
2015೥౓ ؔ਺ूڀݚ؀ձ

ใɹࠂɹू

2016೥ 4݄



2015೥౓ͷؔ਺ूڀݚ؀ձ͸৽ׁେֶӺೆΩϟϯύεʮͱ͖Ί͍ͱʯΛձ৔ʹɼ
2015೥ 12݄ 19೔ʢ౔ʣɼ20೔ʢ೔ʣʹ։͞࠵Ε·ͨ͠ɽق͍פઅʹ΋ؔΘΒ
ͣେ੎ͷํʑʹ͝ࢀՃ௖͖·ͨ͠ɻ·ͨࠓճͷूڀݚձ͸ଟ͘ͷ͝ߨԋΛ͓ਃ
Έ௖͖ࠐ 13ͷൃද͕ߦΘΕ·ͨ͠ɻ2೔ؒɼ༗ҙٛͳ৘ใަ׵΍ൃ׆ͳ౼࿦͕
ԋͩͬͨ͘͞օ༷Λ͸͡ߨձͱͳΓ·ͨ͠ɻ͝ूڀݚ೥΋ॆ࣮ͨ͠ࠓΘΕɼߦ
Ίɼ͝ࢀՃͩͬͨ͘͞օ༷ɼͦͯؔ͠਺؀ूձʹ͍ͩ͘͝͞ྗڠ·ͨ͠օ༷ʹ
৺ΑΓ͓ྱਃ্͛͠·͢ɻ

ूࠂΛࣥ͝ච௖͖·ͨ͠ͷͰɼ͜͜ʹऔΓ·ͱΊใߘݪूࠂԋऀͷํʑʹใߨ
ͱ͍ͨ͠·͢ɻ

ੈ࿩ਓɿࡾӜɹؽɹɹɹɹɹʢ৽ׁେֶʣ



2015೥౓ ؔ਺ूڀݚ؀ձ
12݄19೔ʢ౔ʣ

1. 12ɿ50ʙ13ɿ20ɹѨ෦ɹහҰʢ৽ׁେֶֶ޻෦ʣ
δϟΠϩߏ଄Λ࣋ͭϊϧϜۭؒͷҰൠԽʹ͍ͭͯ . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2. 13ɿ30ʙ14ɿ00ɹେҪɹึࢤʢ৽ׁେֶେֶӃɹࣗવՊֶڀݚՊʣ
ؔ਺؀ʹ஋ΛͱΔ Lipschitz؀্ͷ४ಉ૾ࣸܕʹ͍ͭͯ . . . . . . . . . . . . . . . . . . . . . 5

3. 14ɿ10ʙ14ɿ40ɹ୮Ӌ య࿕ʢ೔ຊେֶༀֶ෦ʣɼय़೔ɹҰߒ
Bergmanۭؒʹ͓͚Δ Fejer-Rieszܕෆ౳ࣜʹؔ͢Δ࡯ߟ . . . . . . . . . . . . . . . . . 10

4. 14ɿ50ʙ15ɿ20ɹ੉ށɹಓੜʢ๷Ӵେֶߍɾ਺ֶڭҭࣨʣ
ෆఆ஋ྔܭΛ༻͍ͨBeurling ͷఆཧͷଟม਺Խʹ͍ͭͯ . . . . . . . . . . . . . . . . . .14

5. 15ɿ30ʙ16ɿ00ɹࡉ઒ɹ୎໵ʢҵ৓େֶֶ޻෦ʣ
Composition operators with product symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

6. 16ɿ10ʙ16ɿ40ɹ൧ాɹ҆อʢۚ୔ҩՊେֶҰൠڭҭߏػʣɼय़೔ɹҰߒ
ؔ਺ۭؒ Mp (0 < p < ∞)ʹ͓͚Δ৐๏త౳௕ࣸ૾ʹ͍ͭͯ . . . . . . . . . . . . . 19

7. 16ɿ50ʙ17ɿ20ɹେ໺ɹमҰʢ೔ຊۀ޻େֶɾֶ޻෦ʣ
The Toeplitzness of composition operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

8. 17ɿ30ʙ18ɿ00ɹઘ஑ɹ࢘ܟʢ৽ׁେֶɺࣗવܥʣ
Weighted composition operators whose ranges contain the disk algebra II 32

12݄20೔ʢ೔ʣ

9. 9ɿ00ʙ9ɿ30ɹݹਗ਼ਫɹେ௚ʢถߴࢠઐʣ
C1[0, 1]্ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾ʹ͍ͭͯ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .36

10. 9ɿ40ʙ10ɿ10ɹݪ܂ɹमฏʢࡳຈ੩मߍߴʣ
ॏΈ෇͖ϋʔσΟʔۭؒͷ৐๏࡞༻ૉʹ͍ͭͯ . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

11. 10ɿ20ʙ10ɿ50ɹ౉ᬒɹܙҰʢ৽ׁେֶࣗવՊֶܥʣ
Ґ਺ͷখ͍͞δϟΠϩ܈ʹ͍ͭͯ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .44

12. 11ɿ00ʙ11ɿ30ɹ઒ଜɹҰ޺ʢஜ೾େֶ਺ཧ෺࣭ܥ਺ֶҬʣɼࡾӜɹؽʢ৽ׁ
େֶཧֶ෦ʣ
Banach-Stoneܕͷ͍͔ͭ͘ͷఆཧ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

13. 11ɿ40ʙ12ɿ10ɹӋௗɹཧʢ৽ׁେֶࣗવՊֶܥʣ
୯Ґٿ໘্ͷ౳ڑ཭ࣸ૾ʹؔ͢ΔҰͭͷ஫ҙ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61



δϟΠϩߏ଄Λ࣋ͭϊϧϜۭؒͷҰൠԽʹ͍ͭͯ

৽ׁେֶֶ޻෦ɹɹѨ෦ɹහҰ (Toshikazu Abe)

δϟΠϩ܈͸݁߹๏ଇΛऑΊͨ܈ͷҰൠԽͰ͋Γɼ͞ΒʹՄੑ׵ʹରԠͨ֓͠೦Λྀͨ͠ߟ΋
ͷΛδϟΠϩՄ׵δϟΠϩ܈ͱ͍͏ɽδϟΠϩՄ׵δϟΠϩ܈͸Մ܈׵ͷҰൠԽͰ͋Δɽ

Definition 1 ((Gyrocommutative) gyrogroup (A. A. Ungar)) ू߹Gͱͦͷ্ͷೋ߲ԋࢉ
⊕ͷ૊ (G,⊕)͕࣍ͷ (G1)͔Β (G5)͕੒ཱ͢Δͱ͖ɼδϟΠϩ܈Ͱ͋Δͱ͍͏ɽ

(G1) ୯Ґݩ eΛ࣋ͭɽ

(G2) ೚ҙͷ a ∈ G͸ݩٯ#aΛ࣋ͭɽ

(G3) ೚ҙͷ a, b, c ∈ Gʹରͯ͠ɼa⊕ (b⊕ c) = (a⊕ b)⊕ gyr[a, b]c Λຬͨ͢Gͷݩ gyr[a, b]c͕།
Ұͭଘ͢ࡏΔɽ

(G4) ೚ҙͷ a, b ∈ Gʹରͯ͠ɼࣸ૾ gyr[a, b] : c $→ gyr[a, b]c͸ (G,⊕)ͷࣗݾಉ૾ࣸܕͰ͋Δɽ

(G5) ೚ҙͷ a, b ∈ Gʹରͯ͠ɼgyr[a⊕ b, b] = gyr[a, b]͕੒ཱ͢Δɽ

δϟΠϩ܈ (G,⊕)͕࣍ͷ (G6)Λຬͨ͢ͱ͖ɼδϟΠϩՄ׵Ͱ͋Δͱ͍͏ɽ

(G6) ೚ҙͷ a, b ∈ Gʹରͯ͠ɼa⊕ b = gyr[a, b](b⊕ a)͕੒ཱ͢Δɽ

δϟΠϩՄ׵δϟΠϩ͖جʹ܈ϊϧϜۭؒΛҰൠԽ͢Δɽ࣍ʹఆٛ͢Δ gyrolinear space ͸ઢܗ
ۭؒͷҰൠԽͰ͋Γɼnormed gyrolinear space ͸ϊϧϜۭؒͷҰൠԽͰ͋ΔɽNormed gyrolinear

space ͸ AbeɼHatori ʹΑͬͯఆٛ͞ΕͨGGVͷҰൠԽʹͳ͍ͬͯΔɽ

Definition 2 (X,⊕)ΛδϟΠϩՄ׵δϟΠϩ܈ͱ͢Δɽࣸ૾⊗ : R×X, (r,x) $→ r⊗x͕ɼ೚ҙͷ
r, r1, r2 ∈ Rͱx,u,v ∈ Xʹରͯ͠ҎԼͷ (GL1)͔Β (GL5)Λຬͨ͢ͱ͖ (X,⊕,⊗)͸ gyrolinear

space Ͱ͋Δͱ͍͏ɽ

(GL1) 1⊗ x = x.

(GL2) (r1 + r2)⊗ x = (r1 ⊗ x)⊕ (r2 ⊗ x).

(GL3) (r1r2)⊗ x = r1 ⊗ (r2 ⊗ x).

(GL4) gyr[u,v](r ⊗ x) = r ⊗ gyr[u,v]x.

(GL5) gyr[r1 ⊗ v, r2 ⊗ v] = idX .

1



Definition 3 (X,⊕,⊗)Λ gyrolinear spaceͱ͢Δɽ‖·‖ΛX্ͷඇෆ࣮਺஋ؔ਺ x $→ ‖x‖ͱ͢Δɽ
‖X‖ = {‖x‖ ∈ R≥0;x ∈ X}্ͷٛڱ୯ௐ૿Ճؔ਺ f ͕ଘͯ͠ࡏɼ೚ҙͷ r ∈ R ͱ x,y,u,v ∈ X

ʹରͯ͠ҎԼͷ (NG1)͔Β (NG4)Λຬͨ͢ͱ͖ (X,⊕,⊗, ‖ · ‖, f) ͸ normed gyrolinear space Ͱ
͋Δͱ͍͏ɽ

(NG1) ‖x‖ = 0 ⇐⇒ x = e;

(NG2) f(‖x⊕ y‖) ≤ f(‖x‖) + f(‖y‖);

(NG3) f(‖r ⊗ x‖) = |r|f(‖x‖);

(NG4) ‖ gyr[u,v](x)‖ = ‖x‖;

Normed gyrolinear space ͸ GGV ͷҰൠԽʹͳ͍ͬͯΔ͜ͱ͔ΒҎԼͷྫ͕͙͢Θ͔Δɽ

Example 4 (૬ର࿦ͷ଎౓) cΛޫͷ଎͞ɼR3
cΛ̏࣍ݩϢʔΫϦουۭؒ಺ͷ൒ܘ cͷ։ٿͱ͢Δɽ

u⊕Ev =
1

1 + 〈u,v〉
c2

{
u+

1

γu
v +

1

c2
γu

1 + γu
〈u,v〉u

}
, ∀u,v∈R3

c .

ʹΑͬͯɼ(R3
c ,⊕E)͸δϟΠϩՄ׵δϟΠϩ܈Ͱ͋Δɽͨͩ͠ 〈·, ·〉 ͸ϢʔΫϦου಺ੵɼγu =

(1− ‖u‖2/c2)− 1
2 ͸ uͷϩʔϨϯπҼࢠɽ·ͨ೚ҙͷ࣮਺ rʹରͯ͠

r ⊗E u =

{
c tanh(r tanh−1 ‖u‖

c ) u
‖u‖ (u ∈ R3

c \ {0})
0 (u = 0)

ͱ͢Δɽ(R3
c ,⊕E,⊗E, ‖ · ‖, tanh−1 ·

c
)͸ normed gyrolinear space Ͱ͋Δɽ͜͜Ͱ ‖ · ‖͸R3ͷϢʔ

ΫϦουϊϧϜͰ͋Δɽ

Example 5 (ϙΞϯΧϨԁ൘) DΛෳૉฏ໘্ͷ୯Ґ։ԁ൘ͱ͢Δɽ

a⊕Mb =
a+ b

1 + āb
, ∀a, b∈ D

ʹΑͬͯɼ(D,⊕M)͸δϟΠϩՄ׵δϟΠϩ܈Ͱ͋Δɽ·ͨ೚ҙͷ࣮਺ rʹରͯ͠

r ⊗M a =

{
tanh(r tanh−1 |a|) a

|a| (a ∈ D \ {0})
0 (a = 0)

ͱ͢Δͱ (D,⊕M ,⊗M , | · |, tanh−1) ͸ normed gyrolinear space Ͱ͋Δɽ

Example 6 (ਖ਼ತ਴) ୯ҐతC∗−؀A ͷਖ਼஋ՄݩٯશମΛA −1
+ ɼA ͷϊϧϜΛ ‖ · ‖Ͱද͢ɽ

a⊕A b = a
1
2 ba

1
2 , a, b ∈ A −1

+ .

ʹΑͬͯ (A ,⊕A)͸δϟΠϩՄ׵δϟΠϩ܈Ͱ͋Δɽ·ͨ

r ⊗A a = ar, r ∈ R, a ∈ A −1
+

ʹΑͬͯ (A −1
+ ,⊕A,⊗A, ‖ · ‖′, id)͸ normed gyrolinear space Ͱ͋Δɽͨͩ͠ ‖ · ‖′ = ‖ log ·‖ͱ͠ɼ

id͸߃౳ࣸ૾ͱ͢Δɽ
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Normed gyrolinear space ্Ͱ͸ڑ཭ʹରԠ͢Δ֓೦Ͱ͋Δ gyrometricɼଌ஍ઢʹରԠ͢Δ֓೦
Ͱ͋Δ gyroline (gyrosegment)ɼ̎఺ͷʢ୅਺తʣத఺ʹରԠ͢Δ gyromidpoint ͳͲ͕ࣗવʹఆ
ٛͰ͖ΔɽNormed gyrolinear space Ͱ͸ϊϧϜۭؒͱಉ༷ͷٞ࿦͕͑ߦΔ͜ͱ͕ظ଴͞ΕΔɽҰ
ํͰϊϧϜۭؒͱͷҧ͍͕ͲͷΑ͏ͳͱ͜ΖͰݱΕΔ͔΋ڵຯਂ͍ɽҎԼͰ͸༩͑ΒΕͨ normed

gyrolinear space ͔Β৽ͨͳ normed gyrolinear space Λߏ੒͢Δํ๏ʹ͍ͭͯड़΂Δɽ
࣍ͷ໋୊͸ normed gyrolinear space ͷ௚ੵ͕·ͨ normed gyrolinear space ʹͳΔͱ͍͏΋ͷ
Ͱ͋Δɽͨͩ͠୯ௐؔ਺ f ௨Ͱ͋Δ৔߹ͷ΋ͷͰ͋Δɽڞ͕

Proposition 7 (X1,⊕1,⊗1, ‖ · ‖1, f)ɼ(X2,⊕2,⊗2, ‖ · ‖2, f) ΛͦΕͧΕ normed gyrolinear spaces

ͱ͢Δɽ೚ҙͷ x1, y1 ∈ X1, x2, y2 ∈ X2, r ∈ Rʹରͯ͠

(x1, x2)⊕ (y1, y2) = (x1 ⊕1 y1, x2 ⊕2 y2)

r ⊗ (x1, x2) = (r ⊗1 x1, r ⊗2 x2)

‖(x1, x2)‖ = f−1(f(‖x1‖1) + f(‖x2‖2))

ͱ͢Δͱ (X1 ×X2,⊕,⊗, ‖ · ‖, f) ͸ normed gyrolinear space Ͱ͋Δɽ

࣍ͷ໋୊͸୅਺ߏ଄Λͦͷ··ʹϊϧϜΛม͢ߋΔ΋ͷͰ͋Δɽ୯ௐؔ਺ f ͕มԽ͢Δɽ

Proposition 8 (X,⊕,⊗, ‖ · ‖, f) Λ normed gyrolinear space ͱ͢Δɽh Λ h(0) = 0Ͱ͋ΔΑ͏
ͳٛڱ୯ௐ૿Ճؔ਺ͱ͠ɼ ‖ · ‖′ = h(‖ · ‖) ͱ͢Δɽ͜ͷͱ͖ (X,⊕,⊗, ‖ · ‖′, fh−1) ΋·ͨ normed

gyrolinear space ͱͳΔɽ

ೋͭͷ໋୊Λ૊Έ߹ΘͤΔ͜ͱͰ࣍ͷ໋୊͕Θ͔Δɽ೚ҙͷ̎ͭͷه্ normed gyrolinear space

ͷ௚ੵ͸ normed gyrolinear space ʹͳΔɽ

Proposition 9 (X1,⊕1,⊗1, ‖ · ‖1, f), (X2,⊕2,⊗2, ‖ · ‖2, g) ΛͦΕͧΕ normed gyrolinear spaces

ͱ͢Δɽk Λ k(0) = 0 Λຬͨٛ͢ڱ୯ௐ૿Ճؔ਺ͱ͢Δɽ೚ҙͷ x1, y1 ∈ X1, x2, y2 ∈ X2, r ∈ R
ʹରͯ͠

(x1, x2)⊕ (y1, y2) = (x1 ⊕1 y1, x2 ⊕2 y2)

r ⊗ (x1, x2) = (r ⊗1 x1, r ⊗2 x2)

‖(a, b)‖k = k(f(‖a‖1) + g(‖b‖2))

ͱ͢Δͱ (X1 ×X2,⊕,⊗, ‖ · ‖k, k−1) ͸ normed gyrolinear space ͱͳΔɽ

࣍ͷ໋୊͸ϊϧϜ͸ͦͷ··ʹ୅਺ߏ଄ΛมԽͤ͞Δํ๏Ͱ͋Δɽ௨ৗͷϊϧϜۭؒͰ͸ݩͷ
୅਺ߏ଄ͱҰகͯ͠͠·͏͕ɼҰൠͷ normed gyrolinear space ͷ৔߹͸ʢϕΫτϧͷ࿨ʹ͍ͭͯ
ͷʣ෼഑๏ଇΛԾఆ͍ͯ͠ͳ͍ͨΊݩͷۭؒͱҧ͍͕ݱΕΔɽ

Proposition 10 (X,⊕,⊗, ‖ · ‖, f) Λ normed gyrolinear space ͱ͠ɼα Λ 0Ͱͳ͍࣮਺ͱ͢Δɽ
X ্ͷ৽ͨͳԋࢉ ⊕α Λ

a⊕α b =
1

α
⊗ (α⊗ a⊕ α⊗ b)

ʹΑͬͯఆΊΔͱ (X,⊕α,⊗, ‖ · ‖, f) ͸ normed gyrolinear space ͱͳΔɽ
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ؔ਺؀ʹ஋ΛͱΔLipschitz؀্ͷ४ಉ૾ࣸܕʹ͍ͭͯ

৽ׁେֶେֶӃࣗવՊֶڀݚՊɹɹେҪɹึࢤ (Shiho Oi)

Sherbert͕ෳૉ਺஋Lipschitz؀্ͷ४ಉ૾ࣸܗΛܾఆ͠ɼͦ ͷޙଟ͘ͷऀڀݚʹΑΓɼϕΫτϧ
஋Lipschitz؀্ͷ४ಉ૾ࣸܗͷ͕ڀݚਐΊΒΕ͖͍ͯͯΔɻՄ׵ͷ৔߹͸ɼBotelho and Jamison

[1]ʹΑΓऩଋྻશମɼ༗քྻશମʹ஋ΛͱΔ Lipschitz ؀্ͷ४ಉ૾ࣸܗͷ͕ܗ༩͑ΒΕͨɻ͜
͜Ͱ͸ ܗ஋ΛͱΔLipschitz؀্ͷ४ಉʹ؀*C׵ɼ[1]ͷ֦ுʹ͋ͨΔҰൠͷ୯ҐతՄ͖ͮجʹ[3]
ࣸ૾ͷಛ௃͚ͮʹ͍ͭͯಘΒΕͨ݁ՌΛใ͢ࠂΔɻ

1 ͸͡Ίʹ
࣍Ͱఆٛ͢ΔBanach؀্ͷ४ಉ૾ࣸܕΛ͢ڀݚΔ͜ͱ͸ɼBanach؀্ʹఆٛ͞ΕΔ୅਺ߏ଄
Λ͢࡯ߟΔͱɼۃΊͯجຊతͰຊ࣭తͳڀݚͰ͋Δ͜ͱ͕෼͔Δɻ

ఆٛ 1 Banach؀ΛB1, B2ͱ͓͘ɻ·ͨࣸ૾ ψ : B1 → B2ʹରͯ͠ ψ͕೚ҙͷ a, b ∈ B1, s ∈ C
ʹରͯ͠

ψ(a+ b) = ψ(a) + ψ(b)

ψ(sa) = sψ(a)

ψ(ab) = ψ(a)ψ(b)

ΛΈͨ͢ͱ͖ ψ ͸४ಉ૾ࣸܗͰ͋Δͱ͍͏ɻ

Banach؀ʹର͢Δ୅਺ߏ଄ͷڀݚ͸४ಉ૾ࣸܕΛ͢ڀݚΔ͜ͱ͕ରԠ͢Δɻ·ͨ Lipschitz؀
Lip(X,A)Λ࣍ͷΑ͏ʹఆٛ͢Δɻ

ఆٛ 2 ίϯύΫτڑ཭ۭؒΛ X ͱ͢Δɻ· ʢͨA, ‖ · ‖AʣΛ Banach؀ͱ͢Δɻ͜ͷͱ͖ࣸ૾
F : X → Aʹରͯ͠

L(F ) = sup
x !=y∈X

‖F (x)− F (y)‖A
d(x, y)

