — [X,T] 2 HY(X;Z) 00000000 kernel 0000000000
goboood
Ker[-] = exp iCr(X)O

000 Cr(X)O0 XOOOOODOOODOOO BanachOOOOODO

000.00000000000000
Im(Wy) = Im(T* —id : HY(X;Z) — H(X;Z))
D007 0T7T00000 HY(X;Z) 000000000

gd.
41)n>200000p,: T —=TO pu(z) =2",2 € TOOOODODOp, O positively expansive
openmapl U O O0O0O00O0O0O0O0OOOOOOOODOOODOODODOOOODOOOOOOOODOO
goad

Won

000 p,000000000001ogn000000000000Im(W,)0000 p, 0000
00000000000000000000000000000
(42)r,:T—TOTOODOOOOODOO0O0O0O0OOO ImW,, =0. 000 0000000
0Im(W,,)000000000

= (n—1)Z.

00 KeW,00OODODOODOOOOODODOOD0OOOOODO
Cob(T) :={foT—f][feCr(X)}

Cob(ThOOODOOOOOODODOODOO coboundary 0000000000 O0OOOOOOOOOO
O00T7T:X—-X0O0000OO0OUO0OO0O0O0O0O Cob(TOODOODOODOOOO, Cr(X)O LY, L>
O000000000000000 (000 [2, Section 2.9], [4] 0 00O

000.7T:X - X0000000000 X0000000000
(1) HY(X;z)=0000
(2) XO0OODOO T*—id: HY(X;Z) - HY(X;Z) 000
00000000000000000000
Ker(Wr) ={ wexp(iy)) |w e T OO ¢ € Cob(T)}.

oD Xooooo
Ker(Wr) = T @ exp(iCob(T))

20



gooood

g
(6.1) Cob(Th)OOUDDOOODODOOOODODODOODODOODODOOOODODOOODOOO ([3).

Cob(T) O
{feCp(X)|OODODT-000 XO0OOOOO uDDDD,/fd,u:O}
X

gooboboga.

(62) DOOOD r,00000D0OOOODOOOO0OOODOOOOOOOOOOOOODODODOOO
gobbobooogbbbuoooobbobuooobon

(6.3) 0000 KerWprOOOODDODO Baggett [1] 0 OO0 ”projective coboundary”0 0 0 00O O
00000000000 000000000 Baggett OO ODDODODOD0OOO0OODDODOODOOOOO
oood

Ooon
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Jubodootdbootd

0000000000 (Osamu Hatori)
0000000000 (Go Hirasawa)
0000000000 (Takeshi Miura)

1 Jo0oooogoooon

O0O0BanachOUOOODOOOOOOOODOOODOOOOODOODOOOOODOOODOODOO
ggbboboooogbboobobuoooooboboooooboboboooooboboogo
gboooogobooboboboboboboboboboboboooooboboboboboon
0000000000000 “Preserver Problem”0 000 [10[0 00000000 Frébenius [2]
0000000000000 0000000000O0O00000OO0O000O0O0OO 200000
O0b0ooobo0ooooboooooboobooboooDoboo0bOooooOoDboODGleason-
Kahane-Zelazko theorem [3, 5] 0 0 0 O

Theorem 1 (Gleason-Kahane-Zelazko theorem [3, 5]) A0 BanachOOODOD0O0 T: A —
coopoooood
T(a) € o(a) (Va € A)

D00007T00000000 T(ab) = T(a)T(b) (Va,be A)DDDDOO0O00O0 o(a)d a0 O
00000000

Gleason-Kahane-Zelazko theorem D00 0000000000000 0DOO0O0O0DOOOOOO
0000000Kowalski and Stodkowski [6]000000000000000O0O0OOOOOO
ooooon

Theorem 2 (A theorem by Kowalski-Stodkowski [6]) A0 BanachOO0 OO0 MOOOO00
000000 7T: A—COT(0)=000