͕༗քͰ͋Δͱ͖ɼF ͸ Lipschitzࣸ૾Ͱ͋Δͱ͍͏ɻ·ͨ

Lip(X,A) = {f : X → A | L(f) < ∞}

ͱͯ͠ Lipschitzࣸ૾શମΛ Lip(X,A)Ͱද͢ɻ͜ͷͱ͖

‖F‖L := ‖F‖∞ + L(F )

ͱఆΊΔͱɼ͜ ͷLipschitzϊϧϜ‖·‖LͰLip(X,A)͸Banach؀ͱͳΔɻ·ͨLip(X) := Lip(X,C)
ͱఆΊΔɻ
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͜͜Ͱɼ͜ͷ Lipschitz؀ʹର͢Δ४ಉ૾ࣸܗͷઌڀݚߦʹ͍ͭͯड़΂Δɻ୯ҐతՄ׵C∗؀ʹ஋
ΛͱΔ Lipschitz؀্ͷ४ಉ૾ࣸܗͷڀݚ͸ɼ[1]ʹΑͬͯ࣍ͷ݁Ռ͕༩͑ΒΕ͍ͯΔɻۭؒ c͸ऩ
ଋྻશମͱ͢Δɻ͞Βʹ N̂͸ࣗવ਺શମͷҰ఺ίϯύΫτԽΛද͢ɻ

ఆཧ 1 [1, Theorem 4.3] ίϯύΫτڑ཭ۭؒXj (j = 1, 2)ʹରͯ͠ɼ X2͸࿈݁Ͱ͋ΔͱԾఆ͢
Δɻ͜ͷͱ͖ ψ : Lip(X1, c) → Lip(X2, c)͕ ψ(1X1) = 1X2 ͱͳΔ४ಉ૾ࣸܗͰ͋Δͱ͢Δɻ͜ͷ
ͱ͖࿈ଓࣸ૾ τ : N̂ → N̂ͱ೚ҙͷ n ∈ Nʹґଘͯ͠ఆ·Δ Lipschitz ࣸ૾ͷ఺ྻ ϕn : X2 → X1͕
ଘͯ͠ࡏ೚ҙͷ n ∈ N ͱ y ∈ X2ʹରͯ͠

ψ(F )(y)(n) = F (ϕn(y))(τ(n)), F ∈ Lip(X1, c)

͕੒ཱ͢Δɻ

ෳૉ਺஋༗քྻͷશମू߹Λ l∞ͱ͢Δɻ·ͨ βN͸Nͷ Stone-ČechͷίϯύΫτԽΛද͢ɻ

ఆཧ 2 [1, Theorem 5.7] ίϯύΫτڑ཭ۭؒXj (j = 1, 2)͸࿈݁Ͱ͋Δͱ͢Δɻࣸ૾
ψ : Lip(X1, l∞) → Lip(X2, l∞) ͕ఆؔ਺஋ࣸ૾ 1Λอଘ͢Δ४ಉ૾ࣸܗͰ͋Δͱ͢Δɻ͜ͷͱ͖࿈
ଓࣸ૾ τ : βN → βNͱ೚ҙͷ n ∈ Nʹґଘͯ͠ఆ·Δ Lipschitz ࣸ૾ͷ఺ྻ ϕn : X2 → X1͕ଘ
೚ҙͷͯ͠ࡏ n ∈ N ͱ y ∈ X2ʹରͯ͠

ψ(F )(y)(n) = F β(ϕn(y))(τ(n)), F ∈ Lip(X1, l∞)

͕੒ཱ͢Δɻͨͩ͠ F β͸ F ͷ βN΁ͷҰҙʹ֦ு͞Εͨ࿈ଓؔ਺Λද͢ɻ

͜ΕΑΓɼҎԼͷ໰୊͕ࣗવʹੜ͡ΔɻҰൠͷ୯ҐతՄ׵C∗؀ʹ஋ΛͱΔ Lipschitz؀্ͷ४
ಉ૾ࣸܗͷܾఆΛ͢Δ͜ͱ͸Ͱ͖Δ͔ʁ͜ΕΛ͑׵͍ݴΔͱ࣍ͷΑ͏Ͱ͋Δɻ
ࣸ૾ ψ : Lip(X1, C(M1)) → Lip(X2, C(M2)) ͕ ψ(1X1) = 1X2 ΛΈͨ͢ ४ಉ૾ࣸܗͰ͋Δͱ͢
Δɻ͜ͷͱ͖ ψ͸ͲͷΑ͏ʹܾఆ͞ΕΔ͔ʁ
͞Βʹ͜͜Ͱ४ಉ૾ࣸܕ ψʹ͍ͭͯɼGelfandม׵ ψ̂Λ͑ߟΔͱࣸ૾ h : X2 ×M2 → X1 ×M1

͕ଘͯ͠ࡏɼ

ψ̂(F ) = F̂ ◦ h F ∈ Lip(X1, C(M1)) (1)

͕੒ཱ͢Δɻ͜ΕΑΓɼLipschitz؀্ͷ४ಉ૾ࣸܕψ͕߹੒࡞༻ૉͱͯ͠ॻ͚Δ͜ͱ͕෼͔Δ͕ɼ
Ұൠʹे෼৚݅Λ༩͑ͳ͍ɻҎ্ΑΓBotelho and Jamison ͷఆཧ 1, 2͸े෼৚݅Λ༧૝ͤ͞Δ
݁Ռͱͯ͠؍Δ͜ͱ͕Ͱ͖Δɻ͕ͨͬͯࣸ͠૾ͷܾఆΛؚΉ໰୊ͱͯ͠ɼ४ಉ૾ࣸܗͷಛ௃͚ͮ
Λ༩͑Δ͜ͱ͸Ͱ͖ΔͩΖ͏͔ʁ͜ͷ໰୊ʹରͯ͠ಘΒΕͨ݁ՌΛ࣍Ͱ༩͑Δɻ

2 ओఆཧ
ఆཧ 3 ίϯύΫτڑ཭ۭؒXj (j = 1, 2)ʹରͯ͠ɼ X2͸࿈݁Ͱ͋ΔͱԾఆ͢Δɻ·ͨɼj = 1, 2

ʹରͯ͠MjΛίϯύΫτHausdorffۭؒͱ͢Δɻ͜͜Ͱɼ τ : M2 → M1͕࿈ଓࣸ૾Ͱɼ {ϕφ}φ∈M2

͕ X2 ͔ΒX1΁ͷ Lipschitzࣸ૾ͷू߹Ͱ͋Γɼ͔ͭͦͷ Lipschitz number͕༗քͰ͋ΔͱԾఆ
1Լهͷఆٛ 3Λࢀর
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͢Δɻ͞Βʹɼ೚ҙͷ y ∈ X2ʹରͯ͠ɼࣸ૾ φ "→ ϕφ(y) ͸M2͔ΒX1΁ͷ࿈ଓࣸ૾Ͱ͋ΔͱԾ
ఆ͢Δɻ͜ͷͱ͖ɼ೚ҙͷ F ∈ Lip(X1, C(M1)), φ ∈ M2, y ∈ X2ʹରͯ͠

ψ(F )(y)(φ) = F (ϕφ(y))(τ(φ)),

ͱఆΊͨࣸ૾ψ : Lip(X1, C(M1)) → Lip(X2, C(M2))͸ψ(1X1) = 1X2ΛΈͨ͢ Lip(X1, C(M1))͔
Β Lip(X2, C(M2))΁ͷ४ಉ૾ࣸܗͱͳΔɻ
·ͨɼ͜͜ͰٯΛԾఆ͢Δɻ͢ͳΘͪࣸ૾ ψ : Lip(X1, C(M1)) → Lip(X2, C(M2)) ͕ ψ(1X1) =

1X2ΛΈͨ͢ ४ಉ૾ࣸܗͰ͋Δͱ͢Δɻ͢Δͱɼ࿈ଓࣸ૾ τ : M2 → M1ͱ ͦΕͧΕͷ φ ∈ M2ʹ
ґଘͯ͠ఆ·Δ Lipschitz ࣸ૾ ϕφ : X2 → X1͕ଘ͢ࡏΔɻ͞Βʹͦͷ Lipschitz ࣸ૾ ϕφ͸࣍ͷ
৚݅ΛΈͨ͢ɻLipschitz number {L(ϕφ)}φ∈M2 ͕༗քͰ͋Γ ɼy ∈ X2ʹରͯ͠ɼࣸ૾ φ "→ ϕφ(y)

͸M2͔ΒX1΁ͷ࿈ଓࣸ૾Ͱ͋Δɻ͜ΕΒͷ৚݅ΛΈͨࣸ͢૾ τ : M2 → M1ͱϕφ : X2 → X1Λ
༻͍ͯɼ೚ҙͷ F ∈ Lip(X1, C(M1)), φ ∈ M2, y ∈ X2ʹରͯ͠

ψ(F )(y)(φ) = F (ϕφ(y))(τ(φ)),

͕੒ཱ͢Δɻ

ҎԼͰ͸ɼఆཧ 3ͷඞཁੑͷূ໌ʹ͓͚Δࣸ૾ͷܾఆΛ͏ߦɻ·ͣɼఆؔ਺஋ࣸ૾ͷఆٛΛ༩͑Δɻ

ఆٛ 3 ೚ҙͷ f ∈ C(M)ʹରͯ͠ɼఆؔ਺஋ࣸ૾Φ(f) ∈ Lip(X,C(M))Λ

Φ(f)(x) = f, x ∈ X

ͱఆΊΔɻ

͜ͷͱ͖೚ҙͷ φ ∈ M ʹରͯ͠ɼ ࣸ૾ Pφ : Lip(X,C(M)) → Lip(X)Λ

(PφF )(x) = F (x)(φ), F ∈ Lip(X,C(M)), ɹ x ∈ X

ͱͯ͠ఆٛ͠ɼࣸ૾ T : C(M1) → Lip(X2, C(M2))Λ

T = ψ ◦ Φ

ͱఆٛ͢Δɻ͜͜Ͱఆཧ 3ͷূ໌Ͱ࣍ͷิ୊ 2.1ʢcf. [2, 4]ʣΛར༻͢Δɻ

ิ୊ 2.1 ҟͳΔM1ͷݩ ζ1 %= ζ2ʹ͍ͭͯɼ

‖χζ1 − χζ2‖∗ = 2

͕੒ཱ͠ɼy %= z ∈ X2ͳΒ͹ɼ

‖χy − χz‖∗ ≤ d(y, z)

͕͍͑Δɻͨͩ͠ɼ‖ · ‖∗͸ͦΕͧΕ௨ৗͷҙຯͰͷC(M1),Lip(X2)ͷ dual ্ۭؒͷ൚ؔ਺ϊϧ
ϜΛҙຯ͢Δɻ
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ɼࣸ૾ࠓ PX2
φ ◦ T ͷ adjoint map (PX2

φ ◦ T )∗Λ͑ߟΔͱɼ͜ͷ adoint map͸৐๏తઢܗ൚ؔ਺Λ
อଘ͢Δɻ͞Βʹू߹ (PX2

φ ◦ T )∗({χy : y ∈ X2})͸ {χζ : ζ ∈ M1}ͷ෦෼ू߹Ͱ͋Γɼ͔ͭҰ఺ू
߹Ͱ͋Δɻ͜ΕΛഎཧ๏Ͱࣔ͢ɻͦ͜Ͱ y1, y2 ∈ X2 ͕ଘ࣍ͯ͠ࡏΛΈͨ͢ɻ

(PX2
φ ◦ T )∗(χy1) = χζ1 , (P

X2
φ ◦ T )∗(χy2) = χζ2 .

࣍ʹू߹AΛ
A = {y ∈ X2 : (P

X2
φ ◦ T )∗(χy) = χζ1}

ͱఆΊΔɻू߹A͕ดू߹Ͱ͋Δ͜ͱ͸໌Β͔Ͱ͋Δɻ͜͜Ͱू߹Aͷิू߹Ac΋ดू߹Ͱ͋
Δ͜ͱΛҎԼͰࣔ͢ɻͦͷͨΊ zn → z0 ∈ X2 (n → ∞)ͱͳΔऩଋྻ {zn} ⊆ AcΛͱΔɻ೚ҙͷ
n ∈ N ∪ {0}ʹରͯ͠ɼξn ∈ M1Λ

(PX2
φ ◦ T )∗(χzn) = χξn

ͱͯ͠ఆΊΔɻ·ͨ {zn}͸ऩଋྻͰ͔͋ͬͨΒɼ

n ≥ n0 =⇒ d(zn, z0) <
1

3‖PX2
φ ◦ T‖

ΛΈͨ͢ n0 ∈ N͕ଘ͢ࡏΔɻΏ͑ʹɼn ≥ n0ʹରͯ͠

‖χξn − χξ0‖∗ = ‖(PX2
φ ◦ T )∗(χzn)− (PX2

φ ◦ T )∗(χz0)‖∗

≤ ‖PX2
φ ◦ T‖d(zn, z0)

<
1

3

ΛಘΔɻ͢Δͱ χξ0 = χξn ,= χζ1 Ͱ͋Δ͔Βɼχξ0 ,= χζ1 Ͱ͋Δͱ͍͑ΔɻҎ্ΑΓू߹Ac͕ดू
߹Ͱ͋ΔɻҰํɼ͜Ε͸X2ͷ࿈݁ੑʹໃ६͢ΔɻΑͬͯ (PX2

φ ◦ T )∗({χy : y ∈ X2})͕Ұ఺ू߹Ͱ
͋Δ͜ͱ͕෼͔Γɼ࣍ͷิ୊ 2.2ΛಘΔɻ

ิ୊ 2.2 ೚ҙͷ φ ∈ M2ΛͱΔɻ͜ͷͱ͖

(Pφ ◦ T )∗({χy : y ∈ X2}) = {χφ̃}

ΛΈͨ͢ φ̃ ∈ M1͕ͨͩҰͭʹఆ·Δɻ

͜ΕΑΓࣸ૾ τ : M2 → M1Λ

((Tf)(y))(φ) = f(τ(φ)) f ∈ C(M1)

ͱఆΊΔɻ͞Βʹ೚ҙͷ Lipschitz ؔ਺ u ∈ Lip(X1)ʹରͯ͠ɼuX1ɿX1 → C(M1) Λ

uX1(x) = u(x), x ∈ X1

ͱఆٛ͢Δɻ͜ͷͱ͖೚ҙʹ φ ∈ M2Λͱͬͯݻఆ͢ΔͱɼSherbert [4]ΑΓ Lipschitz ࣸ૾ ϕφ :

X2 → X1͕ଘͯ͠ࡏɼ

ψ(uX1)(y)(φ) = u(ϕφ(y)) u ∈ Lip(X1), y ∈ X2

8



ΛΈͨ͢ɻ४ಉ૾ࣸܕ ψ͸ੵΛอଘ͢ΔͷͰ೚ҙͷ φ ∈ M2, y ∈ X2ʹରͯ͠

(ψ(uX1Φ(f))(y))(φ) = u(ϕφ(y)) · f(τ(φ))
= ((uX1Φ(f))(ϕφ(y)))(τ(φ)), u ∈ Lip(X1), f ∈ C(M1) (2)

ΛΈͨ͢࿈ଓؔ਺ τ : M2 → M1 ͱ Lipschitz ࣸ૾ ϕφ : X2 → X1ͷू߹͕ଘ͢ࡏΔ͜ͱ͕Θ͔Δɻ

ఆཧ 3ʹ͓͚Δࣸ૾ͷܾఆͷূ໌.

೚ҙͷF ∈ Lip(X1, C(M1))ΛͱΔɻҎԼ͸ [1]ͱಉ༷ͷํ๏Ͱূ໌͢Δɻ୅਺తςϯιϧੵC(X1)⊗
C(M1)Λ͑ߟΔɻ୅਺తςϯιϧੵC(X1)⊗C(M1)͸ the least crossnormͷ΋ͱͰɼC(X1, C(M1))

Ͱ᜚ີͰ͋Δɻ͜͜Ͱ Stone-WeierstrassͷఆཧΑΓɼͭ͗ΛΈͨ͢఺ྻ {Fn} ⊂ Lip(X1)⊗C(M1)

͕ଘ͢ࡏΔɻ೚ҙͷ ε > 0ʹରͯ͠ɼ

n ≥ n0 =⇒ ‖F − Fn‖∞ < ε

ΛΈͨ͢ n0 ∈ NΛͱΔ͜ͱ͕Ͱ͖Δɻςϯιϧੵ Lip(X1)⊗C(M1)Λ༻͍Δͱɼࣸ૾Fn͸࣍ͷ
Α͏ʹද͞ݱΕΔɿ

Fn =
kn∑

i=1

(u(n)
i )X1ΦX1(f

(n)
i )

ͨͩ͠ɼu(n)
i ∈ Lip(X1)ɹ͔ͭɹ f (n)

i ∈ C(M1)Ͱ͋Δɻ ࣜʢ2ʣΑΓ

ψ(Fn)(y)(φ) = Fn(ϕφ(y))(τ(φ))

ΛಘΔɻࣜʢ1ʣΑΓɼࣸ૾ h : X2 ×M2 → X1 ×M1͕ଘ͠ࡏɼn ≥ n0Ͱ͋ΔͳΒ͹ɼ

|ψ(F )(y)(φ)− F (ϕφ(y))(τ(φ))|
≤ |ψ(F )(y)(φ)− ψ(Fn)(y)(φ)|+ |Fn(ϕφ(y))(τ(φ))− F (ϕφ(y))(τ(φ))|

≤ ‖F̂ ◦ h− F̂n ◦ h‖∞ + ‖Fn − F‖∞
≤ ‖F̂ − F̂n‖∞ + ‖Fn − F‖∞ ≤ 2ε

ΛΈͨ͢ɻ͞Βʹ ε > 0͸೚ҙͰ͔͋ͬͨΒɼ ೚ҙͷ y ∈ X2 ͱ φ ∈ M2ʹରͯ͠

ψ(F )(y)(φ) = F (ϕφ(y))(τ(φ)), F ∈ Lip(X1, C(M1))

ΛಘΔɻ!
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Bergmanۭؒʹ͓͚ΔFejér-Rieszܕෆ౳ࣜ
ʹؔ͢Δ࡯ߟ

೔ຊେֶༀֶ෦ɹ୮Ӌ య࿕ (Norio NIWA)ɹɹɹ
य़೔ Ұߒ (Kazuhiro KASUGA)

2014೥ͷถ୔਺ֶηϛφʔʹ͓͍ͯɼय़೔Ұ͕ࢯߒ Bergmanۭؒʹ͓͚Δ Fejér-Rieszܕෆ౳
ࣜʹؔ͢ΔߨԋΛߦͳͬͨɽͦͷޙͷ΍ΓऔΓ͔Βɼ͜ͷڞಉ͕࢝ڀݚ·ͬͨɽ
ʹԋλΠτϧߨ Fejér-Riesz inequality ͱ͋Δ͕ɼͦͷΦϦδφϧ͸ Hardy space Hp ʹରͯ͠
੒Γཱͭෆ౳ࣜͰ͋ΔͷͰɼ·ͣͦΕΛड़΂Δɽ

ෳૉฏ໘ͷ୯Ґ։ԁ൘ΛDɼ୯ҐԁपΛ ∂Dͱ͢Δɽ·ͨɼD্ͷਖ਼ଇؔ਺શମͷू߹ΛH(D)

ͱ͢Δɿ
D := {z ∈ C : |z| < 1}

∂D := {z ∈ C : |z| = 1}

H(D) := {f : f is analytic in D}

0 < p < ∞ͱ͢Δɽ

Hp :=

{
f ∈ H(D) : ‖f‖Hp := sup

r<1

(∫ 2π

0

|f(reiθ)|p dθ
2π

) 1
p

< ∞
}
.

Hp͸ Hardy space ͱݺ͹ΕΔɽ0 < p < 1ͷͱ͖ɼd(f, g) := ‖f − g‖pHp͸Hpʹ͓͍ͯڑ཭Λ
ఆΊɼHp͸ complete metric space ͱͳΔɽ1 ≤ p < ∞ͷͱ͖ɼ‖ · ‖Hp ͸Hpʹ͓͍ͯϊϧϜΛ
ఆΊɼHp͸ Banach space ͱͳΔɽ

Theorem 1 (Fejér-Riesz inequality for Hp, [2]) 0 < p < ∞ͱ͢Δɽf ∈ HpͳΒ͹ɼ

∫ 1

−1

|f(x)|pdx ≤ 1

2

∫ 2π

0

|f(eiθ)|pdθ
(
= π

∫ 2π

0

|f(eiθ)|p dθ
2π

= π‖f‖pHp

)

͕੒Γཱͭɽ্ͷఆ਺ 1
2 ͸ best possible Ͱ͋Δɽ

্Λɼanalytic function f ∈ Hp ʹର͢Δʰ|f(x)|pͷ͋Δઢ෼্ͷੵ෼ʱͱʰf ͷHp-ϊϧϜʱ
ͷؒʹ੒Γཱͭෆ౳ࣜͱݟΔɽ(0 < p < 1ͷ৔߹ɼਖ਼֬ʹ͸ϊϧϜͰ͸ͳ͍͕ɽ)
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0 < p < ∞ͱ͠ɼ−1 < α < ∞ͱ͢Δɽ

Ap
α :=

{
f ∈ H(D) : ‖f‖Ap

α
:=

(∫

D

|f(z)|p(1 + α)(1− |z|2)αdA(z)
) 1

p

< ∞
}
.

͜͜ͰɼdA(z) =
1

π
dxdy =

1

π
rdrdθͰ͋Δɽ

Ap
α͸ weighted Bergman space ͱݺ͹ΕΔɽ0 < p < 1ͷͱ͖ɼd(f, g) := ‖f − g‖p

Ap
α
͸Ap

αʹ
཭ΛఆΊɼApڑ͍͓ͯ

α͸ complete metric space ͱͳΔɽ1 ≤ p < ∞ͷͱ͖ɼ‖ · ‖Ap
α
͸Ap

αʹ͓
͍ͯϊϧϜΛఆΊɼAp

α͸ Banach space ͱͳΔɽ
2012೥ɼAndreev ͸A2

αʹରͯ͠ Fejér-Riesz Λࣔͨ͠ɽࣄͷෆ౳͕ࣜ੒Γཱͭܕ

Theorem 2 (Fejér-Riesz type inequality for A2
α, [1]) −1 < α < ∞ͱ͢Δɽf ∈ A2

αͳΒ͹ɼ
∫ 1

0

|f(ζx)|2(1− x)1+αdx ≤ λα

∫

D

|f(z)|2(1 + α)(1− |z|2)αdA(z)
(
= λα‖f‖2A2

α

)

͕੒Γཱͭɽ͜͜Ͱɼζ ∈ ∂DͰ͋Γɼλα ≤ 1

πα
(−1 < α < 0ͷͱ͖)ɼλα ≤ 1

1 + α
(0 ≤ αͷͱ͖)

Ͱ͋Δɽ

2014೥ͷถ୔਺ֶηϛφʔʹ͓͍ͯɼय़೔ࢯ͸ p͕ 2Ҏ֎ͷ࣌ʹ΋ɼͭ·ΓҰൠͷAp
αʹର͠

ͯಉ༷ͷෆ౳͕ࣜ੒ΓཱͭͷͰ͸ͳ͍͔ͱ༧૝ͨ͠ɽ

Conjecture 0 < p < ∞, −1 < α < ∞ͱ͢Δɽf ∈ Ap
αʹରͯ͠

∫ 1

0

|f(ζx)|p(1− x)1+αdx ≤ λα

∫

D

|f(z)|p(1 + α)(1− |z|2)αdA(z)
(
= λα‖f‖pAp

α

)

͸੒ΓཱͭͰ͋Ζ͏͔ʁ͜͜Ͱɼζͱ λα͸ Theorem 2 ʹಉ͡ɽ

͜͜Ͱ͸ Hpʹର͢Δ Fejér-Riesz inequality ͷূ໌ΛਅࣅΔͱɼAp
αʹର͢Δ Fejér-Riesz in-

equality ΛͲ͜·Ͱಉ༷ʹٞ࿦Ͱ͖Δͷ͔ɼͲ͜ͰҾ͔͔ͬΔͷ͔Λ໌Β͔ʹ͍ͨ͠ɽͦͷͨΊɼ
Hpʹର͢Δ Fejér-Riesz inequality ͷূ໌ͷεέονΛҎԼʹ͢هɽ

Fejér-Riesz inequality for Hpͷূ໌ͷεέονɽ
(ୈ 1ஈ֊) p = 2 ͱ͢Δɽ্࣮࣠Ͱ real valued Ͱ͋Δ f ∈ H2 ʹରͯ͠ɼ

∫ 1

−1

|f(x)|2dx ≤ 1

2

∫ 2π

0

|f(eiθ)|2dθ

͕੒ΓཱͭࣄΛࣔ͢ɽ

(ୈ 2ஈ֊) ೚ҙͷ f ∈ H2 (্࣮࣠Ͱ complex valued) ʹରͯ͠ɼ
∫ 1

−1

|f(x)|2dx ≤ 1

2

∫ 2π

0

|f(eiθ)|2dθ

11



͕੒ΓཱͭࣄΛࣔ͢ɽ

(ୈ 3ஈ֊) f ∈ Hp ͱ͠ɼ͔ͭɼf(z) ͸ DͰྵ఺Λ࣋ͨͳ͍ͱ͢Δɽͦͷͱ͖ɼ{f(z)} p
2 ͕ఆٛ

Ͱ͖ͯɼ{f(z)} p
2 ͸H2 ʹଐ͢Δɽ{f(z)} p

2 ∈ H2 ʹ (ୈ 2ஈ֊)Λద༻͢Δͱɽ͕࣍ূ໌Ͱ͖Δɽ
DͰྵ఺Λ࣋ͨͳ͍ f ∈ Hp ʹରͯ͠ɼ

∫ 1

−1

|f(x)|pdx ≤ 1

2

∫ 2π

0

|f(eiθ)|pdθ

͕੒Γཱͭɽ

(ୈ 4ஈ֊) ∀f ∈ Hp ͱ͢Δɽf(z) ͸ D Ͱྵ఺Λ࣋ͭͱ͢Δɽ

f(z) ͷ Blaschke product Λ B(z) ͱ͢Δɽg(z) :=
f(z)

B(z)
͸ D Ͱྵ఺Λ࣋ͨͣɼHp ʹଐ͢Δɽ

|B(z)| ≤ 1 (∀z ∈ D) Ͱ͋Γɼ|B(eiθ)| = 1 a.e. Ͱ͋Δɽ|f(z)| = |B(z) · g(z)| = |B(z)| · |g(z)| ≤
|g(z)| (∀z ∈ D) Ͱ͋Δɽ

∫ 1

−1

|f(x)|pdx ≤
∫ 1

−1

|g(x)|pdx ≤ 1

2

∫ 2π

0

|g(eiθ)|pdθ =
1

2

∫ 2π

0

|f(eiθ)|pdθ.

1൪໨ͷෆ౳߸͸ɼ|f(z)| ≤ |g(z)| (∀z ∈ D) ͔ΒಘΒΕΔɽ
2൪໨ͷෆ౳߸͸ɼD Ͱྵ఺Λ࣋ͨͳ͍ g ∈ Hp ʹ (ୈ 3ஈ֊)Λద༻ͯ͠ಘΒΕΔɽ
3൪໨ͷ౳߸͸ɼ|B(eiθ)| = 1 a.e. ΑΓ |f(eiθ)| = |g(eiθ)| a.e. ͔ΒಘΒΕΔɽ
(Fejér-Riesz inequality for Hpͷূ໌ͷεέονɹऴΘΓ)

༧૝ʹ࿩Λ໭͢ɽα ͱ ζ ͕෇͍͍ͯΔͱ෼͔Γʹ͍͘ͷͰɼα = 0, ζ = 1 ͷ৔߹Λ͑ߟΔɽͦ
ͷͱ͖ɼAndreev ͷ݁Ռ (Theorem 2)͸࣍ͷΑ͏ʹͳΔɽ

೚ҙͷ f ∈ A2
0 :=

{
f ∈ H(D) :

∫

D

|f(z)|2dxdy
π

< ∞
}
ʹରͯ͠ɼ

∫ 1

0

|f(x)|2(1− x)dx ≤
∫

D

|f(z)|2dxdy
π

= ‖f‖2A2
0

͕੒Γཱͭɽ

f ∈ Ap
0 ͱ͠ɼf ͸ DͰྵ఺Λ࣋ͨͳ͍ͱ͢Δɽͦͷͱ͖ɼ{f(z)} p

2 Λఆٛ͢Δ͕ࣄͰ͖ͯɼ
{f(z)} p

2 ͸ A2
0 ʹଐ͢Δɽ{f(z)} p

2 ʹ Andreev ͷ݁ՌΛద༻͢ΔͱɼD Ͱྵ఺Λ࣋ͨͳ͍ f ∈ Ap
0

ʹରͯ͠ɼ
∫ 1

0

|f(x)|p(1− x)dx ≤
∫

D

|f(z)|pdxdy
π

(1)

͕੒ΓཱͭࣄΛূ໌Ͱ͖Δɽ

zk ∈ D \ {0}ʹରͯ͠ɼbzk(z) :=
|zk|
zk

zk − z

1− z̄kz
ͱ͓͘ɽzk = 0ͷ৔߹͸ɼb0(z) = zͱ͢Δɽ
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Theorem 3 ([3]) Dͷ఺ྻA = {zk}k ͕
∞∑

k=1

(1− |zk|2)2 < ∞Λຬͨ͢ͳΒ͹ɼ

HA(z) :=
∞∏

k=1

bzk(z){2− bzk(z)}

͸Dͷ೚ҙͷίϯύΫτू߹্ͰҰ༷ʹऩଋ͢ΔɽHA(z)ͷ zero set ͸A = {zk}kͰ͋Δɽ

HA(z)͸ Horowitz product ͱݺ͹ΕΔɽ

Theorem 4 ([3]) 0 < p < ∞, −1 < α < ∞ͱ͢Δɽͦͷͱ͖ɼఆ਺ C(p,α) > 0͕ଘͯ͠ࡏɼ

A = {zk}kΛ zero set ͱ͢Δ೚ҙͷ f ∈ Ap
αʹରͯ͠ɼ

∥∥∥∥
f

HA

∥∥∥∥
Ap

α

≤ C(p,α)‖f‖Ap
α
͕੒Γཱͭɽ

f ∈ Ap
0 ͱ͢Δɽf ͸ zero set ͱͯ͠A = {zk}kΛ࣋ͭͱ͠ɼ

∞∑

k=1

(1− |zk|2)2 < ∞ Λຬͨ͢ͱ͢

Δɽg(z) :=
f(z)

HA(z)
ͱ͓͘ͱɼg(z)͸Dʹ͓͍ͯྵ఺Λ࣋ͨͳ͍ɽͦͷͱ͖ɼ

∫ 1

0

|f(x)|p(1− x)dx ?

∫ 1

0

|g(x)|p(1− x)dx ≤
∫

D

|g(z)|pdxdy
π

= ‖g‖p
Ap

0

≤ C(p, 0)p‖f‖p
Ap

0

̍൪໨ͷෆ౳߸͸ɼg ∈ Ap
0 ͸ D Ͱྵ఺Λ࣋ͨͳ͍ͷͰ (1)ΑΓ෼͔Δɽ̏൪໨ͷෆ౳߸͸ɼ

Theorem 4 ΑΓ෼͔Δɽͨͩ͠ɼHorowitz product ͸ɼBlaschke product B(z)ͷΑ͏ʹ |B(z)| ≤
1 (z ∈ D)ͱ͍͏ੑ࣭Λ͍࣋ͬͯͳ͍ͷͰɼୈ߲̍ͱୈ߲̎ͷؒͷؔ܎Λ͕ࣔ͢ࣄͰ͖ͳ͔ͬͨɽ
Horowitz product ͷੑ࣭΍ Bergman spaces ʹଐ͢Δؔ਺ͷ zero set ͷੑ࣭ʹ͍ͭͯ৘ใΛ͓
࣋ͪͷํ͸ੋඇ͍ͩͯ͑͘͞ڭɽ

ݙจߟࢀ
[1] V. V. Andreev, Fejér-Riesz type inequalities for Bergman spaces, Rend. Circ. Mat. Palermo,

61 (2012), no.3, 385–392.

[2] P. Duren, Theory of Hp spaces, Academic Press, 1970.

[3] H. Hedenmalm, B. Korenblum and K. Zhu, Theory of Bergman spaces, Springer, 2000.
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Complete Pick kernel ʹؔ͢Δϊʔτ

๷Ӵେֶߍ૯߹ڭҭֶ܈ɹɹ੉ށɹಓੜ (Michio Seto)

0 ͸͡Ίʹ
୯Ґԁ൘্ͷ Hardy ۭؒͷཧ࿦ʹ͓͍ͯɼڥքͰ

|ϕ|2 = 1 (0.1)

ΛΈͨ͢ਖ਼ଇؔ਺͕ࢸΔͱ͜Ζʹొ৔͠·͢ɽଟม਺ͱ͍͏ઃఆͰͦͷରԠ෺Λ͑ߟΑ͏ͱ͢Δ
ͱɼͦΕ͸

|ϕ1|2 + |ϕ2|2 − |ϕ3|2 = 1 (0.2)

ͱ͍ͬͨࣜΛΈͨؔ͢਺ͷ૊ (ϕ1,ϕ2,ϕ3) ʹͳΔͷͰ͸ͳ͍͔ͱ͍͏͜ͱΛࠓճͷؔ਺ूڀݚ؀ձ
ͰఏҊ͠ɼ࣮ࡍʹ (0.2) ͷ͕ࣜݱΕΔ͜ͱΛղઆ͠·ͨ͠ɽ(0.1) ΛԁͷํఔࣜͱΈΕ͹ɼ(0.2) ͸
૒ۂ໘ͷํఔࣜʹͳΓ·͢ɽ(0.2) ʹؔ͢Δڀݚ͸૒ۂతͳʢෆఆ஋ͳʣ਺ֶͷ೉͠͞ͷͨΊͳ͔
ͳ͔ਐ·ͳ͍ͷͰɼҰൠͷପԁతͳ৔߹͸ԿʹͳΔ͔ͱ͑ߟ·͢ͱɼͦΕ͸ complete Pick kernel

ͷཧ࿦ʹͳΓ·͢ɽ͜͜Ͱ͸ complete Pick kernel ͷཧ࿦ʹ͍ͭͯۙ࠷ௐ΂ͨ͜ͱΛ·ͱΊ·͢ɽ

1 Complete Pick Property

λ1, . . . ,λn Λ D ಺ͷ͍ޓʹҟͳΔ఺ͱ͢Δɽ͜ͷͱ͖ɼ೚ҙͷ w1, . . . , wn ∈ D ʹର͠ɼ

ϕ(λj) = wj and ‖ϕ‖∞ ≤ 1

ΛΈͨ͢ ϕ ∈ H∞(D) ͸͍ͭଘ͢ࡏΔ͔ʁ͜ͷ໰୊͸ Pick ͷิؒ໰୊ͱΑ͹ΕΔɽ

ఆཧ 1.1 (Pick) Pick ͷิؒ໰୊ͷՄղੑ͸࣍ͷྻߦͷ൒ਖ਼ఆ஋ੑͱಉ஋ɽ
(
1− wiwj

1− λiλj

)

1≤i,j≤n
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͜ͷΑ͏ͳྻߦʢPick ΒΘ͔ΔɽPick͔ࢉܭΕΔཧ༝͸ҎԼͷݱͱΑͿʣ͕ྻߦ ͷิؒ໰୊ʹ
ղ͕͋ͬͨͱͯ͠ɼͦΕΛ ϕ ͱ͢Δɽ͜ͷͱ͖ɼI − TϕT ∗

ϕ ≥ 0 Ͱ͋Δ͔Βɼ

〈(I − TϕT
∗
ϕ)

∑
cjkλj ,

∑
cikλi〉 = 〈

∑
cjkλj ,

∑
cikλi〉 − 〈T ∗

ϕ

∑
cjkλj , T

∗
ϕ

∑
cikλi〉

= 〈
∑

cjkλj ,
∑

cikλi〉 − 〈
∑

cjϕ(λj)kλj ,
∑

ciϕ(λi)kλi〉

= 〈
∑

cjkλj ,
∑

cikλi〉 − 〈
∑

cjwjkλj ,
∑

ciwikλi〉

=
∑

i,j

cicj
1− wiwj

1− λiλj

≥ 0.

Pick ͷ൒ਖ਼ఆ஋ੑ͔Βྻߦ Pick ͷ໰୊ͷՄղੑΛಋ͘ํ๏͸͍Ζ͍Ζ஌ΒΕ͍ͯΔɽ͔͠͠ɼͲ
Ε΋͜ͷΑ͏ͳ؆୯ͳ΋ͷͰ͸ͳ͍ɽ
ͯ͞ɼ͜͜Ͱ wj Λྻߦ Wj, ϕ Λྻߦ஋ਖ਼ଇؔ਺ʹมͯ͠ߋ΋ɼPick ͷ໰୊͸ҙຯΛ΋ͭɽ͜
ͷͱ͖ɼ࣍ͷ͜ͱ͕஌ΒΕ͍ͯΔɽ

ఆཧ 1.2 Pick ͷิؒ໰୊ͷྻߦ൛ͷՄղੑ͸࣍ͷྻߦͷਖ਼ఆ஋ੑͱಉ஋ɽ
(
I −WiW ∗

j

1− λiλj

)

1≤i,j≤n

͜͜ͰྻߦͷαΠζ͸೚ҙͰ͋Δɽ͜ͷ͜ͱΛʮSzegö ֩͸ complete Pick propertyΛ΋ͭʯຢ
͸ʮH2(D) ͸ complete Pick property Λ΋ͭʯͱ͍͏ɽ͜ͷʮcompleteʯͷҙຯ͸ʮcompletely

positiveʯ΍ʮcompletely boundedʯͱ͍ͬͨ༻ޠͱಉ༷ͳҙຯͰ͋Δɽ஫໨͢΂͖͜ͱʹɼcomplete

Pick property Λ΋ͭ࠶ੜ֩͸ͨ͘͞Μଘ͢ࡏΔɽ࣍ʹͦͷྫΛ঺հ͢Δɽ

2 Sobolev ۭؒ

W 2
1 = {f ∈ AC[0, 1] :

∫ 1

0

|f ′(x)|2 dx < ∞ and f(0) = 0}

= {f(y) =
∫ y

0

h(x) dx :

∫ 1

0

|h(x)|2 dx < ∞}

ͱఆΊΔɽ͜͜Ͱͷඍ෼͸௨ৗͷඍ෼Ͱ͋Δɽ͜ͷ W 2
1 ͸࠶ੜ֩ώϧϕϧτۭؒͰ͋Δɽ࣮ࡍɼ

f(y) =

∫ y

0

h(x) dx = 〈h,χ[0,y]〉L2 = 〈f,min{x, y}〉W 2
1

ͱ min{0, y} = 0 ͔ΒɼW 2
1 Ͱ y ୅ೖʹରԠ͢Δ࠶ੜ͕֩ min{x, y} Ͱ͋Δ͜ͱ͕Θ͔Δɽ͜͜

·Ͱ͸ࣗ໌ͳ͜ͱͰ͋Δ͕ɼ

ఆཧ 2.1 (Agler-Quiggin) W 2
1 ͸ complete Pick property Λ΋ͭɽ

஫ҙ 2.1 W 2
1 ʹରͯ͠͸͍Ζ͍Ζͳ͕ํݟͰ͖Δɽ࡞༻ૉ࿦͔ΒݟΕ͹ɼW 2

1 ͸ de Branges-

RovnyakۭؒͷҰͭͰ͋Δɽ࣮ࡍɼT Λ χ[0,y] ͔Βఆ·Δੵ෼࡞༻ૉͱ͠ɼM(T ) = (ranT, ‖ ·‖T )
ͱఆΊΕ͹ɼM(T ) = W 2

1 Ͱ͋Δɽ͞Βʹɼ֬཰࿦Ͱ͸ W 2
1 ͸ Cameron-Martin ෦෼ۭؒͱΑ͹

Εɼϒϥ΢ϯӡಈΛߏ੒͢Δࡍʹ΋༻͍ΒΕΔॏཁͳۭؒͷΑ͏Ͱ͋Δɽ
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3 Drury-Arveson ۭؒ

Bm = {λ ∈ Cm : ‖λ‖!2m < 1}

ͱఆΊΔɽm = ∞ Ͱ΋Α͍ɽBm × Bm ্ͷؔ਺

am(ζ,λ) =
1

1− 〈ζ,λ〉!2m

Λ࠶ੜ֩ͱ͢Δ࠶ੜ֩ώϧϕϧτۭؒΛ H2
m ͱද͠ɼDrury-Arveson ۭؒͱΑͿɽH2

1 = H2(D)
ʹ஫ҙ͢Δɽ͜ͷ H2

m ͸ Bm ্ͷਖ਼ଇؔ਺͔ΒͳΔۭؒͰ͋ΓɼH2
m ͷ্Ͱ͸ H2(D) ͷؔ࿈͢

Δ༗໊ͳఆཧΛࣗવʹଟม਺ԽͰ͖Δ͜ͱ͕஌ΒΕ͍ͯΔɽྫ͑͹ɼH2
m ͷෆม෦෼ۭؒΛ͑ߟ

Δͱ (0.2) ͷପԁܕʹ૬౰͕ͨࣜ͠ݱΕΔʢH2
m ͷํ͕ઌͰ͋Δ͕ʣɽ࣍ͷ࣮ࣄ͸ଟ͘ͷऀڀݚʹ

Αͬͯಠཱʹࣔ͞ΕͨΑ͏Ͱ͋Δɽ

ఆཧ 3.1 H2
m ͸ complete Pick property Λ΋ͭɽ

͞ΒʹɼH2
m ͸࣍ͷҙຯͰͷීวੑΛඋ͍͑ͯΔɽ

ఆཧ 3.2 (Agler-McCarthy) k Λ X ্ͷط໿ͳ࠶ੜ֩ͱ͢Δ 1ɽ͜ͷͱ͖ɼk ͕ complete Pick

property Λ΋ͭͳΒ͹ɼ
kλ (→ δ(λ)am(·, b(λ))

͕ Hk ͔Β δH2
m ΁ͷ౳ڑ཭ͳຒΊࠐΈΛ༩͑ΔΑ͏ͳm ∈ N∪{∞}, b : X → Bm, δ : X → C\{0}

͕ଘ͢ࡏΔɽ͞Βʹɼk ͕ X ×X ্࿈ଓͳΒ͹ɼb ΋࿈ଓͰ͋Δɽ

W 2
1 ͕ complete Pick property Λ΋ͭ͜ͱ͔ΒɼW 2

1 ͸ਖ਼ଇੑ͔ΒҰ͚͔ݟ཭Εۭͨؒʹ΋ؔ
ΘΒͣɼ·ͬͨ͘ෆٞࢥͳ͜ͱʹɼW 2

1 Λແݸݶͷม਺Λ΋ͬͨਖ਼ଇؔ਺͔ΒͳΔώϧϕϧτۭ
ؒ H2

∞ ʹຒΊࠐΊΔ͜ͱʹͳΔʢৄ͍͜͠ͱ͸ Agler-McCarthy ͷຊΛࢀরʣɽ͜͜ͰɼW 2
1 ͕

֬཰࿦Ͱ͸ Cameron-Martin ෦෼ۭؒͱΑ͹Ε͍ͯͨ͜ͱΛ͍ࢥग़͢ͱɼ࣍ͷΑ͏ͳ͜ͱ͕࿈૝
͞ΕΔɽ

(i) H2
m ͸ symmetric Fock space ͷϑʔϦΤม׵ͱͯ͠΋ఆٛͰ͖ΔʢArveson ͷఆٛʣɽ

(ii) Fock ۭؒͱϒϥ΢ϯӡಈ͸ਂ͍ؔ࿈͕͋ΔʢΑ͘஌ΒΕ͍ͯΔʣɽ

(iii) W 2
1 ΋ϒϥ΢ϯӡಈΛߏ੒͢Δࡍʹ༻͍ΒΕΔʢ۽୩ ོʮ֬཰࿦ʯͷ̎ষΛࢀরʣɽ

(iv) ϋʔσΟۭؒͷཧ࿦΋ϒϥ΢ϯӡಈͱ૬ੑ͕Α͍ʢྫ͑͹ɼPetersen ͷຊʣɽ

Ҏ্ͷ͜ͱ͔Βɼcomplete Pick kernel ͷཧ࿦ͱ֬཰࿦ͷؒʹԿΒ͔ͷؔ࿈͕͋Δ͜ͱ͕ظ଴Ͱ
͖Δɽ֬཰࿦ઐ߈ͷಉ྅ʹڭΘ͍ͬͯΔ࠷தͰ͋Δ͕ɼCameron-Martin ෦෼ۭؒΛ͑ߟΔ͜ͱ
Ͱ֬཰࿦ʹ͋ΔछͷղੳੑΛಋೖͰ͖Δͱͷ͜ͱʢ͜Ε͸ H2

m ΁ͷຒΊࠐΈͷ͜ͱͰ͸ʁʣɽ
͜ͷํ޲ͷڀݚͰਐల͕͋ͬͨࡍʹ͸ɼؔ਺ूڀݚ؀ձͰใ͍ͨ͠ࠂͱ͍ࢥ·͢ɽ

ੜ͕֩ຬ͍ͨͯ͠Δࣗવͳ৚݅Ͱ͋Δɽ࠶໿ੑʹ͍ͭͯ͜͜Ͱ͸આ໌͠ͳ͍͕ɼ͍͍ͨͯͷط1
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Composition operators with product symbols

ҵ৓େֶ ෦ֶ޻ ઒ࡉ ୎໵ (Takuya Hosokawa)

Let H(D) be the space of all analytic functions on the open unit disk D and S(D) be the set of
all analytic self-maps of D. For ϕ ∈ S(D) we define the composition operator by Cϕ : f "→ f ◦ ϕ
on H(D). Let L2

a be the Hilbert-Bergman space on D. We have that Cϕ is bounded on L2
a for

any analytic self-map ϕ and that Cϕ is compact on L2
a if and only if ϕ(z) has no finite angular

derivative on ∂D. In other words, this is equivalent to the following condition:

lim
|z|→1

1− |z|2

1− |ϕ(z)|2 = 0.