T(a) —=T(b) € o(a—10) (Va,b e A)
gooooroboboboooobooo

goboboobboooooboboobobodoooobobobobbooooobbbbboooooboboboobo
O000000000000000000000000000 Molndr 900000000 OOO
0000000 Kowalski-SlodkowskiO O O OO OODOOODOOOOODOOOODOODO

o2



Theorem 3 (Molndr [9]) X OUOOOOOOOOO HausdorffOODODOOOOO T: C(X) —
C(X)O T(1) =100

o(T(NT(9) =o(fg)  (Vf,9 € C(X))
dooobooTrTooooobobboooobbb e X —=X0O0O0OOO

T(f)(x) = fle(x))  (VfeCX)zeX)
godd

Molar [9)]0 00000000000 o(T(f)T(g) =0(fg)0000000000000000
DO0O0Molnér [9)000000000000000000Banach00000000000000
000000000000000000000000000000000000000 Luttman
and Tonev [7]0 000000000000

Theorem 4 (A theorem by Luttman and Tonev [7]) A, BOOO0O0O0O0OCh(A), Ch(B)
00000 A, BO Choquet0 0000000 T: A—-BOT(1)=100

or (T(f)T(9)) = 0= (fg)  (Vf.g €A
0000000000 ¢: Ch(B) = Ch(4)00000

T(Hy) = flely) (V€ Ay e Ch(B))
000000000 7T0000000000000000000000
ox (f) ={z € a(f) : |2 = [[flloo}
0000

Luttman and Tonev (7|0 0000000000 o, (f) 0 fO peripheral spectrum 000000
00000, (f)0e(f) 000000000000 O0OOO0O0O0OO0000000O0O0O0ODOOODO
dddoooooooobooooooooooooooooooooo  TrToooooooooa
godoooooooooogoood

2 ODOoobogoogao

Luttman and Tonev [7] O O O peripheral spectrum 000000 o, (T(f)T(9)) = o (fg) O
00000000 Rao, Tonev and Toneva [11] O O O peripheral spectrum D 000000000
OO0 MomarOODOODOOODOODOODOODOD Kowalski and StodkowskiO O OO OO0OO
goo

Theorem 5 (Rao, Tonev and Toneva [11]) 00000000 T: A— BO
ox (T(f)+T(9) =0ox(f+9) (Vg€ 4)

T+ 1T = I+ 1l (Vf,9 € A)
00000070000000000000000000
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Tonev and Yates [12] O peripheral spectrum 0000000

Theorem 6 (Tonev and Yates [12]) 00000000 T: A— BO
1T +T(Glle =If +9lle (Vf9€A)

TN+ 1T e = 11+ 19l llec (Vf,9 € A)

0000000000 ¢: Ch(B) » Ch(A)DOOOO T =|f(e)| (Vf € A,y € Ch(B))
0000000 7T(1)=1007T6¢) =i000070000000000000000000

gobbobbooooobbobbuooooobobobbuooooobbobouooooobbooo
gobbboogobbboooooobod

HT O+ 1T oo = ST+ 191 [l

ggbobobboooogbobbbuoooobobooooobbobooooobobobobougo
gbogobobbobboboobooboobooboibbo

Theorem 7 A, BOOOOO0O0O0OO0O BanechOOOOODOOODOODOOOOOODODO My,
MgOOOOODODT:- A—-BOOODDDOOOO()ODOODO

r(T'(a) +7T(b)) =r(a+b) (Va,b e A) (1)

—

000000BO Shilovd D dBODO |T(e)] =1000000000 0 ADDODODOOOO®
0 Gelfand 000000000 (0B) =0A00000000 ¢: Mg — M,00000000
KcMz;00OODOO

—

T(@)(y) = T(e)(alely) ye kK
T(e)(y)ale(y) v e Mg\ K

— —

O00000eec ADDO0O0O0ODDDOOOOOOOO MgOT(e)=100T(ie)=:0000000
roogboooooobogooobgoon

00000 Mazur-UlamO OO R)000C0C0OCOOO0OOOODOODOOODODOODOOOOOOO
000000000 000o0o00ooo0U0ooooOooooo 1L, 12J000o0oooooon
00000000 Mazw-UlamO OO 80000000 Véisala (13|00 00000000000
000 (H)OooT7TO000oOooooo