Definition 1 Let ϕ be an analytic self-map on D. We define the set Aϕ of the points of ∂D at

which ϕ has a finite angular derivative.

We remark that Cϕ is compact on L2
a if and only if Aϕ = ∅.

Lemma 2 (Proposition 4.7 of [3], p.79) The analytic function f has a finite angular deriva-

tive f ′(ζ) at ζ ∈ ∂D if and only if f ′ has the finite angular limit f ′(ζ) at ζ.

Theorem 3 Let ϕ and ψ be analytic self-maps on D. Suppose that Cϕ and Cψ are not compact

on L2
a and ‖ϕ · ψ‖∞ = 1. Then Cϕ·ψ is compact on L2

a if and only if Aϕ ∩ Aψ = ∅.

Example 4 Let ϕ(z) = 1 −
√
2(1− z) and ψ(z) = −ϕ(−z). Since Aϕ = {1} and Aψ = {−1},

Cϕ and Cψ are not compact on L2
a. Then ‖ϕ · ψ‖∞ = 1 and Aϕ ∩Aψ = ∅. Hence Cϕ·ψ is compact

on L2
a.

Taking ψ = ϕ, we can get the following.

Corollary 5 Let ϕ be an analytic self-map on D. Then the following conditions are equivalent:

(i) Cϕ is compact on L2
a.

(ii) Cϕn is compact on L2
a for some positive integer n.

(iii) Cϕn is compact on L2
a for any positive integer n.
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Next we consider the compactness of Cϕn on the Hardy space H2. Recall that the nevanlinna

counting function Nϕ of ϕ ∈ S(D) is defined by

Nϕ(z) =
∑{

log
1

|w| : ϕ(w) = z

}

for z ∈ D \ {0}. Shapiro proved that Cϕ is compact on H2 if and only if

lim
|z|→1−

Nϕ(z)

log 1
|z|

= 0.

We can prove te following result.

Theorem 6 Let ϕ be an analytic self-map on D. Then the following conditions are equivalent:

(i) Cϕ is compact on H2.

(ii) Cϕn is compact on H2 for some positive integer n.

(iii) Cϕn is compact on H2 for any positive integer n.

ݙจߟࢀ
[1] C. Cowen and B. MacCluer, Composition operators on spaces of analytic functions. CRC

Press, Boca Raton, 1995.

[2] T. Hosokawas and S. Ohno, Composition operators with product symbols on the weighted

Bergman spaces, preprint.

[3] Ch. Pommerenke, Boundary Behavior of Conformal Maps. Springer-Verlag, New York, 1991.
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ؔ਺ۭؒ Mp (0 < p < ∞) ʹ͓͚Δ৐๏త౳௕ࣸ૾
ʹ͍ͭͯ

ۚ୔ҩՊେֶҰൠڭҭߏػɹɹ൧ా҆อ (Yasuo IIDA)ɹɹɹ
ɹɹɹɹɹɹɹɹɹɹɹɹɹɹय़೔Ұߒ (Kazuhiro KASUGA)

Abstract. [4]ʹ͓͍ͯɺߨԋऀ͸ p Λࣗવ਺ʹݶఆͨ͠৔߹Ͱؔ਺ۭؒ Mp(X) ʹ͓͚Δʢඞ
ͣ͠΋ઢੑܗΛԾఆ͠ͳ͍ʣ৐๏తશࣹ౳௕ࣸ૾ͷߏ଄Λܾఆͨ͠ɻ͞Βʹ [5]ʹ͓͍ͯ͸ɺ͜ͷ
݁ՌΛ p ≥ 1ʹ֦ுͨ͠ɻ͜ͷখจͰ͸͜ͷ໰୊ΛҰൠͷ 0 < p < ∞ ʹ֦ுͨ݁͠Ռʹ͍ͭͯ
ใ͢ࠂΔɻͦΕ͸ [2, 3, 4, 5]ͰಘΒΕ͍ͯΔ Smirnov classɺPrivalov classɺ Mp(X) (p ∈ N)ɺ
Mp(X) (p ≥ 1)ʹ͓͚Δ݁Ռͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ

1. ४උ

n ≥ 1 ͱ͢ΔɻCn Λෳૉ n ඪΛ࠲Euclidۭؒͱ͠ɺͦͷ఺Λද͢ݩ࣍ z = (z1, . . . , zn) ͱॻ͘
͜ͱʹ͢Δɻunit polydisk Λ Un = {z ∈ Cn : |zj| < 1, 1 ≤ j ≤ n}ɺunit ball Λ Bn = {z ∈ Cn :∑n

j=1 |zj|2 < 1}ͱ͠ɺTn = {z ∈ Cn : |zj| = 1, 1 ≤ j ≤ n}ɺSn = {z ∈ Cn :
∑n

j=1 |zj|2 = 1}ͱ͢
ΔɻҎԼɺX ͸ Un ͔ Bn Λද͠ɺ∂X ͸ Tn ͔ Sn Λද͢΋ͷͱ͢Δɻ·ͨ ∂X ্ͷ normalized

Lebesgue measure Λ dσ Ͱද͢ɻ

X ্ͷਖ਼ଇؔ਺ f ͕ sup
0≤r<1

∫

∂X

log(1 + |f(rz)|) dσ(z) < ∞ Λຬͨ͢ͱ͖ f ͸ Nevanlinna class

N(X) ʹଐ͢Δͱ͍͏ɻf ∈ N(X) ʹ͸༗ݶͳ nontangential limit ͕ a.e. z ∈ ∂X Ͱଘ͢ࡏΔ͜
ͱ͕஌ΒΕ͓ͯΓɺ͜ΕΛվΊͯ f(z) Ͱද͢΋ͷͱ͢Δɻ·ͨ f ∈ N(X) ͕ҎԼͷ৚݅Λຬͨ
͢ͱ͖ f ͸ Smirnov class N∗(X) ʹଐ͢Δͱ͍͏ɿ

sup
0≤r<1

∫

∂X

log(1 + |f(rz)|) dσ(z) =
∫

∂X

log(1 + |f(z)|) dσ(z).

1 < p < ∞ͱ͢ΔɻX ্ͷਖ਼ଇؔ਺ f ͕ sup
0≤r<1

∫

∂X

(log(1 + |f(rz)|))p dσ(z) < ∞ Λຬͨ͢ͱ

͖ f ͸ Privalov class Np(X) ʹଐ͢Δͱ͍͏ɻҎԼɺ؆ศͷͨΊʹ N1(X) = N∗(X) ͱද͢͜ͱ
ʹ͢ΔɻNp(X) (p ≥ 1) ্ͷڑ཭Λ

dNp(X)(f, g) =

(∫

∂X

(log(1 + |f(z)− g(z)|))p dσ(z)
) 1

p

(f, g ∈ Np(X))

Ͱఆٛ͢ΔͱɺNp(X) ͸͜ͷڑ཭ʹؔͯ͠ F -algebraʢੵʹؔͯ͠࿈ଓͰ͋Δɺઢ׬ܗඋڑ཭ۭ
ؒʣͰ͋Δ͜ͱ͕஌ΒΕ͍ͯΔɻ
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࣍ʹؔ਺ۭؒ Mp(X) Λఆٛ͠Α͏ɻ0 < p < ∞ ʹର͠ɺҎԼΛຬͨ͢ X ্ͷਖ਼ଇؔ਺ f ͷ
શମΛ Mp(X) Ͱද͢͜ͱʹ͢Δɿ

∫

∂X

(
log

(
1 + sup

0≤r<1
|f(rz)|

))p

dσ(z) < ∞.

Mp(X) ্ͷڑ཭Λ

dMp(X)(f, g) =

{∫

∂X

(
log

(
1 + sup

0≤r<1
|f(rz)− g(rz)|

))p

dσ(z)

}αp
p

(f, g ∈ Mp(X))

ͱ͢Δʢͨͩ͠ αp = min(1, p)ͱ͓͘ʣͱɺMp(X) ͸͜ͷڑ཭ʹؔͯ͠ F -algebra Ͱ͋Δ͜ͱ͕
Θ͔͍ͬͯΔ ([11])ɻ
͜ΕΒͷΫϥεʹର͠ɺҎԼͷแؚ͕ؔ܎੒Γཱͭ͜ͱ͕஌ΒΕ͍ͯΔɿ

Hq(X) ! Np(X) = Mp(X) ! M1(X) ! N∗(X) (0 < q ≤ +∞ , p > 1).

͜͜Ͱ Hardy space Λ Hq(X) Ͱද͠ɺͦͷϊϧϜ͸ ‖ · ‖q ͱද͢هΔ͜ͱʹ͢Δɻ·ͨN(X) !
Mp(X) (0 < p < 1)Ͱ͋Δ͜ͱ͕஌ΒΕ͍ͯΔɻಛʹHardy algebra H∞(X)͸ N∗(X)΍ Np(X) ,

Mp(X) ʹ͓͍ͯ᜚ີͰ͋Δɻ

2. N∗(X) , Np(X) ʹ͓͚Δ౳௕ࣸ૾ͷ͜Ε·Ͱͷ݁Ռʹ͍ͭͯ

Smirnov class N∗(X) ʹ͓͚Δઢܗ౳௕ࣸ૾ͷ݁Ռ͸ Stephenson [9]ʹΑͬͯಘΒΕ͓ͯΓɺ·
ͨ Privalov class Np(X) ʹ͓͚Δઢܗ౳௕ࣸ૾ʹ͍ͭͯ͸ɺ̍ม਺ͷ৔߹͸ Iida-Mochizuki [7]ʹ
ΑΔ݁Ռ͕͋Γɺଟม਺ͷ৔߹͸ Subbotin [10,11]ͷ݁Ռ͕஌ΒΕ͍ͯΔɻશࣹͷ৔߹ʹ͍ͭͯҎ
্ͷ݁ՌΛ·ͱΊͨ΋ͷ͕࣍ͷఆཧͰ͋Δɿ

ఆཧ 2-1

Let p ≥ 1. T : Np(X) → Np(X) is a surjective linear isometry. Then there exists a holomorphic

automorphism Φ on X with Φ(0) = 0 such that T (f) = αf ◦ Φ for all f ∈ Np(X) where

α ∈ C, |α| = 1.

ͯ͞ɺp ≥ 1 ʹର͠ T : Np(X) → Np(X) ͕ T (fg) = T (f)T (g) (f , g ∈ Np(X)) Λຬͨ͢ͱ
͖ɺT ͸৐๏తʢmultiplicativeʣͰ͋ΔͱݺͿɻSmirnov class N∗(X) ʹ͓͚Δʢඞͣ͠΋ઢܗ
Ͱ͸ͳ͍ʣ৐๏తશࣹ౳௕ࣸ૾ͷ݁Ռ͸Hatori-Iida [2]ʹΑͬͯಘΒΕ͓ͯΓɺ·ͨ Privalov class

Np(X)ʹ͓͚Δʢඞͣ͠΋ઢܗͰ͸ͳ͍ʣ৐๏తશࣹ౳௕ࣸ૾ʹ͍ͭͯ͸ Hatori-Iida-Stević-Ueki

[3]ʹΑͬͯಘΒΕ͍ͯΔɻҎԼ͕ͦͷ಺༰Ͱ͋Δɿ

20



ɹ

໋୊ 2-2

Let n be a positive integer and let X be either Bn or Un. Let p ≥ 1 and suppose that T :

Np(X) → Np(X) is a surjective isometry. If T is 2-homogeneous in the sense that T (2f) = 2T (f)

holds for every f ∈ Np(X), then either

T (f) = αf ◦ Φ for every f ∈ Np(X) or T (f) = αf ◦ Φ for every f ∈ Np(X),

where α is a complex number with the unit modulus and forX = Bn, Φ is a unitary transformation;

for X = Un, Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin), where |λj| = 1, 1 ≤ j ≤ n and (i1, . . . , in) is some

permutation of the integers from 1 through n.

ఆཧ 2-3

Let n be a positive integer and let X be either Bn or Un. Let T be a multiplicative (not

necessarily linear) isometry from Np(X) (p ≥ 1) onto itself. Then there exists a holomorphic

automorphism Φ on X such that either of the following holds:

T (f) = f ◦ Φ for every f ∈ Np(X) or T (f) = f ◦ Φ for every f ∈ Np(X),

where Φ is a unitary transformation for X = Bn; Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin) for X = Un,

where |λj| = 1 for every 1 ≤ j ≤ n and (i1, . . . , in) is some permutation of the integers from 1

through n.

Ҏ্ͷ໋୊ 2-2ͱఆཧ 2-3ͷূ໌ʹ͓͍ͯେ͖ͳ໾ׂΛՌ͍ͨͯ͠Δͷ͕ɺ࣍ͷʮMazur-Ulam

ͷఆཧʯͱݺ͹ΕΔ΋ͷͰ͋Δʢ[8]ʣɻ

ิ୊ 2-4

Let X and Y be normed vector spaces and U : X → Y be surjective isometry which satisfies

U(0) = 0. Then U is real-linear.

3. M p(X) ʹ͓͚Δʢ৐๏తʣશࣹ౳௕ࣸ૾ʹ͍ͭͯ

ؔ਺ۭؒ Mp(X) (p > 0) ʹ͓͚Δઢܗશࣹ౳௕ࣸ૾ͷ݁Ռ͸ Subbotin [10, 11, 12]ʹΑͬͯಘ
ΒΕ͍ͯΔɻͦͷ಺༰͸ Np(X) (p ≥ 1) ͷέʔεͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ

ఆཧ 3-1

Let p > 0. T : Mp(X) → Mp(X) is a surjective linear isometry. Then there exists a holomorphic

automorphism Φ on X with Φ(0) = 0 such that T (f) = αf ◦ Φ for all f ∈ Mp(X) where

α ∈ C, |α| = 1.
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·ͨ Mp(X) ʹ͓͚Δʢඞͣ͠΋ઢܗͰ͸ͳ͍ʣ৐๏తશࣹ౳௕ࣸ૾ͷ݁Ռ͸ɺp ∈ N ͷ৔߹
͸ [4]Ͱɺ͞Βʹ p ≥ 1 ͷ৔߹͸ [5]Ͱࣔ͞Ε͍ͯΔɻ͜ΕΒͷ಺༰΋ Np(X) (p ≥ 1) ͷέʔε
ͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ

໋୊ 3-2

Let n be a positive integer and let X be either Bn or Un. Let p ≥ 1 and suppose that

T : Mp(X) → Mp(X) is a surjective isometry. If T is 2-homogeneous in the sense that T (2f) =

2T (f) holds for every f ∈ Mp(X), then either

T (f) = αf ◦ Φ for every f ∈ Mp(X) or T (f) = αf ◦ Φ for every f ∈ Mp(X),

where α is a complex number with the unit modulus and forX = Bn, Φ is a unitary transformation;

for X = Un, Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin), where |λj| = 1, 1 ≤ j ≤ n and (i1, . . . , in) is some

permutation of the integers from 1 through n.

ఆཧ 3-3

Let n be a positive integer and let X be either Bn or Un. Let T be a multiplicative (not

necessarily linear) isometry from Mp(X) (p ≥ 1) onto itself. Then there exists a holomorphic

automorphism Φ on X such that either of the following holds:

T (f) = f ◦ Φ for every f ∈ Mp(X) or T (f) = f ◦ Φ for every f ∈ Mp(X),

where Φ is a unitary transformation for X = Bn; Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin) for X = Un,

where |λj| = 1 for every 1 ≤ j ≤ n and (i1, . . . , in) is some permutation of the integers from 1

through n.

͜ͷখจͰ͸ɺ͜ΕΒͷ಺༰ΛҰൠͷ 0 < p < ∞ ʹ֦ுͨ݁͠ՌΛใ͢ࠂΔ ([6])ɻͦΕ͸্ड़
ͷ Np(X) (p ≥ 1) , Mp(X) (p ∈ N) , Mp(X) (p ≥ 1) Ͱͷ಺༰ͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ

໋୊ 3-4([6])

Let n be a positive integer and let X be either Bn or Un. Let 0 < p < ∞ and suppose

that T : Mp(X) → Mp(X) is a surjective isometry. If T is 2-homogeneous in the sense that

T (2f) = 2T (f) holds for every f ∈ Mp(X), then either

T (f) = αf ◦ Φ for every f ∈ Mp(X) or T (f) = αf ◦ Φ for every f ∈ Mp(X),

where α is a complex number with the unit modulus and forX = Bn, Φ is a unitary transformation;

for X = Un, Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin), where |λj| = 1, 1 ≤ j ≤ n and (i1, . . . , in) is some

permutation of the integers from 1 through n.

͜ͷ໋୊ͷূ໌ʹ͓͍ͯɺҎԼͷิ୊Λར༻͢Δɿ
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ิ୊ 3-5([10])

Let f ∈ Hp(X), p ≥ 1. Then the norm ||f ||Hp
m
:=

{∫

∂X

sup
0≤r<1

|f(rz)|p dσ(z)
} 1

p

is equivalent to

the standard norm in Hp(X).

ิ୊ 3-6([10])

Let 0 < p < ∞. Then

lim
ε→0+

1

εp+1
{(εt)p − (log(1 + εt))p} =

p

2
tp+1, t ≥ 0.

ʲ໋୊ 3-4ͷূ໌ͷུ֓ʳ
1 ≤ p < ∞ ͷ৔߹ͷུ֓ʹ͍ͭͯ͸ [5]Λࢀর͞Ε͍ͨɻ͜͜Ͱ͸ 0 < p < 1 ͷ৔߹ͷূ໌ʹ
͍ͭͯ֓આ͢Δɻ
࣍Λຬͨ͢X্ͷਖ਼ଇؔ਺ͷશମΛ Hp

m(X) (0 < p < 1)ͱද͢͜ͱʹ͢Δɿ

dHp
m
(f, 0) :=

∫

∂X

sup
0≤r<1

|f(rz)|p dσ(z) < ∞.

ͦͯ͠ f, g ∈ Hp
m(X)ʹؔͯ͠ڑ཭Λ dHp

m
(f, g) = dHp

m
(f − g, 0)ͷΑ͏ʹఆΊΔɻ ΋͠ T :

Mp(X) → Mp(X)͕શࣹ౳௕ࣸ૾Ͱɹ೚ҙͷ f ∈ Mp(X)ʹؔͯ͠ T (2f) = 2T (f)Λຬͨ͢ͳ
Β͹ɺ[4, Proposition 1]ͷํ๏ͱಉ༷ʹɺT : Hp

m(X) → Hp
m(X)͸ɺ·ͨશࣹ౳௕ࣸ૾Ͱ͋Δɻ

f, g ∈ Hp(X)ͱ͢ΔɻT (2f) = 2T (f)͔ͩΒɺT (f)
2m = T ( f

2m ) (m ∈ N)ΛಘΔɻ͜ͷ࣌ɺ࣍ͷ౳ࣜ
͕੒Γཱͭɻ

∫

∂X

sup
0≤r<1

∣∣∣∣
f(rz)

2m

∣∣∣∣
p

dσ(z)−
∫

∂X

(
log

(
1 + sup

0≤r<1

∣∣∣∣
f(rz)

2m

∣∣∣∣

))p

dσ(z)

=

∫

∂X

sup
0≤r<1

∣∣∣∣
(Tf)(rz)

2m

∣∣∣∣
p

dσ(z)−
∫

∂X

(
log

(
1 + sup

0≤r<1

∣∣∣∣
(Tf)(rz)

2m

∣∣∣∣

))p

dσ(z).