D00 A0 C(My,)DODOOODODDOODO AUDDDDOODAD M,O00OOODODODOOOODODODODOO
00000 MgOOOOO BOODOOOOODOOOODOOOTOODOOOODOTO AO
O p000000O000OO0DO0ODODOO0ObODDbODOObUOObODbDOObOTDOODODOODbDDbDO
0000000000000000000000 ElsO000 1000000000000 00
goboboboooobbboooobobobooobobboooobobog H
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Representing and interpolating sequences
on parabolic Bloch type spaces

Y 6suke HsHIKAWA and Masahiro XMADA

1. Introduction

Letn > 1 andH be the upper half-space of tfe + 1)-dimensional Euclidean space, that
H={X=(2,t) e R"™'; z = (2q,...,2,) € R", t > 0}. For0 < o < 1, the parabolic
operatorL(® is defined by

(1.1) L =0+ (—A,)%,

whered, = 9/0t, 9, = 0/0xy, andA, = 07 + --- + 92, Let C(H) be the set of all real-
valued continuous functions di, andC,(H ) be the set of all functions i6'( 7)) which vanish
continuously atVH U {oo}. For a positive integek, C*(H) denotes the set of alf times
continuously differentiable functions ol, and putC>(H) = N, C*(H). Furthermore, let
C(H) be the set of all functions i’>°(H) with compact support. A function € C(H) is
said to beL(*)-harmonic ifL(*)u = 0 in the sense of distributions. Put{c) = min{1, ;~}, and
for a real number > —m(a), let B, (o) be the set of alLL(*)-harmonic functions: € C*(H)
with the norm

(1.2) |lu||Bo (o) == [u(0,1)| + sup ¢° {ti|vxu(m,t)| + t|0tu(x,t)|} < 00,
(z,t)eH
whereV, = (dy,--- ,d,). Furthermore, le3, (o) be the set of all functions € B, (o) with

u(0,1) = 0. We note thai3,(c) = B,(c)/R. Also, we remark thaB, (o) andB.(c) are the
Banach spaces with the norm (1.2) ( see Theorem 3.2 of [6] ). W@geﬂ) (alsoB, (o)) the
a-parabolic Bloch type spaces. Theparabolic Bloch type spacefél(a) are introduced and
studied in [6]. In particular, it is known that when= 1/2, everyu € gl/g(a) is harmonic on
H ( see Remark 3.3 of [6] ). Thugm(a) is the harmonic Bloch type space. Moreover, we
also note that whea = 1, everyu € El(a) is a solution of the heat equatigh, — A, )u = 0.

In this paper, we study representing and interpolating sequences on parabolic Bloch type
spaces. First, we describe the definitiorggf(a)-representing sequences. Nt = N U {0}.
For k € Ny, a functionw® on H x H is defined by

(1.3)  Wh(X;Y)=uwh(z, tyy,s) :=DIW (2 —y, t+5) = DIW ) (—y, 1 + 5)

forall X = (z,t),Y = (y,s) € H, whereD, = —9, andW(®) is a fundamental solution of
L@, Let ¢> be the Banach space of all bounded sequences. AlsK,det{ X;} = {(z;,t;)}
be a sequence iff. For{\;} € (>, let

(1.4) UMMHX) = Uk 01X Zw*’“ "Wh(X; X))

64



forall X € H. We say thaf.X,} is a B, (o)-representing sequence of ordeif UF{\} €
B.(0) forall {\;} € ¢ and the operatadt’* : /> — B, () is bounded and onto.

Next, we describe the definition (ﬁa(a)-interpolating sequences. Lete N. Foru €
B.(c), we define a sequence of real numbEfs, by

(1.5) Thu=Thyu = {t§+‘78fu(Xj)}.