͕ͨͬͯ͠
∫

∂X

1

( 1
2m )p+1

{(
1

2m
sup

0≤r<1
|f(rz)|

)p

−
(
log

(
1 +

1

2m
sup

0≤r<1
|f(rz)|

))p}
dσ(z) (1)

=

∫

∂X

1

( 1
2m )p+1

{(
1

2m
sup

0≤r<1
|(Tf)(rz)|

)p

−
(
log

(
1 +

1

2m
sup

0≤r<1
|(Tf)(rz)|

))p}
dσ(z)

ΛಘΔɻෆ౳ࣜ log(1+xy) ≤ log(1+x)+ log(1+y) (x ≥ 0 , y ≥ 0)ͱ (a+ b)p ≤ 2p(ap+ bp) (a ≥
0 , b ≥ 0 , p > 0)ΑΓɺ(1) ͷࠨลͷඃੵ෼ؔ਺͕ L1(∂X)-ؔ਺Ͱ͓͑͞ΒΕΔ͜ͱ͕͔֬ΊΒΕ
Δɻಉ༷ʹ (1)ͷӈลͷඃੵ෼ؔ਺΋L1(∂X)-ؔ਺Ͱ͓͑͞ΒΕΔ͜ͱ͕͔֬ΊΒΕΔɻLebesgue

ͷऩଋఆཧͱิ୊ 3-6Λ (1)ͷ྆ลʹ༻͍ͯ࣍ͷ౳ࣜΛಘΔɻ
∫

∂X

p

2

(
sup

0≤r<1
|f(rz)|

)p+1

dσ(z) =

∫

∂X

p

2

(
sup

0≤r<1
|(Tf)(rz)|

)p+1

dσ(z).
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͕ͨͬͯ࣍͠ΛಘΔɻ
∫

∂X

sup
0≤r<1

|f(rz)|p+1 dσ(z) =

∫

∂X

sup
0≤r<1

|(Tf)(rz)|p+1 dσ(z).

ิ୊ 3-5ΑΓϊϧϜ || · ||p+1ͱϊϧϜ || · ||Hp+1
m
ͷಉ஋ੑ͔ΒɺT : Hp+1(X) → Hp+1(X)͕શࣹ౳௕

ࣸ૾Ͱ͋Δ͜ͱ͕෼͔Δɻ Hp+1(X) ͕ϊϧϜઢۭؒܗͰ͋Δ͜ͱͱ A(0) = 0͔ΒMazur-Ulam

theoremΛ༻͍ͯ A|Hp+1(X)͕࣮ઢܗ౳௕ࣸ૾Ͱ͋Δ͜ͱ͕ಋ͔ΕΔɻޙ͸ [5]ʹ͓͚Δ 1 ≤ p < ∞
ͷ৔߹ͷূ໌ͱಉ༷ʹࣔ͞ΕΔɻ

ʢূ໌ऴʣ

ʹޙ࠷ Mp(X) (0 < p < ∞) ʹ͓͚Δʢඞͣ͠΋ઢܗͰ͸ͳ͍ʣ৐๏తશࣹ౳௕ࣸ૾ͷ݁Ռ͸
ҎԼͷΑ͏ʹද͞ΕΔɻ͜ͷ݁Ռ΋ Np(X) (p ≥ 1) , Mp(X) (p ∈ N), Mp(X) (p ≥ 1) ͷέʔ
εͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ
͜Ε͸ [4, Theorem 2]ͱಉ༷ʹࣔ͞ΕΔͷͰɺ͜͜Ͱ͸ূ໌ΛߦΘͳ͍ɻ

ఆཧ 3-7([6])

Let n be a positive integer and let X be either Bn or Un. Let T be a multiplicative (not

necessarily linear) isometry fromMp(X) (0 < p < ∞) onto itself. Then there exists a holomorphic

automorphism Φ on X such that either of the following holds:

T (f) = f ◦ Φ for every f ∈ Mp(X) or T (f) = f ◦ Φ for every f ∈ Mp(X),

where Φ is a unitary transformation for X = Bn; Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin) for X = Un,

where |λj| = 1 for every 1 ≤ j ≤ n and (i1, . . . , in) is some permutation of the integers from 1

through n.
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The Toeplitzness of composition operators

೔ຊۀ޻େֶֶ޻෦ େ໺ɹमҰʢShûichi Ohno)

1 Introduction

Let H2 be the Hardy-Hilbert space of all analytic functions on the open unit disk D with square-

summable Taylor coefficients. For f(z) =
∑∞

n=0 anz
n and g(z) =

∑∞
n=0 bnz

n in H2, the standard

inner product is defined as

〈f, g〉 =
∞∑

n=0

anbn

=

∫

∂D
f(ζ)g(ζ)dm(ζ),

where m is the normalized Lebesgue measure on the boundary ∂D of D. Refer to [12, 19] for the

basic properties of the classical Hardy spaces.

Let T be a bounded linear operators on H2. Then T is a Toeplitz operator if and only if

S∗TS = T , where S is the forward shift defined by Sf(z) = zf(z) for z ∈ D and f ∈ H2 and S∗ is

the backward shift on H2. In [2], Barŕıa and Halmos called an operator T on H2 asymptotically

Toeplitz if the sequence of operators {S∗nTSn} converges strongly on H2. Then Feintuch [13]

pointed out that one need not rule out either weak or norm operator convergence. So there are

actually three different kinds of asymptotic toeplitzness.

Definition. Let T be a bounded linear operator on H2.

(i) T is said to be uniformly asymptotically Toeplitz if there is a bounded linear operator A on

H2 such that ‖S∗nTSn − A‖ → 0 as n → ∞.

(ii) T is said to be strongly asymptotically Toeplitz if there is an operator A on H2 such that

‖(S∗nTSn − A)f‖ → 0 as n → ∞ for f ∈ H2.

(iii) T is said to be weakly asymptotically Toeplitz if there is an operator A on H2 such that

〈(S∗nTSn − A)f, g〉 → 0 as n → ∞ for f, g ∈ H2.

Feintuch [13] showed the following result.

Theorem of Feintuch. A bounded linear operator on H2 is uniformly asymptotically Toeplitz

if and only if it is the sum of a Toeplitz operator and a compact operator.
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In the natural way, for a bounded measurable function u ∈ L∞(∂D), a Toeplitz operator Tu on

H2 is defined as Tuf = P (uf) for f ∈ H2, where P is the orthogonal projection from L2(∂D) to
H2. Recall that the only compact Toeplitz operator on H2 is the zero operator. See [10, 15] for

operator theory on H2.

We here consider the asymptotic toeplitzness associated with composition operators. For an

analytic self-map ϕ of D, the composition operator Cϕ is defined by Cϕf = f ◦ ϕ. It has been

known for a long time that such operators are bounded linear operators on H2. See [4, 20, 25]

for the study of composition operators. Also, refer to [22] for a survey of early results on the

toeplitzness of composition operators.

2 Torplitzness of Cϕ

Clearly, only an analytic self-map ϕ of D which make Cϕ a Toeplitz operator is the identy.

Nazarov and Shapiro [17] investigated properties of the asymptotic toeplitzness of composition

operators and adjoints. The following are obtained in [17].

Theorem 2.1 A composition operator is uniformly asymptotically Toeplitz if and only if it is

either compact or the identity.

Theorem 2.2 Let ϕ be an analytic self-map of D. If |ϕ| < 1 a.e. on ∂D, then Cϕ is strongly

asymptotically Toeplitz with asymptotic symbol zero.

Theorem 2.3 Suppose that ϕ is not the identity map and fixes the origin. If Cϕ is strongly

asymptotically Toeplitz, then |ϕ| < 1 a.e. on ∂D.

Theorem 2.4 Suppose that ϕ is not the identity map and fixes the origin. Then Cϕ is weakly

asymptotically Toeplitz with asymptotic symbol zero.

See [23] for the converse.

3 Toeplitzness of products of composition operators and

their adjoints

Recently the toeplitzness of products of composition operators and their adjoints is indepen-

dently investigated in [6, 11, 18].

Theorem 3.1 Let ϕ,ψ be analytic self-maps of D. Then C∗
ϕCψ is Toeplitz if and only if ϕ = ψ

and ϕ is inner. And then C∗
ϕCϕ = Tu, where

u(ζ) =
1− |ϕ(0)|2

|1− ϕ(0)ζ|2
for ζ ∈ ∂D.
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Proof. At first, we note that C∗
ϕCψ is Toeplitz if and only if

C∗
ϕT1−ϕψCψ = 0.

Suppose that ϕ = ψ and ϕ is inner. Then 1− ϕψ = 0. Clearly C∗
ϕCψ is Toeplitz.

Conversely assume that C∗
ϕCψ is Toeplitz. Then C∗

ϕT1−ϕψCψ = 0.

0 = 〈C∗
ϕT1−ϕψCψ1, 1〉

= 〈P (1− ϕψ), 1〉
= 〈1− ϕψ, 1〉.

So

∫
(1− ϕψ)dm = 0 and thus

∫
ϕψdm = 1. As |ϕψ| ≤ 1, ϕ and ψ are inner.

Moreover ∫
|ϕψ|dm =

∣∣
∫
ϕψdm

∣∣∣ = 1.

So ϕψ is constant and we can easily check ϕψ = 1. Consequently ϕ = ψ.

Next, we note that S∗nC∗
ϕCψS

∗ = C∗
ϕT(ϕψ)nCψ.

Theorem 3.2 ([11]) Let ϕ,ψ be analytic self-maps of D.

(i) When ϕ = ψ, C∗
ϕCϕ is uniformly asymptotically Toeplitz if and only if T1−χ(E)Cϕ is compact,

where E = {ζ ∈ ∂D : |ϕ(ζ)| = 1}.

(ii) When ϕ &= ψ, C∗
ϕCψ is uniformly asymptotically Toeplitz if and only if C∗

ϕCψ is compact.

It is unknown to characterize any analytic self-map ϕ of D for which T1−χ(E)Cϕ is compact.

The compactness of C∗
ϕCψ was characterized in [3]: C∗

ϕCψ is compact on H2 if and only if

lim
|z|→1

Nϕ(ϕ(z))Nψ(ψ(z))

log 1
|ϕ(z)| log

1
|ψ(z)|

= 0.

If ϕ and ψ are univalent, the compactness is equivalent to

lim
|z|→1

(1− |z|2)2

(1− |ϕ(z)|2)(1− |ψ(z)|2) = 0.

Lemma 3.3 Let {un} be a bounded sequence in L∞(∂D) such that un → 0 pointwise a.e. on ∂D.
Then Tun → 0 strongly as n → ∞.

As S∗nC∗
ϕCϕS

∗ = C∗
ϕT|ϕ|2nCϕ and |ϕ|2n → χ(E) pointwise a.e. on ∂D, we can show the following

using Lemma 3.3 in the case ϕ = ψ.

Theorem 3.4 Let ϕ,ψ be analytic self-maps of D.

(i) ([11]) When ϕ = ψ, C∗
ϕCϕ is automatically strongly asymptotically Toeplitz .

(ii) Suppose ϕ &= ψ. If |ϕψ| < 1 a.e. on ∂D, then C∗
ϕCψ is strongly asymptotically Toeplitz with

asymptotic symbol zero.

Asymptotic toeplitzness of CϕC∗
ψ has not completely been investigated.
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4 S-toeplitzness of composition operators

Matache [16] considered the usual generalization of Toeplitz operators. A bounded linear oper-

ator S on a Hilbert space is called a unilateral (forward) shift if it is an isometry such that {S∗n}
is convergent to 0 in the strong operator topology. For example, if w is a non-consatnt inner

function, then Mw is unilateral on H2.

Matache then introduced the corresponding asymptotic generalizations.

Definition. Let T be a bounded linear operator on H2 and S a unilateral shift.

(i) An operator T is called S-toeplitz if S∗TS = T .

(ii) An operator T is called S-analytic if TS = ST .

Theorem 4.1 ([16]) Let w be a non-constant inner function and ϕ a non-constant analytic

self-map of D.

(i) If Cϕ is Mw-Toeplitz, then ϕ is inner.

(ii) If ϕ is inner, then Cϕ is Mw-Toeplitz if and only if Cϕw = w.

Moreover Jung and Ko recently study the case of weighted composition operators.

Theorem 4.2 ([14]) Let u be a non-zero bounded analytic function on D and ϕ a non-constant

analytic self-map of D. If w be a non-constant inner function, then the following are equivalent.

(i) Cϕ is Mw-Toeplitz.

(ii) MuCϕ is Mw-Toeplitz.

(iii) ϕ is inner and Cϕw = w.

All in the following References is not cited in the text.

ݙจߟࢀ
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[5] Ž. Čučković and T. Le, Toeplitzness of composition operators in several variables, Complex

Var. Elliptic Equ. 59 (2014), no. 10, 1351–1362.
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Weighted composition operators whose ranges
contain the disk algebra II

৽ׁେֶɾࣗવՊֶܥɹɹઘ஑ɹ࢘ܟ (Keiji Izuchi)

1 Introduction

Let D be the open unit disk. We denote by H(D) the space of all analytic functions on D. We

denote by S the set of analytic self-maps of D. For each ϕ ∈ S and u ∈ H(D), we may defined

the weighted composition operator MuCϕ on H(D) by (MuCϕ)f = u(f ◦ ϕ) for f ∈ H(D). For

a subset E of H(D), write (MuCϕ)(E) = {(MuCϕ)f : f ∈ E}. There are a lot of studies of

(weighted) composition operators on various space of analytic functions, see [1, 5].

We denote by A(D) the disk algebra, i.e., the space of functions in H(D) which can be extended

continuously on D (see [3]). We denote by H∞ the space of bounded analytic functions on

D. Let Aut (D) be the set of automorphisms of D. For finitely many ϕ1,ϕ2, · · · ,ϕ" in S and

u1, u2, · · · , u" in H(D), in the previous paper [4, Theorem 2.1] the authors proved that if A(D) ⊂⋃"
n=1(MunCϕn)(H(D)), then ϕk ∈ Aut (D) and Z(uk) = ∅ for some 1 ≤ k ≤ ", where Z(uk)

denotes the zero set of uk in D. Moreover, for sequences {ϕn}n≥1 in S and {un}n≥1 in H(D),
if H∞ ⊂

⋃∞
n=1(MunCϕn)(H(D)), then ϕk ∈ Aut (D) and Z(uk) = ∅ for some k ≥ 1. We have a

conjecture that for sequences {ϕn}n≥1 in S and {un}n≥1 inH(D), ifA(D) ⊂
⋃∞

n=1(MunCϕn)(H(D)),
then ϕk ∈ Aut (D) and Z(uk) = ∅ for some k ≥ 1. At this moment, we can not prove this.

For 0 < p < ∞, let Ap, the Bergman space, be the space of functions f in H(D) satisfying that

∫

D
|f(z)|p dA(z) < ∞,

where dA is the normalized area measure on D. It is well known that Cϕ(Ap) ⊂ Ap. Applying the

Baire category theorem we shall prove that if

A(D) ⊂
∞⋃

n=1

Cϕn

( ⋃

0<p<∞
Ap

)
,

Then ϕk ∈ Aut (D) for some k ≥ 1.
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2 Weighted Bergman spaces

We study under more general setting. Let ω be a positive continuous function on D satisfying

that

(α) ω(z) → 0 as |z| → 1.

For f ∈ H(D), let denote
‖f‖ω = sup

z∈D
ω(z)|f(z)|.

Write

H(ω) = {f ∈ H(D) : ‖f‖ω < ∞}.

Then H(ω) is a Banach space with the norm ‖ · ‖ω and A(D) ⊂ H(ω). For each positive integer

m, let

Hm(ω) = {f ∈ H(ω) : ‖f‖ω ≤ m}.

We have H(ω) =
⋃∞

m=1 Hm(ω).

Lemma 2.1. Cϕ(Hm(ω)) ∩ A(D) is closed in A(D).

Proof. Let {fj}j≥1 be a sequence in Cϕ(Hm(ω))∩A(D) such that fj → f0 in A(D) as j → ∞. For

each j ≥ 1, there is gj ∈ Hm(ω) such that fj = gj ◦ϕ. Since ω(z)|gj(z)| ≤ m on D for every j ≥ 1,

by the normal family argument we may assume that gj → g0 ∈ H(D) uniformly on any compact

subset of D as j → ∞. Then we have g0 ∈ Hm(ω) and f0 = g0 ◦ ϕ, so f0 ∈ Cϕ(Hm(ω)) ∩ A(D).
Thus we get the assertion.

Since Cϕ(H(ω))∩A(D) is a subspace of A(D) and H(ω) =
⋃∞

m≥1Hm(ω), we have the following.

Lemma 2.2. If Cϕ(Hm(ω)) ∩ A(D) contains a non-void open subset of A(D), then A(D) ⊂
Cϕ(H(ω)).

Proof. Take a non-void open subset U of A(D) satisfying

U ⊂ Cϕ(Hm(ω)) ∩ A(D).

Fix f0 ∈ U . There is g0 ∈ Hm(ω) such that f0 = g0 ◦ ϕ. Take f ∈ A(D) arbitrary. We have

f0 + εf ∈ U ⊂ Cϕ(Hm(ω)) ∩ A(D)

for some ε > 0. Then there is h ∈ Hm(ω) such that f0 + εf = h ◦ ϕ. Since (h− g0)/ε ∈ H(ω), we

have

f =
(h− g0) ◦ ϕ

ε
∈ Cϕ(H(ω)).

Thus we get the assertion.

By [4, Theorem 1.1], we have the following.
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Lemma 2.3. If A(D) ⊂ Cϕ(H(ω)), then ϕ ∈ Aut (D).

Theorem 2.4. Let {ϕn}n≥1 be a sequence in S and {ω"}"≥1 be a sequence of positive continuous

functions on D satisfying condition (α). If

A(D) ⊂
∞⋃

n=1

Cϕn

( ∞⋃

"=1

H(ω")
)
,

then ϕk ∈ Aut (D) for some k ≥ 1.

Proof. We may assume that ϕn is non-constant for every n ≥ 1. We have

∞⋃

"=1

H(ω") =
∞⋃

",m=1

Hm(ω").

By the assumption,

A(D) =
∞⋃

n,",m=1

Cϕn(Hm(ω")) ∩ A(D).

By Lemma 2.1, Cϕn(Hm(ω"))∩A(D) is closed in A(D) for every n, $,m ≥ 1. By the Baire category

theorem, Cϕn(Hm(ω")) ∩ A(D) contains a non-void open subset of A(D) for some n, $ and m. By

Lemma 2.2, A(D) ⊂ Cϕn(H(ω")). By Lemma 2.3, we have ϕ ∈ Aut (D).

For 0 < p < ∞ and −1 < α < ∞, the weighted Bergman space Ap
α is the space of f ∈ H(D)

satisfying that

‖f‖p,α :=
(∫

D
|f(z)|p dAα(z)

)1/p

,

where

dAα(z) = (α + 1)(1− |z|2)α dA(z)

(see [2, p. 2]). We have Ap
0 = Ap,

Ap
α1

⊂ Ap
α2

if −1 < α1 < α2 < ∞

and

Ap1
α ⊃ Ap2

α if 0 < p1 < p2 < ∞.

Then
⋃

0<p<∞
Ap

α =
∞⋃

"=1

A1/"
α and

⋃

−1<α<∞
Ap

α =
∞⋃

k=1

Ap
k.

Hence
⋃

0<p<∞,−1<α<∞
Ap

α =
∞⋃

",k=1

A1/"
k .

For f ∈ Ap
α, we have

sup
z∈D

(1− |z|2)
2+α
p |f(z)| ≤ ‖f‖p,α < ∞
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(see [2, p. 53]). Set ωp,α(z) = (1− |z|2)(2+α)/p. Then Ap
α ⊂ H(ωp,α) and

⋃

0<p<∞,−1<α<∞
Ap

α ⊂
∞⋃

",k

H(ω1/",k).

So by Theorem 2.4, we have the following.

Corollary 2.5. Let {ϕn}n≥1 be a sequence in S. If

A(D) ⊂
∞⋃

n=1

Cϕn

( ⋃

0<p<∞,−1<α<∞
Ap

α

)
,

then ϕk ∈ Aut (D) for some k ≥ 1.

For 0 < p < ∞, let Hp be the space of functions f in H(D) satisfying that

sup
0<r<1

∫ 2π

0

|f(reiθ)|p dθ

2π
< ∞.

The space Hp is call the Hardy space. Since Hp ⊂ Ap, we have the following.

Corollary 2.6. Let {ϕn}n≥1 be a sequence in S. If

A(D) ⊂
∞⋃

n=1

Cϕn

( ⋃

0<p<∞
Hp

)
,

then ϕk ∈ Aut (D) for some k ≥ 1.
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C1[0, 1]্ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾ʹ͍ͭͯ

ถߴۀ޻ࢠ౳ઐ໳ֶߍɹɹݹਗ਼ਫ େ௚ (Hironao Koshimizu)

Banach-Stoneͷఆཧ (1930೥୅)Λൃ୺ͱͯ͠, ༷ʑͳؔ਺ۭؒʹ͓͍ͯશࣹෳૉઢܗ౳ڑ཭ࣸ
૾ͷܗΛܾఆ͢Δ໰୊ͷ͕͞ڀݚΕ͖ͯͨ. ·ͨ, ઢੑܗΛԾఆ͠ͳ͍શࣹ౳ڑ཭ࣸ૾ʹ͍ͭͯ,

Mazur-Ulamͷఆཧ (1932೥)͸, શࣹ࣮ઢܗ౳ڑ཭ࣸ૾͕ຊ࣭Ͱ͋Δ͜ͱΛड़΂͍ͯΔ. 1990೥
ʹ Ellis([2])͕ؔ਺؀্ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾ʹ͍ͭͯѻ͍ͬͯΔ͕, ·ͩ·ͩෳૉઢ্ۭؒܗ
ͷ࣮ઢܗ౳ڑ཭ࣸ૾ʹ͍ͭͯ஌ΒΕ͍ͯΔ͜ͱ͸গͳ͍ͱࢥΘΕΔ. ͜͜Ͱ͸, ด۠ؒ [0, 1] ্ͷ
࿈ଓඍ෼Մೳؔ਺શମͷۭؒʹ͓͚Δશࣹ࣮ઢܗ౳ڑ཭ࣸ૾ʹ͍ͭͯ͑ߟΔ.

1 Banach-StoneͷఆཧͱMazur-Ulamͷఆཧ
XΛίϯύΫτHausdorffۭؒͱ͠, C(X) ΛX্ͷෳૉ਺஋࿈ଓؔ਺શମͷBanachۭؒͱ͢
Δ. ͨͩ͠, ϊϧϜ͸ supϊϧϜ

‖f‖∞ = sup
{
|f(x)| : x ∈ X

}
(f ∈ C(X))

Ͱ༩͑ΒΕΔ. C(X)্ͷશࣹෳૉઢܗ౳ڑ཭ࣸ૾͸, ࣍ͷBanach-StoneͷఆཧʹΑͬͯಛ௃͚ͮ
ΒΕΔ.

Banach-Stoneͷఆཧ. X ΛίϯύΫτ Hausdorffۭؒͱ͢Δ. ͜ͷͱ͖, C(X) ͔Β
C(X) ΁ͷશࣹෳૉઢܗ౳ڑ཭ࣸ૾ T ͸, X ͔ΒX ͷ্΁ͷಉ૬ࣸ૾ ϕͱ, |w(x)| =
1 (x ∈ X) ͱͳΔ࿈ଓؔ਺wΛ༻͍ͯ,

(Tf)(x) = w(x)f(ϕ(x)) (x ∈ X, f ∈ C(X))

ͱදͤΔ.

͜ͷఆཧΛൽ੾Γʹͯ͠, ༷ʑͳؔ਺্ۭؒͷશࣹෳૉઢܗ౳ڑ཭ࣸ૾ͷಛ௃͚͕ͮͳ͞Εͯ
͍Δ ([3]). ϊϧϜ্ۭؒʹ͓͍ͯ͸શࣹෳૉઢܗ౳ڑ཭ࣸ૾ʹ͍ͭͯ͸ઢੑܗΛԾఆ͠ͳͯ͘΋
ઢ͕ੑܗಋ͔ΕΔ. ͜Ε͸౳ڑ཭ੑ͕ઢੑܗΛಋ͘͜ͱΛड़΂ͨॏཁͳ࣮ࣄͰ͋Δ. ͦΕ͕࣍ͷ
Mazur-UlamͷఆཧͰ͋Δ.

Mazur-Ulamͷఆཧ. N , M ΛϊϧϜۭؒͱ͠, T ΛN ͔ΒM ΁ͷશࣹ౳ڑ཭ࣸ૾ͱ
͢Δ. ͜ͷͱ͖, T − T0 ͸N ͔ΒM ΁ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾ʹͳΔ.

͜ͷMazur-UlamͷఆཧΑΓ, શࣹ౳ڑ཭ࣸ૾ͷຊ࣭͸શࣹ࣮ઢܗ౳ڑ཭ࣸ૾Ͱ͋Δ͜ͱ͕෼͔
Δ. ͦͷͨΊશࣹ౳ڑ཭ࣸ૾ͷܗΛܾఆ͢Δ͜ͱ͸, શࣹ࣮ઢܗ౳ڑ཭ࣸ૾ͷܗΛܾఆ͢Δ͜ͱʹ
.ணͰ͖Δؼ
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2 શࣹ࣮ઢܗ౳ڑ཭ࣸ૾
·ͣ, શࣹ࣮ઢܗ౳ڑ཭ࣸ૾ʹ͍ͭͯ, C(X)ͷ෦෼ۭؒʹ͍ͭͯ஌ΒΕ͍ͯΔ͜ͱΛड़΂Δ.

AΛ C(X)ͷෳૉઢܗ෦෼ۭؒͱ͠, ϊϧϜ͸ C(X)ͱಉ͡ supϊϧϜΛೖΕΔ΋ͷͱ͢Δ. A∗

ΛAͷڞ໾ۭؒͱ͠, x ∈ X ʹରͯ͠, ex ∈ A∗ Λ ex(f) = f(x) (f ∈ A) ͱఆٛ͢Δ. ·ͨ, A ͷ
Choquetڥք Ch(A) ΛCh(A) = {x ∈ X : ex ͸ A∗ͷ୯Ґٿͷ୺఺ } ͱఆٛ͢Δ.

·ͨ, ෼཭৚݅ͷΑ͏ͳؔ਺ۭؒʹؚ·ΕΔؔ਺ͷछྨͷଟ͞Λࣔ͢৚݅Λ༩͑Δ. ೚ҙͷ૬ҟ
ͳΔ 3఺ x, y, z ∈ X ʹରͯ͠, |f(x)| "= |f(y)| ͔ͭ f(z) = 0 ͱͳΔ f ∈ A ͕ଘ͢ࡏΔͱ͖, AΛ
strongly 0-separating Ͱ͋Δͱ͍͏. ͜ΕΛຬͨ͢Α͏ͳؔ਺ۭؒͷྫͱͯ͠, X্ͷؔ਺؀΍୯
Ґԁप T্ͷ 2࣍ଟ߲ࣜશମ {az2 + bz + c ∈ C(T) : a, b, c ∈ C}ͳͲ͕͋Δ.

C(X)ͷ෦෼ۭؒʹ͓͚Δશࣹ࣮ઢܗ౳ڑ཭ࣸ૾͸, ࣍ͷΑ͏ʹಛ௃͚ͮΒΕΔ͜ͱ͕஌ΒΕͯ
͍Δ ([7]).

ఆཧA. AΛC(X)ͷෳૉઢܗ෦෼ۭؒ, strongly 0-separatingͱ͢Δ. ͜ͷͱ͖, A͔Β
A΁ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾ T ͸, Ch(A)ͷ։͔ͭดू߹K ͱ Ch(A)͔Β Ch(A)ͷ
্΁ͷಉ૬ࣸ૾ ϕͱ |w(x)| = 1 (x ∈ Ch(A))ͱͳΔ࿈ଓؔ਺wΛ༻͍ͯ,

(Tf)(x) =

{
w(x)f(ϕ(x)) x ∈ K

w(x)f(ϕ(x)) x ∈ Ch(A) \K
(f ∈ C(X))

ͱදͤΔ.

·ͨ, Ch(C(X)) = X͔ͩΒ, ఆཧAʹΑΓ͕࣍ͨͩͪʹಋ͔ΕΔ.

.Bܥ C(X)͔ΒC(X)΁ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾ T ͸, Xͷ։͔ͭดू߹KͱX͔Β
Xͷ্΁ͷಉ૬ࣸ૾ ϕͱ |w(x)| = 1 (x ∈ X)ͱͳΔ࿈ଓؔ਺wΛ༻͍ͯ,

(Tf)(x) =

{
w(x)f(ϕ(x)) x ∈ K

w(x)f(ϕ(x)) x ∈ X \K
(f ∈ C(X))

ͱදͤΔ.

ͯ͞, ࣍͸۩ମతͳؔ਺্ۭؒͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾Λܾఆ͢Δ໰୊Λ͑ߟΔ. ೚ҙͷϊϧϜ
ۭؒ͸ C(X) ͷ෦෼ۭؒͱͯ͠ຒΊࠐΉ͜ͱ͕ՄೳͰ͋ΔͷͰ, ఆཧA͸౳ڑ཭ࣸ૾Λܾఆ͢Δ
্Ͱ͸ඇৗʹ༗ޮͰ͋Δ͜ͱ͕෼͔Δ.

͜͜Ͱ͸, ด۠ؒ [0, 1] ্ͷ࿈ଓඍ෼Մೳؔ਺શମͷू߹ C1[0, 1] .Δ͑ߟ͍ͯͭʹ C1[0, 1] ͸
[0, 1] ͷ֤఺Ͱͷ࿨ɾεΧϥʔੵʹؔͯ͠ઢۭؒܗʹͳΔ. ઢۭؒܗ C1[0, 1] ʹ͸, ϊϧϜ͕͍ͭ͘
,ΒΕΔ͕͑ߟ͔ ͜͜Ͱ͸࣍ͷ 4ͭͷϊϧϜΛऔΓ্͛Δ.

‖f‖C = sup{|f(x)|+ |f ′(x)| : x ∈ [0, 1]}

‖f‖Σ = ‖f‖∞ + ‖f ′‖∞
‖f‖σ = |f(0)|+ ‖f ′‖∞
‖f‖m = max {|f(0)|, ‖f ′‖∞}

(f ∈ C1[0, 1])
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͜ΕΒͷϊϧϜʹ͓͚ΔC1[0, 1]্ͷશࣹෳૉઢܗ౳ڑ཭ࣸ૾͸໌Β͔ʹͳ͍ͬͯΔ ([1, 4, 10,

5, 6]). Ұํ, શࣹ࣮ઢܗ౳ڑ཭ࣸ૾ͷܗ͸࣍ͷΑ͏ʹͳΔ ([9]).

ఆཧ C. T Λ (C1[0, 1], ‖ · ‖C) ͔Β (C1[0, 1], ‖ · ‖C) ΁ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾·ͨ͸
(C1[0, 1], ‖ · ‖Σ) ͔Β (C1[0, 1], ‖ · ‖Σ) ΁ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾ͱ͢Δ. ͜ͷͱ͖,

|λ| = 1 ͱͳΔఆ਺ λΛ༻͍ͯ,

(Tf)(x) = λf(x) (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ͸
(Tf)(x) = λf(1− x) (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ͸
(Tf)(x) = λf(x) (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ͸
(Tf)(x) = λf(1− x) (x ∈ [0, 1], f ∈ C1[0, 1])

ͱදͤΔ.

·ͨ, ͷఆཧه্ Cͷূ໌ํ๏Λར༻͢Δ͜ͱ΍͋Δ C(X)ͱ౳௕ಉܕͰ͋Δ͜ͱͱܥ BΛར
༻ͯ͠, ࣍ͷఆཧ͕੒Γཱͭ͜ͱ͕෼͔ͬͨ (‖ · ‖mʹ͍ͭͯ͸ [8]Λࢀর).

ఆཧ 1. T Λ (C1[0, 1], ‖ · ‖σ) ͔Β (C1[0, 1], ‖ · ‖σ) ΁ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾·ͨ͸
(C1[0, 1], ‖ · ‖m) ͔Β (C1[0, 1], ‖ · ‖m) ΁ͷશࣹ࣮ઢܗ౳ڑ཭ࣸ૾ͱ͢Δ. ͜ͷͱ͖,

[0, 1] ͔Β [0, 1] ͷ্΁ͷಉ૬ࣸ૾ ϕͱ |w(t)| = 1 (t ∈ [0, 1]) ͱͳΔ࿈ଓؔ਺ wͱ
|λ| = 1 ͱͳΔఆ਺ λΛ༻͍ͯ,

(Tf)(x) = λf(0) +

∫ x

0

w(t)f ′(ϕ(t)) dt (t ∈ [0, 1], f ∈ C1[0, 1])

·ͨ͸

(Tf)(x) = λf(0) +

∫ x

0

w(t)f ′(ϕ(t)) dt (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ͸

(Tf)(x) = λf(0) +

∫ x

0

w(t)f ′(ϕ(t)) dt (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ͸

(Tf)(x) = λf(0) +

∫ x

0

w(t)f ′(ϕ(t)) dt (x ∈ [0, 1], f ∈ C1[0, 1])

ͱදͤΔ.
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ॏΈ෇͖ϋʔσΟʔۭؒͷ৐๏࡞༻ૉʹ͍ͭͯ

ɹमฏݪ܂ɹɹߍ౳ֶߴຈ੩मࡳ (Shuhei Kuwahara)

H2
ω(D

2)Λbidisk্ͷॏΈ෇͖ϋʔσΟʔۭؒͱ͢Δɻ۩ମྫͱͯ͠͸ɺBergman space΍Dirich-

let space౳͕͋͛ΒΕΔɻ۩ମతʹ͸ɺbidisk্ͷղੳؔ਺

f(z, w) =
∑

α

a(n1,n2)z
n1wn2

ͰɼϊϧϜ͕࣍ͷࣜͰఆ·Δ΋ͷͷू߹Λ͍͏ɻ

‖f‖2 =
∑

(n1,n2)

ω(n1,n2)|a(n1,n2)|2 < ∞.

ૉMzn1༺࡞ࢉձʹ͓͍ͯ͸ɼ͔͚ूڀݚ೥ͷؔ਺؀ࡢ ͱMwn2 ͷ྆ํͷReducing subspacesΛܾ
ఆ͢Δͱ͍͏࿩୊ʹ͍͓ͭͯ࿩ͨ͠ɻ

1 Mzk1ͱMwk2ͷReducing Subspaces

ҰൠʹɼHilbertۭؒH্ͷ࡞༻ૉ T ͱด෦෼ۭؒMʹରͯ͠ɼM͕ T ͰෆมͰ͋Δͱ͸ɼ
TM ⊂ MͰ͋Δ͜ͱΛ͍͏ɻ·ͨɼM͕ T ͷ reducing subspaceͰ͋Δͱ͸ɼM͕ T Ͱෆม͔
ͭ T ∗ͰෆมͰ͋Δ͜ͱΛ͍͏ɻ
2002೥ͷ Stessinͱ Zhuͷ࿦จ [6]Ͱ͸ɼHilbertۭؒͱͯ͠ɼ୯Ґԁ൘্ͷղੳؔ਺ f(z) =∑∞
n=0 anz

nͰ

‖f‖2 =
∞∑

n=0

|an|2ωn < ∞

ຬͨ͢ॏΈ෇͖HardyۭؒH2
ω(D)ʹ͍͍ͭͯͯ͠࡯ߟΔɻ͜͜Ͱ {ωn}͸ਖ਼਺ྻͰ͋Γɼ࠲ඪؔ

਺ zʹΑΔ͔͚࡞ࢉ༻ૉMz͕༗քʹͳΔΑ͏ʹ͋Β͔͡Ίݻఆ͓ͯ͘͠ɻ͞Βʹ͜͜Ͱ͸ɼݻఆ
ͨࣗ͠વ਺N > 1ʹରͯ͠ɼ0 ≤ m,n ≤ N − 1͕

ωm+kN

ωm
&= ωn+kN

ωn
for ∀k > 0 (1)

Λຬͨ͢Α͏ͳॏΈΛ͑ߟΔɻྫ͑͹ɼωn = n+1ͱ͓͚͹ɼDirichletۭؒͰ͋Γɼωn = (n+1)−1

ͱ͓͚͹ɼBergmanۭؒͰ͋Γɼ͜ͷ৚݅Λຬͨ͢ɻఆཧ̍͸ [6]ͷ݁ՌͰ͋Δɻ

40



ఆཧ 1. T = MN
z ͷminimal reducing subspace͸ɼ

Xn = Span{zn+kN ; k = 0, 1, 2, . . .} (n = 0, 1, 2, . . . , N − 1)

Ͱ༩͑ΒΕΔɻ͜͜Ͱ Span͸ closed linear spanͷҙຯͰ͋Δɻ·ͨɼreducing subspace͸
Xnͷ௚࿨ʹΑͬͯੜ੒͞ΕΔɻ

ॏΈ͕৚݅ (1)Λຬͨ͞ͳ͍৔߹͸ɼminimal reducing subspace͕ແ਺ʹଘ͠ࡏɼreducing sub-

space͸ͦΕΒͷ௚࿨Ͱॻ͔ΕΔ͜ͱ͕Θ͔͍ͬͯΔ [6]ɻ
ࣗવ਺N1 > 1, N2 > 1Λݻఆ͢Δɻࡢ೥౓ͷใࠂͰ͸ɼ࠲ඪؔ਺ z, wͷ͔͚࡞ࢉ༻ૉMz,Mw

ʹରͯ͠ɼS1 = MN1
z , S2 = MN2

w ͷ reducing subspaceͷܾఆʹ͍ͭͯͨ͑ߟɻ·ͣɼଟॏࢦ਺ͷ
ू߹

I = {(α1,α2); 0 ≤ α1 ≤ N1 − 1, 0 ≤ α2 ≤ N2 − 1}

Λ͑ߟΔɻ͜ͷू߹ʹಉ஋ؔ܎∼Λɼ(m1,m2) ∼ (n1, n2) ⇐⇒
ωm1+k1N1 m2+k2N2

ωm1 m2

=
ωn1+k1N1 n2+k2N2

ωn1 n2

for ∀k1, k2 = 0, 1, 2, . . .

ͰఆٛͰ͖Δɻ͜ͷಉ஋ؔ܎ʹΑΓ IΛಉ஋ྨʹ෼ྨͰ͖Δɻ
ଟ߲ࣜ p(z, w) =

∑

(α1,α2)∈I

a(α1,α2)z
α1wα2͕ transparentͰ͋Δͱ͸ɼ0Ͱͳ͍܎਺ a(m1,m2), a(n1,n2)

ʹ͍ͭͯɼ(m1,m2) ∼ (n1, n2)͕੒Γཱͭ͜ͱΛ͍͏ɻ

ิ୊ 2. ଟ߲ࣜ p(z, w)͕ transparentͳΒ͹ɼpΛؚΉ࠷খͷ reducing subspaceXp͸

Span{p(z, w)zk1N1wk2N2 ; k1, k2 = 0, 1, 2, . . .}

ʹҰக͢Δɻ

໋୊ 3. X Λ reducing subspaceͱ͢ΔɻX ͷݩ g(z, w)ʹ͍ͭͯɼg(α1,α2)(0, 0) '= 0Λຬ଍
͢Δࢦ਺ (α1,α2)Ͱ࠷খͷ΋ͷΛ (m1,m2)ͱ͢Δɻۃ஋໰୊

sup{Ref (m1,m2)(0, 0); f ∈ X, ‖f‖ ≤ 1}

͸ҰҙղΛ΋ͪɼͦͷղ͸ଟ߲ࣜG(z, w) =
∑

α∈I aα(z, w)
αͰ͋Δɻ

໋୊ 4. XΛ reducing subspaceͱ͢Δɻ໋୊ 3ʹ͓͚Δۃ஋໰୊ͷղ͸ transparentͰ͋
Δɻ

໋୊ 5. ଟ߲ࣜ p͕ transparentͰ͋Γɼreducing subspaceY ͕ Y ⊂ XpΛຬͨ͢ͳΒ͹ɼ
Y = {0}·ͨ͸ Y = XpͰ͋Δɻ
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ఆཧ 6. reducing subspace͸N1N2ݸΛ௒͑ͳ͍ transparentͳଟ߲͔ࣜΒੜ੒͞ΕΔɻ
ʢূ໌ͷུ֓ʣXΛ reducing subspaceͱ͢Δɻ໋୊ 3ΑΓɼۃ஋໰୊ͷղG͕ଘ͢ࡏΔɻ໋୊ 4

ʹΑΓɼG͸ transparentͰ͋ΔɻGͰੜ੒͞ΕΔ reducing subspaceXG͸໋୊ 5ʹΑΓɼminimal

Ͱ͋Δɻ৽ͨͳ reducing subspaceX ! XGΛ͑ߟΔɻ͜ΕΛX1ͱ͓͘ɻX ͷݩ g(z, w)ʹ͍ͭ
ͯɼg(α1,α2)(0, 0) "= 0Λຬ଍͢Δࢦ਺ (α1,α2)Ͱ࠷খͷ΋ͷΛ (m1,m2)ͱ͢Δɻzm1wm2 ͸X ͷ
Ͱ͋Δ͕ɼX1ݩ = X ! XGͷݩͰͳ͍͜ͱʹ஫ҙ͢ΔɻX1 = X ! XGͷݩ g(z, w)ʹ͍ͭͯɼ
g(α1,α2)(0, 0) "= 0Λຬ଍͢Δࢦ਺ (α1,α2)Ͱ࠷খͷ΋ͷΛ (m′

1,m
′
2)ͱͨ͠ͱ͖ɼ(m1,m2) < (m′

1,m
′
2)

Ͱ͋Δ͜ͱ͕Θ͔Δɻ࣍ʹX1ͷۃ஋໰୊Λ͑ߟɼͦͷղΛG1ͱ͢Δɻͦͯ͠ɼ৽ͨͳ reducing

subspaceX2 = X !XG1Λ͑ߟΔɻ͜ͷΑ͏ʹʮۃ஋໰୊ͷղͰੜ੒͞ΕΔ reducing subspaceͷ
௚ަิۭؒΛ͑ߟΔૢ࡞ʯΛ௚ަิۭ͕ؒ {0}ʹͳΔ·Ͱ܁Γฦ͢ɻۃ஋໰୊ͷղ͕