We say that{ X;} is aga(a)-interpolating sequence of ordérif the linear operatofl* :
Ea(a) — (> is bounded and onto. It is known that for evéryc N, there exists a constant
C > 0 such that

t4710fu(@, 1)) < Cllulls, o)

forall u € B, (o) and(z,t) € H ( see (4) of Theorem 3.2 of [6] ). Thug¥ : B, (o) — (=
is always bounded, and this is a reason why we consider a w%ﬁ@ﬁﬁn the definition of
the operatofl’*. We note that our definitions and investigations for such sequences are more
general. We study properties of operatbs, and7y whenk is a fractional order.

Representation theorems for holomorphlc and harmonic functiob&were studied in [2].
Also, interpolating sequences for the classical Hardy sp&€avere studied by L. Carleson [1],
and many investigations on various settings are well known. In [6], the reproducing formula
on the function spac#, (o) is given. A representing sequence gives the discrete version of
the reproducing formula on the function spaqu). The interpolating sequences are closely
related to representing sequences, and such sequences are very interesting in their own right.
In this paper, we study representing and interpolating sequences arpér@bolic Bloch type
spaced3, (o).

2. Preliminaries

In this section, we recall some basic properties. We describe a fundamental solutiéh of
Forz € R™, let

@/R exp(—tlEPe + iz ) de (¢ 0)
0 (t<0),

W (x,t) =

wherez - ¢ denotes the inner product arr and €] = (€-€)Y2. The functionW(O‘) is a
fundamental solution of () and it is L(*)-harmonic onH. FurthermorelV’(®) € C>=(H).

Since we treat fractional calculus in our investigations, we recall the definitions of the frac-
tional integral and differential operators for functionsidn = (0, co). ( For details, see [3] . )
For a real numbet > 0, let

(2.1) FCr={peCRy); I >k st. p(t) = O™ (t = o0) }.
For a functionp € FC™ ", we can define the fractional integ@} "¢ of ¢ by
1 (o0}
2.2 D" = r-l R,.
22) et = g [T e ndn e R,
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In particular, putFC’ := C(R,) andD?p := . Moreover, let
(2.3) Fer = {p: 0Flp e Fe-Usl=my,

where [k] is the smallest integer greater than or equaktoThen, we can also define the
fractional derivativeD} ¢ of ¢ € FC" by

(2.4) Dip(t) :=D; 7 ((—a) ) (1), teR,.

Clearly, wherk € Ny, the operatoD; coincides with the ordinary differential operatoerd;)".
For a multi-indexy = (v, ,7,) € N§, letd) .= )" --- 9.
We give the definition of the kernel function, which is the generalization of (1.3). Put
Q:={keR; k>—-2}. Then, for(y,x) € Nj x Q, Lemma 2.1 implies that a functias”
on H x H can be defined by

(2.5)  WM(X;Y) =w)¥(w, by, 8) = ODYW (2 — y,t + 5) = DYW O (—y, 1 + 5)

forall X = (2,1),Y = (y,s) € H. We may writew, = wi".
We also consider the subspace®f(o). Thea-parabolic little Bloch type spads, o(o) is
the set of all functions: € B, (o) with
2.6 I t7{t 2 ]+t [} =0.
(2.6) o dm 5 Vo, 0]+ O, 1)} = 0
Furthermore, leB3, (o) be the set of all functions € B, o(c) with u(0,1) = 0. Clearly,

Ea,o(a) Is the closed subspace Eg(a) by the definition. We describe reproducing formulae
by fractional derivatives o3, (). In particular, Lemma 2.1 is Theorem 5.7 of [6].

LEMMA 2.1.Let0 < a < 1ando > —m(«). If real numberss € R, andv € R satisfy
k > —o andv > o, then

2n+y
2.7 t 0,1) Dy t: rtv=lay
(2.7) u(z,t) —u(0, Tt) / u(y, s)wh(z, t;y,s)s (y,s)

forall u € B,(0) and(z,t) € H, wheredV is the Lebesgue volume measurednFurther-
more,(2.7)also holds forr > max{0, s} whenx = 0.