G(z, w) =
∑

α∈I

aα(z, w)
α

ͷܗͷଟ߲ࣜͰ͋Γɼ

I = {(α1,α2); 0 ≤ α1 ≤ N1 − 1, 0 ≤ α2 ≤ N2 − 1}

Ͱ͋Δ͜ͱ͔Βɼ͜ͷʮૢ࡞ʯ͸N1N2ճΛ௒͑ͳ͍͜ͱ͕෼͔ΔɻैͬͯX͸

X = ⊕{XG|G͸ transparentͳଟ߲ࣜ }

ͱ͔͘͜ͱ͕Ͱ͖Δɻ

2 ରশࣜͷ͔͚࡞ࢉ༻ૉ
ใऀࠂ͸ 1ষͷख๏Λར༻ͯ͠ɼMzNwN ͷReducing SubspaceΛܾఆͨ͠ɻ͜ͷ݁Ռ͸ɼ࿦จ

[4],[5]ʹؔ࿈͠ɼΑΓҰൠతͳؔ਺ۭؒʹରͯ͠੒Γཱͭ΋ͷͰ͋Δɻ

ఆཧ 7ɽ(1) MzNwN ͷ reducing subspaces͸ minimal reducing subspaceXp ΛؚΉɻ͜͜Ͱɼ
p(z, w)͸ॏΈʹؔ͢Δ͋Δ৚݅Λຬͨؔ͢਺ (transparent function)Ͱ͋Γɼ͜ͷؔ਺ͱ͜ͷ࡞༻
ૉʹΑͬͯੜ੒͞ΕΔ෦෼ۭؒΛXpͱ͢Δɻ
(2)Reducing subspaceX͕minimalͰ͋Δඞཁे෼৚݅͸ transparent function

p(z, w)͕ଘ͠ࡏɼX = XpͱͳΔ͜ͱͰ͋Δɻ

Zhu͸ 2000೥ͷ࿦จ [7] Ͱɼ1ม਺ͷBergmanۭؒʹ͓͍ͯɼ͔͚࡞ࢉ༻ૉMz2ʹ͍ͭͯڀݚ
ͨ͠ɻ
໋୊ 8ɽ ૉMz2ͷminimal༺࡞ࢉ͚͔(1) reducing subspace͸ؔۮ਺ͷͳۭؒ͢ͱؔح਺ͷͳ͢
ۭؒͰ͋Δɻ
(2) ૉ༺࡞ͳ׵ૉMz2ͱՄ༺࡞ࢉ͚͔ T ͸ɼ࣍ͷܗͰ༩͑ΒΕΔɻ

Tf = gefe +
go
z
fo
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͜͜Ͱɼfeͱ fo͸ͦΕͧΕؔۮ਺ͱؔح਺Ͱ͋Γɼf = fe + foͰ͋Δɻ

2ม਺ͷBergman spaceA2
a(D

2)͸ɼMz+wͷ reducing subspace[1], [z − w]ʢ͜ΕΒ͸ͦΕͧΕɼ
ఆ਺ؔ਺ 1ɼؔ਺ z − wͱMz+wͰੜ੒͞ΕΔۭؒͰ͋Δɻʣʹ෼ղ͞ΕΔɻ͞Βʹ͜ΕΒ͸ͦΕ
ͧΕରশࣜɼަ୅͔ࣜΒͳΔۭؒͰ͋Δɻ
໋୊ 9ɽ A2

a(D
2)্ͷ࡞༻ૉ T ͕Mz+wͱM∗

z+wͷ྆ํͱՄ׵Ͱ͋ΔͨΊͷඞཁे෼৚݅͸ɼ

Tf = T (1) · fs + T (z − w)
fa

z − w

ͱ͔͚Δ͜ͱͰ͋Δɻ͜͜Ͱɼf = fs + fa, fs ∈ [1], fa ∈ [z − w]Ͱ͋Δɻ

࿦จ [1]ʹΑΕ͹ɼ࣮ࡍʹ͸ɼA2
a(D

2)্ͷ࡞༻ૉ T ͕Mz+wͱM∗
z+wͷ྆ํͱՄ׵Ͱ͋Δ΋ͷ

͸ෳૉ਺ମͷ௚ੵC2ͱಉܗͰ͋Δ͜ͱ͕஌ΒΕ͍ͯΔɻ
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Ґ਺ͷখ͍͞δϟΠϩ܈ʹ͍ͭͯ

৽ׁେֶࣗવՊֶܥɹɹ౉ᬒɹܙҰ (Keiichi Watanabe)

Abstract. Ґ਺͕ 8ҎԼͷ༗ݶ Bol loop ͸ 1978 ೥·Ͱʹܾఆ͞Ε͍ͯΔ. ·ͨ, A. A. Ungar

ͷ gyrogroup ͸ A! ੑΛ΋ͭ left Bol loop ͱಉ஋Ͱ͋Δ. ,ճࠓ ༗ݶ Bol loop ͷࣜܗͷٞ࿦͸༻
͍ͣ, magma ͷԋࢉදͱ gyrogroup ͷٞ࿦ʹΑΓ, Ґ਺͕ 8ҎԼͷ gyrogroupͷܾఆΛ֬ೝͨ͠.

1 ެཧ, ఆٛ

ఆٛ. ۭͰͳ͍ू߹Gͱࣸ૾G×G " (a, b) #→ a · b ∈ Gͷ૊ (G, ·)Λmagmaͱ͍͏.

ఆٛ. (G, ·)Λmagmaͱ͢Δ. ࣸ૾ φ : G → G͕ (G, ·)ͷࣗݾಉܕͰ͋Δͱ͸,

(1) શ୯ࣹͰ

(2) φ(a · b) = φ(a) · φ(b) (a, b ∈ G).

(G, ·)ͷࣗݾಉܕͷશମΛAut(G, ·)ͱද͢.

ఆٛ. magma (G,⊕) ͕ gyrogroup Ͱ͋Δͱ͸

(G1) ∃0 ∈ G s.t. 0⊕ a = a⊕ 0 = a (∀a ∈ G)

(G2) ∀a ∈ G ∃)a ∈ G s.t. ()a)⊕ a = a⊕ ()a) = 0

(G3) ∃1gyr[a, b]c ∈ G s.t. a⊕ (b⊕ c) = (a⊕ b)⊕ gyr[a, b]c

(G4) gyr[a, b] ∈ Aut(G,⊕)

(G5) gyr[a, b] = gyr[a⊕ b, b]

͕ a, b, c ∈ Gʹରͯ͠ຬͨ͞ΕΔ͜ͱͰ͋Δ.

(G4) ͸ৄ͘͠͸, a, b ∈ Gʹରͯ͠
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(1) G ! c "→ gyr[a, b]c ∈ G ͸ 1ର 1, onto

(2) gyr[a, b](c⊕ d) = gyr[a, b]c⊕ gyr[a, b]d (c, d ∈ G).

gyrogroup (G,⊕) ͕ gyrocommutative Ͱ͋Δͱ͸,

(G6) a⊕ b = gyr[a, b](b⊕ a)

͕ a, b ∈ Gʹରͯ͠ຬͨ͞ΕΔ͜ͱͰ͋Δ.

ྫ.

(1) Einstein gyrogroup

(2) Möbius gyrogroup

(3) unital C∗-algebra A ͷਖ਼ͷՄݩٯશମ A−1
+

ఆٛ. magma (G, ·) ͕ loop Ͱ͋Δͱ͸, ͕࣍ຬͨ͞ΕΔ͜ͱΛ͍͏:

(1) ୯ҐݩΛ΋ͪ,

(2) ∀a, b ∈ G ʹରͯ͠ 2ͭͷํఔࣜ

a · x = b, y · a = b

͕ͦΕͧΕ།Ұͷղ x, y ∈ G Λ΋ͭ.

ఆཧ. gyrogroup ͸ loop Ͱ͋Δ.

,ࡍ࣮

a⊕ x = b, y ⊕ a = b

ͷ།Ұͷղ͸ͦΕͧΕ
x = 'a⊕ b, y = b' gyr[b, a]a

Ͱ༩͑ΒΕΔ. ূ໌͸Ungarͷຊ [U]ͷୈ 2ষΛࢀর͞Ε͍ͨ.

.ܥ (cancellations)

a⊕ b = a⊕ c ⇒ b = c

a⊕ c = b⊕ c ⇒ a = b
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2 gyrogroup ͷ1͕ݩੜ੒͢Δ८ճ܈
͜Ε͸ [U]ͷୈ 2ষʹॻ͍ͯ͋Δ͜ͱ͔Β༰қʹ෼͔Δ. ·ͨ [SW]ʹ΋ड़΂ΒΕ͍ͯΔ.

δϟΠϩ݁߹๏ଇࠨ (G3)ͱ cancellation ΑΓ

0⊕ (a⊕ b) = (0⊕ a)⊕ gyr[0, a]b

a⊕ b = a⊕ gyr[0, a]b

∴ b = gyr[0, a]b.

ϧʔϓੑΑΓࠨ

· · · = gyr["a, a] = gyr[0, a] = I = gyr[a, a] = gyr[a⊕ a, a] = · · ·

͕੒Γཱͭ. ͜͜Ͱ I ͸߃౳ࣸ૾Ͱ͋Δ. a ∈ G Λ೚ҙͷݩͱ͢Δͱ

a⊕ (a⊕ a) = (a⊕ a)⊕ gyr[a, a]a = (a⊕ a)⊕ a.

ಉ༷ʹͯ͠ a⊕ · · ·⊕ a ͸ԋࢉͷॱংʹΑΒͳ͍͜ͱ͕෼͔Γ, na (n ∈ Z) ͕ఆٛ͞Ε, ࣍ͷ͍ͣ
Ε͔Ұํ͚͕͖ͩىΔ.

(1) 0, a, 2a, 3a, · · · ͷ͢΂͕ͯ૬ҟͳΔ

(2) na = 0ͱͳΔࣗવ਺ n͕͋Δ

(2) ͷ৔߹, ͦͷΑ͏ͳ࠷খͷࣗવ਺ nΛ aͷҐ਺ͱݺͿ. ͜ͷͱ͖

0, a, 2a, · · · , (n− 1)a

͸͍ޓʹ૬ҟͳΔ. ΋͏গ͠ͷ࡯ߟͰ͕࣍෼͔Δ.

໋୊. {na; n ∈ Z}͸८ճ܈. gyr[na,ma] = I (n,m ∈ Z).

3 gyrogroup ͱ͋Δछͷ loop ͷؔ܎, ·ͨ Lagrange ͷఆཧ
gyrogroup͸A!ੑΛ΋ͭ left Bol loopͰ͋Δ. ͜Ε΋ [U]ͷୈ 2ষʹॻ͍ͯ͋Δ͜ͱ͔Β༰қʹ
෼͔Δ. ͦͷٯ΋੒Γཱͭ͜ͱ͕஌ΒΕ͍ͯΔ. ͍Ζ͍Ζͳจݙʹ͓͍ͯ, ͦͷಉ஋ੑ͸ [SSS]ʹ
ΑΔͱ͞Ε͍ͯΔ͕, loop ΑΓͷදݱͰॻ͔Ε͍ͯΔͨΊ͔, [U]ΛಡΈ͔͚ͷཱ৔͔Β͸෼͔Γ
΍͍͢ͱ͸͍͑ͳ͍. [A]ͷهड़͸෼͔Γ΍͘͢, gyrocommutative gyrogroup ͱK-loop ͷಉ஋ੑ
ʹ͍ͭͯड़΂͍ͯΔ͕, ͔ͦ͜Β gyrocommutative ͱݶΒͳ͍৔߹Λಋ͘͜ͱ͸༰қͰ͋Δ. ͜
͜Ͱ͸݁Ռ͚ͩΛड़΂, .͸লུ͢Δࡉৄ
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໋୊. gyrogroup ͸ left Bol loop Ͱ͋Δ. ͢ͳΘͪ

a⊕
(
b⊕ (a⊕ c)

)
=

(
a⊕ (b⊕ a)

)
⊕ c (a, b, c ∈ G)

͕੒Γཱͭ.

໋୊. gyrogroup ͸ A!-loop Ͱ͋Δ. ͢ͳΘͪ, λa(x) = a⊕ x ͱ͢Δͱ

λ −1
a⊕b λaλb

͕ G ͷࣗݾಉܕͱͳΔ.

ఆཧ. (Sabinin, Sabinina, Sbitneva. ·ͨ, Abe.) gyrogroup Ͱ͋Δ͜ͱͱ A! ੑΛ΋ͭ left

Bol loop Ͱ͋Δ͜ͱ͸ಉ஋.

ఆٛ. (G,⊕) Λ gyrogroup ͱ͢Δ. G ⊃ H ͕ subgyrogroup Ͱ͋Δͱ͸,

(1) a, b ∈ H ⇒ a⊕ b ∈ H

(2) a ∈ H ⇒ %a ∈ H

ఆཧ. (Suksumran and Wiboonton) (G,⊕) Λ༗ݸݶͷ͔ݩΒͳΔ gyrogroup ͱ͢Δ. H ͕
G ͷ subgyrogroup ͳΒ͹, |H| ͸ |G| ΛׂΓ੾Δ.

஫ҙ. Ґ਺ 5ͷ loop ͰҐ਺ 2 ͷ subloop Λ΋ͭ΋ͷ͕ଘ͢ࡏΔ.

.ܥ G ͕༗ݶ gyrogroup Ͱ a ∈ G ͳΒ͹, a ͷҐ਺͸ |G| ΛׂΓ੾Δ.

.ܥ (Burn) G ͕ gyrogroup Ͱ |G| ͕ૉ਺ͳΒ͹, G ͸८ճ܈.

4 Ґ਺͕8ҎԼͷ gyrogroup ͷܾఆʹ͍ͭͯ

|G| = 2, 3, 5, 7 ͳΒ͹८ճ܈ͷΈ.

|G| = 4 ͳΒ͹ C4 ͱ C2 × C2.

|G| = 6 ͳΒ͹ C6, C3 × C2 ͱ 3࣍ରশ܈ S3.

|G| = 8 ͳΒ͹, ͸܈ C8, C4 × C2, C2 × C2 × C2, ೋ໘ମ܈ D8 ͱ࢛ݩ਺܈ Q8 Ͱ͋Γ, Ͱͳ͍܈
gyrogroup ͸࣍ͷఆཧͷ௨Γ.

ఆཧ. (Burn) Ґ਺ 8ͷ gyrogroup Ͱ܈Ͱͳ͍΋ͷͷಉྨܕ͸ͪΐ͏Ͳ 6ͭͰ͋Δ. ۩ମతʹ͸
ҎԼͷ Π1 ʙ Π6.
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Π1 (gyrocommutative Ͱͳ͍)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 2a 3a 0 a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b 3a 2a a 0

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 0 a 2a 3a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b a 0 3a 2a

x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx 3a 2a a b 3a⊕ b 2a⊕ b a⊕ b

Π2 (gyrocommutative)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 2a 3a 0 a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b a 0 3a 2a

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 0 a 2a 3a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b 3a 2a a 0

x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx 3a 2a a 2a⊕ b a⊕ b b 3a⊕ b

Π3 (gyrocommutative)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b 3a⊕ b 2a⊕ b a⊕ b 2a a 0 3a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b a 0 3a 2a

2a⊕ b 2a⊕ b a⊕ b b 3a⊕ b 0 3a 2a a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b 3a 2a a 0
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x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx a 2a 3a 2a⊕ b 3a⊕ b b a⊕ b

Π4 (gyrocommutative Ͱͳ͍)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 0 a 2a 3a

a⊕ b a⊕ b 2a⊕ b 3a⊕ b b 3a 0 a 2a

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 2a 3a 0 a

3a⊕ b 3a⊕ b b a⊕ b 2a⊕ b a 2a 3a 0

x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx a 2a 3a 2a⊕ b 3a⊕ b b a⊕ b

Π5 (Zassenhaus’ loop. gyrocommutative Ͱͳ͍)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 0 a 2a 3a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b a 0 3a 2a

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 2a 3a 0 a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b 3a 2a a 0

x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx 3a 2a a b 3a⊕ b 2a⊕ b a⊕ b
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Π6ͱಉܕ (Robinson’s loop. gyrocommutative)

0 a b a⊕ b c a⊕ c d e

0 0 a b a⊕ b c a⊕ c d e

a a 0 a⊕ b b a⊕ c c e d

b b c 0 e a d a⊕ c a⊕ b

a⊕ b a⊕ b b a 0 d e c a⊕ c

c c a⊕ c e d 0 a a⊕ b b

a⊕ c a⊕ c a⊕ b d a e 0 b c

d d e a⊕ c c a⊕ b b 0 a

e e d c a⊕ c b a⊕ b a 0

x a b a⊕ b c a⊕ c d e

τx e b c a⊕ b a⊕ c d a

͜͜Ͱ, τ ͷද͸ࣗ໌Ͱͳ͍δϟΠϩࣗݾಉܕΛ͍ࣔͯ͠Δ. ͦΕͧΕ .ΕΔݱ1͚ͭͩ Ͳͷ x, y

ʹରͯ͠ gyr[x, y]͕ τ ʹͳΔ͔͸লུ͢Δ.

,ճࠓ ఆٛ௨ΓʹԋࢉΛௐ΂ͯ͜ΕΒͷද͕Ґ਺ 8ͷ gyrogroupΛఆΊΔ͜ͱ, Ͳͷ 2ͭ΋ಉܕͰ
͋ΔͱԾఆ͢Δͱໃ६͕ಋ͔ΕΔ͜ͱ, ·ͨ, ԋࢉදΛௐ΂ਚͯ͘͜͠ΕΒͱಉܕͳ΋ͷҎ֎ʹҐ
਺ 8ͷ gyrogroup͕ͳ͍͜ͱΛ֬ೝͨ͠. ͦͷΑ͏ͳۀ࡞͸, ਺ࣜॲཧιϑτΛ༻͍Δ͜ͱ͕Ͱ͖
Ε͹, ૬౰େ͖͍Ґ਺·Ͱൺֱత༰қʹͳ͞Εͯ͠·͏͜ͱʹ஫ҙͨ͠ํ͕ྑ͍Α͏Ͱ͋Δ.

ূ໌ͷུ֓. (G,⊕)͕ .ΒͳΔͱԾఆ͢Δ͔ݩͷݸ8 ୈ 2, 3અͷ͜ͱ͔Β, ͲͷݩͷҐ਺΋ 8ͷ
໿਺. Ґ਺ 8ͷ͕ݩ΋͋͠Ε͹८ճ܈ͳͷͰ, ୯ҐݩҎ֎ͷݩͷҐ਺͸ 2͔ 4ͱͯ͠Α͍. Ґ਺ 4

ͷݩ a͕͋Δ৔߹, 0, a, 2a, 3a͸͍ޓʹҟͳΓ, ผͷݩͷͻͱͭΛ bͱ͢Δ. ͜ͷͱ͖

G = {0, a, 2a, 3a, b, a⊕ b, 2a⊕ b, 3a⊕ b}

ͱͯ͠Α͍͜ͱ, "bͱͯ͋͠Γ͏Δͷ͸ b, a⊕ b, 2a⊕ b, 3a⊕ bͱ͍͏͜ͱ, b⊕ aͱͯ͋͠Γ͏Δ
ͷ͸ a ⊕ b, 2a ⊕ b, 3a ⊕ bͱ͍͏͜ͱ౳͕ cancellations ͔Β෼͔Δ. ྫ͑͹"b = 2a ⊕ b͓Αͼ
b⊕ a = a⊕ bͷ৔߹ͷද͸

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 0

a⊕ b a⊕ b

2a⊕ b 2a⊕ b 0

3a⊕ b 3a⊕ b

50



loop ͳͷͰ, Ͳͷݩ΋֤ߦ, ֤ྻʹҰ౓ͣͭݱΕΔ͜ͱʹ஫ҙ͠, ͋Γ͏ΔදΛ͢΂ͯٻΊΔ. ͦ
ͷͱ͖, gyrogroupʹͳ͍ͬͯΔͱ͍͏ԾఆΛͯͬ࢖, ͋Γ͑ͳ͍දΛͳΔ΂͘ૣ͍ஈ֊Ͱ͚ͭݟ
ࣺͯͯΔ. ද͕ͨͬ࢒ gyrogroup ͷఆٛΛຬ͍ͨͯ͠Δ͔Ͳ͏͔νΣοΫ͢Δ. ຬ͍ͨͯ͠Δදʹ
͍ͭͯಉ͔ܕͲ͏͔Λ൑ఆ͢Δ. ,Έͷޮ཰͕ѱ͘ࠐΓߜ๏Ͱ͸දͷํͨͬ࠾͕ࢲ ಛʹ 0Ҏ֎ͷ 7

ͭͷ͕ݩҐ਺ 2ͷ৔߹͸݁Ռͱͯ͠ಉܕͳද͕ͨ͘͞ΜݱΕͯ, ख਺Λཁͨ͠.

஫ҙ. |G| = 4, 6ͷ৔߹΋, ಉ༷ͷํ๏Ͱ, ܾఆΛ֬ೝͨ͠. ͜ΕΒͷ৔߹, gyrogroup ͸܈ͱͳΔ.