Now, we recall the definition ofi-parabolic cylinders, which are introduced in [8]. The

a-parabolic cylinders will be used for the definition of separated sequences below. Eor

(y,s) € Hand0 < ¢ < 1, ana-parabolic cyIinderS‘(ga)(Y) = Sé“) (y, s) is defined by

2 15 1+5
>5) ,1+5 s<t<

Sy, 5) = {(2.1) € Hila —yl < (3

Clearly,lim ;) = H andS;"(y,s) = &, (5, (0,1)) for eachY” € H, where®;”(X)
.
is the function defined by

(ng‘)(X) = (sY%x 4y, st), X =(x,t)€H.
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Also, V(S{(y,s)) = 2B, (125s) %! whereB, is the volume of the unit ball iiR". For
0 < ¢ < 1, we say that a sequendeX;} C H is j-separated in the-parabolic sense if

a-parabolic cyllnderss(a)( X,) are pairwise disjoint.

3. The ga(a)-representing operator

In this section, we defirlga(a)-representing operators, and study their properties. First,
we give the definition of thés, (o)-representing operators. Let> —m(a) andX = {X;} =
{(z;,t;)} be a sequence iH. Furthermore, lety, k) € Nj x Q. For{\;} € >, put

(31) U {NHX) = U {nHX ZM% WX XG), X e H.

We say that/2* is the B, (o )-representing operator of ordey, «) if U2"{\;} € B,(c) for all
{\;} € > andU)" : £~ — B,(0) is bounded. We give a necessary and sufficient condition
for a sequencg.X,} in order thatU)" is the B, (o)-representing operator and also tih&t"

mapsc, into B, (o), wherec, is the subspace @ consisting of sequences that converge to
0. We may regard a finite sequence as an elemeany. of

THEOREM 3.1. Let0 < a < 1,0 > —m(«a), v € Ny, andx be a real number such
thatx > o. Furthermore, leX = {X,} = {(z;,t;)} be a sequence if/. Then,U)" is the
B..(c)-representing operator of ordefry, <) and U* mapsc, into B, (o) if and only if for
any0 < 0 < 1, there existsV/ € N such thatX = X; U --- U X;; and each sequencg; is
d-separated in ther-parabolic sense.

4, Thega(a)-interpolating operator

In this section, we definga(a)-interpolating operators, and study their properties. First,
we give the definition of th@a(a)-interpolating operators. Let > —m(«) and puty, :=
{0} U {x € R; k > max{0,—o}}. Furthermore, leK = {X;} = {(z;,t;)} be a sequence
in H, and (v, %) € (N2 x £0)\{(0,0)}. Then, foru € B,(c), we define a sequence of real
numbersl)*u by

bt kto
(4.1) T u = T)gu = {t;a* * a;pgu(xj)}.

We note that the linear operatdy " : B.(c) — (> is always bounded, and we cdll~ the
B, (o)-interpolating operator of ordér, ). We also considef,)"* on the subspacB,, (o) of
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B.(c). We shall give sufficient conditions for a sequerCe } in order thatl) "~ mapsBa (o)
into ¢y. We give the following results.

THEOREM4.1. Let0 < a < 1,0 > —m(a), and (v, k) € (Nf x £¢)\{(0,0)}. Then, the
following statements hold.

23 : %«H@Jra Y TR —
Q) fu e Byolo), then(x,t)—}g;}u{oo}t? N Diu(x,t) = 0.
(2)~If asequencX = {X;} C H satisfiesX; — 0H U {oo} (j — oo), thenT}* =Ty
mapsB, o(o) into ¢.
(3) If forany 0 < 6 < 1, there existsV/ € N such thatX = X; U --- U X, and each
sequenc; is 6-separated in the--parabolic sense, thel) " = T; ¥ mapsB,, o(o) into co.

5. The B, (o)-representing theorem

In this section, we give a representing theorem fordhgarabolic Bloch type spaces. We
say that{ X} is a B,(c)-representing sequence of ordet, x) if UY*{\;} € B, (o) for all
{\;} € (> and the operato/}" : (> — B.(c) is bounded and onto. We also say that; }
is a3, o(0)-representing 'sequence of order x) if UJ*{\;} € B.o(o) forall {\;} € ¢, and
the operatol/)" : ¢y — Bmo( ) is bounded and onto. In this section, we give a representing
theorem for3, (c') andB, ¢(0), that is, we give a sufficient condition for a sequerdé } to
be thel?a(a)-representing angavo(a)-representing sequence.

Given( < 5 < 1, we say that a sequené¢e&;} C H is ad-lattice in thea-parabolic sense
it H=J; S ( ;) and{X;} is e-separated in the-parabolic sense for sonfe< ¢ < 6. The
notion of thecS Iattlce in thea-parabolic sense is introduced in [9] and an examplé&lattice
is given in Remark 4.3 of [9].

THEOREM5.1. Let0 < a < 1, 0 > —m(«), andx be a real number such that > o.
Then, there exists < d, < 1 such thatif a sequende¥; } in H is ad-lattice in thea-parabolic

sense with) < ¢ < dy, then{X;} is aB, (o0)-representing anaB’a,O( )-representing sequence
of order (0, ).

6. The B, (o)-interpolating theorem

In this section, we give a interpolating theorem for th@arabolic Bloch type spaces. We
say that{X;} is a B, (o)-interpolating sequence of ordéy, «) if the linear operatofl,~ :

B.(c) — (> is bounded and onto. We also say that, } is aB, o(o)-interpolating sequence of
order(v, r) if T : B, 0(0) = co is bounded and onto. In this section, we give a interpolating
theorem forB3, (o) andBao( ), that is, we give a sufficient condition for a sequeRcég } to

be thega(a)-interpolatlng ancBmO(a)-interpolating sequence.

THEOREM6.1. Let0 < o < 1, 0 > —m(a), and (v, k) € (N§ x X9)\{(0,0)}. Then,
there exist®) < §, < 1 such that if a sequencgX;} in H is j-separated in thex-parabolic
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sense with, < § < 1, then{X,} is a B, (o)-interpolating ands,, ,(o)-interpolating sequence
of order (v, k).
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Generalized weighted Bergman spaces and
fractional derivatives on the unit ball

00000000000 0D000D0O00 (Toshinao Takeshima)
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Differences of weighted composition operators
between H*° and the Bloch space

0000000 00 00 (Takuya Hosokawa)

1 Introduction

Let D be the open unit disk in the complex plane and let H(DD) be the space of all analytic
functions on D. Denote by S(D) the set of analytic self-maps of D. We define the composition
operator Cy, by C,f(2) = fog(z) for ¢ € S(ID) and the multiplication operator M, by M, f(z) =
u(z) f(z) for u € H(D). Moreover we define the weighted composition operator uC,, as the product
of M, and Cy, that is,

uC,f(2) = u(z)f o ().
Denote the set of all bounded analytic functions on D by H*°. Then H* is a Banach algebra
with the supremum norm

[f]loe = sup [f(2)]
z€eD

We recall the Bloch space B consists of all f € H(D) such that
17 = sup(t - |21 ()] < o0.

Then || - || is a complete semi-norm on B and is M&bius invariant. It is well known that B is a
Banach space under the norm || f||z = [f(0)| + ||f]]. Note that || f[| < ||f|le for f € H™, and
hence H* C B.

We use the following lemma to characterize the compactness of weighted composition operators.

Lemma 1.1 (Weak Convergence Lemma) Let X and Y be H*® or B. Let {f,} be a bounded
sequence in X such that f, converges to 0 uniformly on every compact subset of D. Then uC, —
vCy : X =Y is compact if and only if ||(uC, —vCy) fully — 0.

Madigan and Matheson [10] characterized the compact composition operators on the Bloch
space using the hyperbolic derivative ¢# defined by

90#(2) - |Z|2|2 ¢'(2).

"1 el?)
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For p € D, the automorphism «, of D exchanging 0 for p has the following form;

p—z
1—-pz

ay(z) =

For z,w in D, the pseudo-hyperbolic distance p(z,w) and the hyperbolic metric p(z,w) is given
by

Z—Ww

) ﬂ(z,w):—log

Let X be a Banach space of analytic functions on D and z,w be two points in ID. The induced
distance dx(z,w) on X defined by

dx(z,w) = sup{|f(2) = f(w)| - |[f]lx <1}

ple ) = o (w)] = | T

It is well known that
2—-2/1—p(z,w)?

p(z, w)

dye(z,w) =

and

ds(z,w) = Bz, w)
(see [9] and [14]). Putting w = 0 in the equation above, we get the growth condition for Bloch
functions;

[FEI < [FO+ 1715z, 0).

The set of composition operators on analytic functional space is not a linear space. Shapiro
and Sundberg [13] raised the problems on topological structure for the case of H?. The com-
pact differences of two composition operators were studied in the characterization of the path
component.

Theorem 1.2 (H-Izuchi-Zheng [4], MacCluer-Ohno-Zhao [8]) Let ¢ and v be in S(D).
Then the followings hold. Then the followings are equivalence.

(1) C,—Cy: H® — H™ is compact,

(i) C,—Cy: B — H™ is compact,

(iii) Ml;)rpﬂp(sO(Z), U(z)) = | wgﬂglp(w@), ¥(z)) =0.

To consider the differences of two composition operators on B, we define the Bloch type induced
distance b(z,w) by

h(z,w) = sup (L= 2 f(2) = (1= [w) f'(w)]-

Then we have the following estimate.
Proposition 1.3 (H-Ohno [5]) For any z,w € D,
p(z,w)* < b(z,w) < 20p(z, ).

The compactness of C,, — Cy, on B was characterized in [5] For the weighted case, uC, — vCy, on
H® was studied in [3], uC, — vCy on B was also studied in [2], In the sequel of this report, we
consider the cases of uC, —vCy : B — H* and uC, —vCy : H* — B.
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2 uC,—vCy:B— H>
We introduce Ohno’s result.

Theorem 2.1 (Ohno [11], [3]) Let u € H(D) and ¢ € S(D).
(1) uCy, : B — H> is bounded if and only if u € H> and sup |u(2)|5(¢(2),0) < oco.
zeD
(ii) Suppose that uCy, : B — H> is bounded. Then uC, : B — H™ is compact if and only if
lim Ju(=)|B((2), 0) = 0.

lp(2)|—1

To discuss the boundary behaviors, define the sets of sequences in .

Definition 2.2 Let {z,} be a convergent sequence in D and A = {{z,} C D : |z,| — 1}. We
write B(z) = max{1, 3(z,0)}. Let u € H(D) and ¢ € S(D). Define

Dy = {{Zn} €A |z] = 1, ‘U(Zn)wN(SD(Zn)) — OO}

and
Eup={{zm} € A:lp(z)] = 1, [u(2)[B((2),0) # 0}.
Moreover we define that A, , = Dy, U Ey .

Then uC, : B — H> is bounded if and only if D, , = 0, and uC, : B — H> is compact if and
only if A, = 0.

Theorem 2.3 (H-Ohno [6]) Let u,v € H(D) and ¢,y € S(D). Suppose that neither uC, nor
vCy is bounded from B to H*. Then uC,—vCy : B — H is bounded if and only if the following
conditions hold:

(i) Du,so = Dy - _

(1))  sup  lim |u(z,) — v(2,)|8(p(2n)) < 0.

{Zn}EDu,(p n—o0

(i) sup  lim |u(z,)|B(¢(zn), ¥ (2n)) < o0.

{Zn}EDu,gp n—oo
It is possible to replace ¢ with ¢ in (i7) and also u with v in (7).
Example 2.4 Let o(z) = (1+2)/(1 — 2). Put

Wo(z) -1 n ZIE(Z)—i—l
)= YIE ot ="

For enough small € > 0, put 7(z) = 2z + (1 — 2)? and P¥(z) = 7(¢(2)).
(1) Take a function u € H* and put v =u+ 1. Then both uC, and vCy are bounded on H™,
and hence uCy, — vCy s also bounded on H*. But uC, — vCy : B — H* is not bounded since

[u(2) = v(2)|B(#(2)) = Blp(2)) = 00 as z — 1.
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(11) Put

s(z) = (log log 1_6—M) B

and t(z) = s(z) — (1 —¢(2))(1 —1(2)). Then both sC, and tCy are bounded on H>. Neither sC,
nor tCy 1s bounded from B to H*, but sC, —tCy : B — H> is bounded.

Theorem 2.5 (H-Ohno [6]) Let u,v € H*® and p,¢ € S(D). Suppose that uCy, —vCy : B —
H®> is bounded and neither uC, nor vCy is compact. Then uCy, —vCy : B — H® is compact if
and only if the following conditions hold:

(1) Dup=Ayy.

(i)l fulzn) = o(z0) (). 0) = O for any {zu) € Ay

(i) nlgglo [w(20)[8(p(20), ¥(2n)) = 0 for any {z,} € Ayp.

It is possible to replace ¢ with ¢ in (i7) and also u with v in (7).

Example 2.6 Let ¢(z) and 1(z) be the same maps in Example 2.4.
(1) Take a polynomial p(z) such that p(1) # 0 and put

o(2) = plz) + (log log 1_;;0(2)) o

Then both pCy, and qCy are bounded on H*, but are not compact. The difference pC, — qCy is
compact on H*. But pC, — qCy : B — H* is not bounded, and hence is not compact.

(ii) Put -
p(z) = (1og 1_;;0@)

and v(z) = p(z) — (1 —@(2))(L —¢(z)). Then both uCy, and vCy are compact on H*, but are not
compact from B to H*. We can see that unC, — vCy : B — H* is compact.
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3 UO¢—00¢ZHOO—>B

In this section we consider the weighted composition operators acting from H*> to B. We
introduce the characterization of boundedness and compactness of uC,, on B.

Theorem 3.1 (Ohno [11]) Let u € H(D) and ¢ € S(D). Then the followings hold.
(i) uCy,: H* — B is bounded if and only if sup |u(z) 90#(2')‘ < oo and u € B.
z€D
(it) Suppose uCy, is bounded on B. Then uC, : H>® — B is compact if and only if
lim |u(z) o*(2)| =0 and lim (1 —|2*) |u/(z)| = 0.

lp(2)|—1 lp(2)|—1

Here we characterize the boundedness of uC, —vCy : H* — B.

Theorem 3.2 (H-Ohno [7]) Let u,v € B and ¢, € S(D). Suppose that uC, and vCy are not
bounded from H* to B. Then uCy, —vCy : H* — B is bounded if and only if the followings hold:

() sup u(2)¢™ (2) — v(2)y* ()] < co.
(i4) sup [u(2)¢™ (2)lp(e(2), ¥(2)) < oo.

(iii) u—v € B.
(i) Sup (1= [z (2)]p(0(2), 9(2)) < oo.

It is possible to replace u with v, and ¢ with ¢ in (77), and also v with v in (iv).
Next we consider compact differences from H* to B.
Definition 3.3 Let uw € H(D) and ¢ € S(D). Put
IF, = {{zt €At le(z)l = Llu(z)e? (20)] 4 0}

and

Nug={{zm} €A1z = 1, (1= [z ) [ (z0)] £ 0}

Then uC,, : H*® — B is compact if and only if I'}, = Ay, = 0.

Theorem 3.4 (H-Ohno [7]) Let u,v be in B and ¢,y € S(D). Suppose that uC, — vCy is
bounded on B, but neither uC, nor vCy is compact. Then uCy, —vCy : H* — B is compact if
and only if the followings hold:
(1) F#,so - Fftﬁﬁ'
(i) lim [u(zn) % (20) — v(z) 6#(20)| = 0 for any {.} € T#,.
n—oo ’
(i) 1m Ju(za) ¢ ()| plip (), 0(20)) = O for any {2} € TE,.
(Z’U) Au#p = Av,dw
(v) lim (1 — |z,)*) 0/ (2,) — V' (20)] = 0 for any {z,} € Ay
n—oo

(i) lim (1 — |z ) o ()| plp(z), 0(20)) = O for amy {2,} € Ay

It is possible to replace u with v, and ¢ with ¢ in (i), and also v with v in (vi).
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