Burnͷදͱ͜ͷใࠂͷදͱͷؔ܎

[B, Theorem 6]ͷΠ1

(1)

(1234)(5678)

(13)(24)(57)(68)

(1432)(5876)

(1537)(2648)

(1638)(2547)

(1735)(2846)

(1836)(2745)

͸, ԋࢉද

a1 a2 a3 a4 a5 a6 a7 a8

a1 a1 a2 a3 a4 a5 a6 a7 a8
a2 a2 a3 a4 a1 a6 a7 a8 a5
a3 a3 a4 a1 a2 a7 a8 a5 a6
a4 a4 a1 a2 a3 a8 a5 a6 a7
a5 a5 a6 a7 a8 a3 a4 a1 a2
a6 a6 a5 a8 a7 a4 a3 a2 a1
a7 a7 a8 a5 a6 a1 a2 a3 a4
a8 a8 a7 a6 a5 a2 a1 a4 a3

ͷදݱͰ͋Γ, จࣈ a1, · · · , a8Λॱʹ

0, a, 2a, 3a, b, a⊕ b, 2a⊕ b, 3a⊕ b

Ͱஔ͖͑׵Δͱ, ਺ϖʔδલͷΠ1ͷදͱҰக͢Δ. Π2͔ΒΠ5΋ಉ༷.
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දݱ͸ҟͳΔ͕ಉܕͱ͍͏ྫΛͻͱͭࣔ͢. [B, Theorem 6]ͷΠ6

(1)

(12)(34)(56)(78)

(13)(25)(47)(68)

(14)(23)(58)(67)

(15)(26)(37)(48)

(16)(24)(38)(57)

(17)(28)(35)(46)

(18)(27)(36)(45)

͸, ԋࢉද

a1 a2 a3 a4 a5 a6 a7 a8

a1 a1 a2 a3 a4 a5 a6 a7 a8
a2 a2 a1 a4 a3 a6 a5 a8 a7
a3 a3 a5 a1 a7 a2 a8 a4 a6
a4 a4 a3 a2 a1 a8 a7 a6 a5
a5 a5 a6 a7 a8 a1 a2 a3 a4
a6 a6 a4 a8 a2 a7 a1 a5 a3
a7 a7 a8 a5 a6 a3 a4 a1 a2
a8 a8 a7 a6 a5 a4 a3 a2 a1

ͷදݱ. ͜ͷୈ 7, 8ྻΛೖΕସ͑, ͦͷ݁ՌͷԼ͔Β 2ͭͷߦΛೖΕସ͑Δͱ࣍ΛಘΔ.

a1 a2 a3 a4 a5 a6 a8 a7

a1 a1 a2 a3 a4 a5 a6 a8 a7
a2 a2 a1 a4 a3 a6 a5 a7 a8
a3 a3 a5 a1 a7 a2 a8 a6 a4
a4 a4 a3 a2 a1 a8 a7 a5 a6
a5 a5 a6 a7 a8 a1 a2 a4 a3
a6 a6 a4 a8 a2 a7 a1 a3 a5
a8 a8 a7 a6 a5 a4 a3 a1 a2
a7 a7 a8 a5 a6 a3 a4 a2 a1

จࣈ a1, · · · , a6, a8, a7Λॱʹ
0, a, b, a⊕ b, c, a⊕ c, d, e
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Ͱஔ͖͑׵Δͱ, ਺ϖʔδલͷΠ6ͱಉܕͳ΋ͷͷද

0 a b a⊕ b c a⊕ c d e

0 0 a b a⊕ b c a⊕ c d e

a a 0 a⊕ b b a⊕ c c e d

b b c 0 e a d a⊕ c a⊕ b

a⊕ b a⊕ b b a 0 d e c a⊕ c

c c a⊕ c e d 0 a a⊕ b b

a⊕ c a⊕ c a⊕ b d a e 0 b c

d d e a⊕ c c a⊕ b b 0 a

e e d c a⊕ c b a⊕ b a 0

ͱҰக͢Δ. ͜ͷ loop ͷදݱ͸

(1)

(12)(34)(56)(78)

(13)(25)(48)(67)

(14)(23)(57)(68)

(15)(26)(38)(47)

(16)(24)(37)(58)

(17)(28)(36)(45)

(18)(27)(35)(46)

Ͱ͋Δ.

஫ҙ. [B]Ͱ͸ loop (L, ·) ͕ Bol Ͱ͋Δͱ͸

(
(a · b) · c

)
· b = a ·

(
(b · c) · b

)
(a, b, c ∈ L)

Λຬͨ͢͜ͱͱఆ͍ٛͯ͠Δ. ͜Ε͸ [K]Ͱ͸ right Bol ͱݺ͹Ε͓ͯΓ,

a ∗ b = b · a

ʹΑͬͯ right Bol loop (L, ·) ͱ left Bol loop (L, ∗) ͸ dual ͷؔ܎ʹ͋Δ.

஫ҙ. Ґ਺ 8ͷ left Bol loop ͕͢΂ͯ A! ੑΛ΋ͭͱ͍͏͜ͱ͕ࣗ໌Ͱͳ͍ͱ͢Ε͹, “A! ੑΛ
΋ͭ left Bol loop ͱ gyrogroup ͸ಉ஋”ͱ͍͏͜ͱͱ [B]ͱ͔ΒҐ਺ 8ͷ gyrogroup ͷܾఆ͕௚
ͪʹै͏Θ͚Ͱ͸ͳ͍.
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5 gyrogroupͷԋࢉදͱ܈ͷԋࢉදͷྨੑࣅʹ͍ͭͯ
.͓ͯ͘͠ࡌهʹͰ·ߟࢀ

D8

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b 3a⊕ b 2a⊕ b a⊕ b 0 3a 2a a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b a 0 3a 2a

2a⊕ b 2a⊕ b a⊕ b b 3a⊕ b 2a a 0 3a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b 3a 2a a 0

Π3ͱಉܕ

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b 3a⊕ b 2a⊕ b a⊕ b 0 3a 2a a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b 3a 2a a 0

2a⊕ b 2a⊕ b a⊕ b b 3a⊕ b 2a a 0 3a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b a 0 3a 2a

Q8

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b 3a⊕ b 2a⊕ b a⊕ b 2a a 0 3a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b 3a 2a a 0

2a⊕ b 2a⊕ b a⊕ b b 3a⊕ b 0 3a 2a a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b a 0 3a 2a
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C4 × C2

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 0 a 2a 3a

a⊕ b a⊕ b 2a⊕ b 3a⊕ b b a 2a 3a 0

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 2a 3a 0 a

3a⊕ b 3a⊕ b b a⊕ b 2a⊕ b 3a 0 a 2a

Π4

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 0 a 2a 3a

a⊕ b a⊕ b 2a⊕ b 3a⊕ b b 3a 0 a 2a

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 2a 3a 0 a

3a⊕ b 3a⊕ b b a⊕ b 2a⊕ b a 2a 3a 0
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Banach Stoneܕͷ͍͔ͭ͘ͷఆཧ

৽ׁେֶཧֶ෦ɹࡾӜؽ (Takeshi Miura)
ஜ೾େֶ਺ཧ෺࣭ܥ਺ֶҬɹ઒ଜҰ޺ɹ (Kazuhiro Kawamura)

Compact Hausdorff ۭؒ X ʹ͍ͨͯ͠, X ্ͷෳૉ਺஋࿈ଓؔ਺શମʹ sup normΛ͍Εͨ
BanachۭؒΛC(X)Ͱද͢ɻݹయతBanach-Stoneͷఆཧ͸, C(X)্ͷ೚ҙͷෳૉઢܗશࣹ౳௕
ࣸ૾ T : C(X) → C(X)͸࣍ͷܗʹදͤΔ͜ͱΛओு͢Δɿ

Tf(x) = α(x) · f(ϕ(x)), x ∈ X, f ∈ C(X) (1)

͜͜Ͱ ϕ : X → X ͸Ґ૬ಉ૾ࣸܕ, α : X → C͸ |α(x)| ≡ 1Λຬͨ͢࿈ଓؔ਺Ͱ͋Δ.ɹ͜ͷఆ
ཧͷ༷ʑͳϰΝϦΤʔγϣϯͷ͏ͪຊߘͰऔΓѻ͏ͷ͸ҎԼͷ̎ͭͰ͋Δ.

(a) ෳૉઢܗͱ͸ݶΒͳ͍౳௕ࣸ૾ͷҰൠܗ

(b) શࣹͱ͸ݶΒͳ͍౳௕ࣸ૾ͷҰൠܗ

·ͣ (a)ʹ͍ͭͯɿ Mazur-Ulamͷఆཧ [5]ʹΑͬͯ, શࣹ౳௕ࣸ૾ T : C(X) → C(Y )͕ 0Λ 0

ʹࣸͤ͹, T ͸࣮ઢܗͰͳ͚Ε͹ͳΒͳ͍. ࣮ઢܗͰ͋Δ͕ෳૉઢܗͰͳ͍ಉ૾ࣸܕͷయྫܕ͸ෳ
ૉڞ໾ࣸ૾Ͱ͋Δ͜ͱΛ͑ߟΕ͹, ࣮ઢܗ౳௕ࣸ૾ T ͸Ұൠʹ࣍ͷܗͰ͋Δ͜ͱ͕ظ଴͞ΕΔ.

Tf(x) = α(x) · f(ϕ(x)) ·ͨ͸
= α(x) · f(ϕ(x)), x ∈ X, f ∈ C(X), (2)

͜͜Ͱ ḡ͸ gͷෳૉڞ໾Λද͢.

࣍ʹ (b)ʹ͍ͭͯ: ౳௕ࣸ૾T : C(X) → RanT ! C(X)ʹ͍ͨͯ͠૾ࣸٯT−1 : RanT → C(X)

͕C(X)ͷ෦෼ۭؒͰఆٛ͞Ε 1͍ͯΔ࡞༻ૉͰ͋Δ͜ͱΛצҊ͢Δͱ, C(X)ͷ෦෼ۭؒA্Ͱ
ఆٛ͞Εͨ, ෦෼ۭؒB্΁ͷશࣹ౳௕ࣸ૾ T : A → BΛ͑ߟΔ͜ͱ͕ࣗવͰ͋Ζ͏.͜ͷ༷ͳ
ઃఆͰҙຯ͋Δ݁࿦Λಋͨ͘Ίʹ͸, AͱB͕े෼ͨ͘͞Μͷؔ਺ΛؚΉ͜ͱΛԾఆ͢Δඞཁ͕
͋Δ. ͦͷͨΊҎԼ͑ߟΔ෦෼ۭؒ͸ৗʹ (i)ఆ਺ؔ਺ΛؚΈ (ii)ఈۭؒͷ೚ҙͷ̎఺Λ෼཭͢Δ,

ͱԾఆ͢Δ. ͜ͷઃఆͷԼͰظ଴͞ΕΔಉ૬ࣸ૾ϕ((1)ࢀরʣ͸ఈۭؒͷ෦෼Ґ૬ۭؒͰఆٛ͞Ε
ͨ΋ͷͰ͋Ζ͏.ࠓͷจ຺Ͱ͸Choquet boundary͕͞࡯ߟΕΔ͜ͱ͕ଟ͍.

Ҏ্ͷ༧උత͔࡯ߟΒ (a) ͓Αͼ (b)Λ߹Θͤͨઃఆͱͯ͠

(∗) T : A → B͸ compact Hausdorff ۭؒX, Y ʹ͍ͨ͢Δ C(X), C(Y )ͷ෦෼ۭؒ
A ⊂ C(X), B ⊂ C(Y )ͷؒͷ࣮ઢܗશࣹ౳௕ࣸ૾, ͨͩ͠A,B͸ͦΕͧΕఆ਺ؔ਺Λ
ؚΈ, X,Y ͷ೚ҙͷ̎఺Λ෼཭͢Δ,
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Λ͑ߟ,

Choquet boundary ChB ͔Β ChA΁ͷҐ૬ಉ૾ࣸܕ ϕ : ChB → ChAͱ࿈ଓؔ਺
α : ChB → CͰ |α(x)| ≡ 1Λຬͨ͢΋ͷ͕ଘͯ͠ࡏ

Tf(x) = α(x) · [f(ϕ(x))]ε, x ∈ ChB, f ∈ A, ε = ±1,

ͨͩ͠ [g]1 = g, [g]−1 = ḡ, ͱ͋ΒΘͤΔ

ͱ༧૝͢Δ͜ͱ͕ࣗવͱࢥΘΕΔ.

͔͠͠ͳ͕Β্ͷ༧૝͸Ұൠʹਖ਼͘͠ͳ͍.ɹ༧૝͕੒ཱ͠ͳ͍ྫΛ໌ࣔతʹߏ੒ͨ͠ͷ͕ [3]

Ͱ͋Δ. ൴Β͸ෳૉ਺ฏ໘্ͷ୯Ґԁ T্Ͱఆٛ͞Εͨෳૉ਺܎਺̍࣍ؔ਺ͷશମͷͳۭؒ͢A

Λ͑ߟ, ͦͷ্ͷશࣹ౳௕తͳ࣮ઢܗର߹ T : A → A, T 2 = idΛఆٛͨ͠.[4]͸͞ΒʹਐΜͰ࣮ઢ
Ͱ׵౳௕มܗ (2)ͷܗʹදͤͳ͍Α͏ͳ΋ͷΛڐ༰͢ΔۭؒX ͸, ৗʹ TͷҐ૬తίϐʔ SΛؚ
Έ, ͞Βʹؔ਺ۭؒͷ֤ؔ਺ΛSʹ੍͢ݶΔͱඞͣҰ࣍ؔ਺Ͱ͋Δ, ͜ͱΛࣔͨ͠ɻैདྷͷBanach

Stoneܕఆཧ͸ؔ਺ۭؒͷੑ࣭ʹݶ੍͍ڧΛ՝্ͨ͠Ͱ౳௕ม׵Λ (1)ͷܗͰಛ௃͚ͮΔ΋ͷ͕΄
ͱΜͲͰ͋ͬͨͷʹൺͯ͠, (1)͋Δ͍͸ (2)ͷܗʹදͤͳ͍౳௕ࣸ૾ΛੵۃతʹऔΓ্͛ͯͦͷ
Α͏ͳࣸ૾Λڐ༰͢Δؔ਺ۭؒͷఈۭؒͷτϙϩδʔΛௐ΂ͨ [3]ɼ[4]͸,৽͍͠޲ํڀݚΛ୓͍
ͨ݁ՌͰ͋Δͱ͍͏͜ͱ͕Ͱ͖Δ.

ຊߘͰใ͢ࠂΔ݁Ռ ([2])͸ [3], [4]ͰಘΒΕͨΞΠσΞΛࣗવͳܗͰൃలͤͨ͞΋ͷͰ͋Δ. ·
ͣ౳௕ม׵ͷҰൠܗͱఈۭؒͷτϙϩδʔ, ಛʹTͷҐ૬తίϐʔͷଘࡏ, ͸࣍ͷΑ͏ʹҰൠԽ͞
ΕΔɿ

ఆཧ 1 (∗)ͷઃఆͷԼͰ, ࿈ଓؔ਺ α : Ch(B) → T, ε : Ch(B) → {−1, 1} ͕ҎԼΛຬͨ͢Α͏ʹ
ଘ͢ࡏΔ.

(a) ֤ λ ∈ Tʹ͍ͨͯ͠, Ґ૬ಉ૾ࣸܕ ϕλ : Ch(B) → Ch(A) ͕ଘ࣍͠ࡏΛຬͨ͢ɿ

(a.1) ֤ λ ∈ Tʹ͍ͨͯ͠ ϕ−λ = ϕλ.

(a.2) ֤ y ∈ Ch(B)ʹ͍ͨͯ͠, ࣍ͷ͍ͣΕ͔͕੒Γཱͭɿ

(a.2.1) ֤ λ1,λ2 ∈ Tʹରͯ͠,ɹ ϕλ1(y) = ϕλ2(y), ͋Δ͍͸

(a.2.2) λ1 &= λ2 &= −λ1 ͳΔ೚ҙͷ λ1,λ2 ∈ Tʹରͯ͠ ϕλ1(y) &= ϕλ2(y).

(c) ֤ f ∈ Aʹର͕ͯ࣍͠੒Γཱͭɿ೚ҙͷ y ∈ Ch(B)ͱ೚ҙͷ λ ∈ T ʹରͯ͠

f(ϕλ(y)) =
λ−2ε(y)

2
{f(ϕ1(y))− f(ϕi(y))}+

1

2
{f(ϕ1(y)) + f(ϕi(y))}.

(d) ౳௕ม׵ T ͸ҎԼͷΑ͏ʹදͤΔɿ೚ҙͷ f ∈ A ͱ೚ҙͷ y ∈ Ch(B) ʹରͯ͠

Tf(y) = '(α(y)f(ϕ1(y))) + iε(y)((α(y)f(ϕi(y))).
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͍· P = T/(λ ∼ −λ) ͱ͓͘ͱ P͸ Tͱಉ૬Ͱ,ɹಉ૬ࣸ૾͸

P → T; [λ] $→ λ2

ʹΑͬͯ༩͑ΒΕΔ. [4]ʹ͓͚ΔTͷҐ૬తίϐʔ S͸, (a.2.2)Λຬͨ͋͢Δ y ∈ ChBʹରͯ͠
S = {ϕλ(y) | λ ∈ T}ʹΑͬͯ༩͑ΒΕΔ. SΛ PͱಉҰ͢ࢹΔ͜ͱͰ Sͷ఺Λύϥϝʔλ λ2ʹ
Αͬͯ͋ΒΘͤ͹ɼ্ड़ͷ (c)͸֤ؔ਺ f ∈ AͷC΁ͷ੍ݶ f |C͕ λ2ͷҰ࣍ࣜͰ͋Δ͜ͱΛड़΂
͍ͯΔ.

ͷ༷ͳಉ૬ࣸ૾ͷ଒্ʹٯ (ϕλ)λ∈T͕༩͑ΒΕͨͱ͖, ؔ਺ۭؒͱͦͷ্ͷ౳௕ม׵Λఆٛ͢Δ
͜ͱ͕Ͱ͖Δ. ݁ՌΛड़΂ΔͨΊʹ͔ͭزͷه߸Λ४උ͢Δ. Xͱ Y Λ compact Hausdorff ۭؒ,

ϕ : T× Y → X Λશࣹ࿈ଓࣸ૾Ͱ ϕλ = ϕ(λ, ·) : Y → X ʹΑͬͯఆٛ͞ΕΔࣸ૾͕ҎԼͷ৚݅Λ
ຬͨ͢ͱ͢Δ.

(F1) ֤ ϕλ ͸ಉ૬ࣸ૾Ͱ,ɹ֤ λ ∈ Tʹରͯ͠ ϕ−λ = ϕλ͕੒Γཱͭ.

(F2) ֤ y ∈ Y ʹରͯ࣍͠ͷ͍ͣΕ͔͕੒Γཱͭɿ

(F2.1) ೚ҙͷ λ1,λ2 ∈ Tʹରͯ͠ ϕλ1(y) = ϕλ2(y),ɹ·ͨ͸

(F2,2) λ1 '= λ2 '= −λ1ͳΔ೚ҙͷ λ1,λ2 ∈ Tʹରͯ͠ ϕλ1(y) '= ϕλ2(y).

্ͷԾఆͷԼͰ

F = {y ∈ Y | ϕλ1(y) = ϕλ2(y) for each λ1,λ2 ∈ T}
U = {y ∈ Y | ϕλ1(y) '= ϕλ2(y) for each λ1,λ2 ∈ T with λ1 '= λ2 '= −λ1}

ͱ͓͘. Y = F ∪ U , F ∩ U = ∅ ͔ͭ F ͸ Y ͷดू߹Ͱ͋Δ͜ͱʹ஫ҙ͢Δ. ϕ1͸ಉ૬ࣸ૾͔ͩ
ΒX = ϕ1(F ) ∪ ϕ1(U), ϕ1(F ) ∩ ϕ1(U) = ∅͕੒Γཱͭ. ࿈ଓؔ਺ ε : Y → {−1, 1}ʹରͯ͠, X্
ͷ࿈ଓؔ਺ a, b ͕࣍Λຬͨ͢Α͏ʹͱΕͨͱԾఆ͢Δ:

(F3) ೚ҙͷ λ ∈ T ͱ೚ҙͷ y ∈ Y ʹରͯ͠ a(ϕλ(y)) = λ−2ε(y)a(ϕ1(y)),

(F4) ೚ҙͷ y ∈ F ͱ೚ҙͷ λ ∈ Tʹରͯ͠ɹ a(ϕλ(y)) = 0, ͔ͭ

(F5) ೚ҙͷ y ∈ Y ͱ೚ҙͷ λ ∈ Tʹରͯ͠ɹ b(ϕλ(y)) = b(ϕ1(y)) .

C(X)ͷ෦෼ۭؒAΛ

A = {a+ b | a and b satisfy the conditions (F3)-(F5)}

ͱఆΊΔ. ࿈ଓؔ਺ α : Y → Tʹରͯ͠, T : A → C(Y ) Λ࣍ͷΑ͏ʹఆٛ͠Α͏ɿ

T (a+ b)(y) =

{
α(y)a(ϕ1(y)) + α(y)b(ϕ1(y)), ε(y) = 1

α(y)a(ϕ1(y)) + α(y)b(ϕ1(y)), ε(y) = −1.
(3)

T ͕࣮ઢ૾ࣸܗͰ͋Δ͜ͱΛݟΔͷ͸қ͍͠. ͞ΒʹB = Ran(T )ͱ͓͘. Ҏ্ͷه߸ͷԼͰ͕࣍
੒Γཱͭɿ
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ఆཧ 2 A ͱ B ͕ఆ਺ؔ਺ΛؚΈ, ͔ͭXͱ Y ͦΕͧΕͷ 2఺Λ෼཭͢Δͱ͢Δ. U != ∅Ͱ͋Ε
͹, T ͸શࣹ౳௕ม׵Ͱ (2)ͷܗʹද͢͜ͱ͕Ͱ͖ͳ͍.

্ͷఆཧͷԾఆΛຬͨ͢Α͏ͳҐ૬ۭؒͷయྫܕ͸, T࡞༻Λ࣋ͭίϯύΫτڑ཭ۭؒͷதʹݟ
ग़͢͜ͱ͕Ͱ͖Δ.ɹTͷҐ૬ۭؒX্ͷ࡞༻͕ semi-freeͰ͋Δͱ͸, ֤ x ∈ Xʹରͯ࣍͠ͷ͍
ͣΕ͔͕੒Γཱͭ͜ͱͰ͋Δɿ

(i) ೚ҙͷ λ ∈ Tʹରͯ͠ɹ λ · x = x,ɹ·ͨ͸

(ii) ೚ҙͷ λ ∈ T \ {1}ʹରͯ͠ɹ λ · x != x.

xͷيಓ orb(x)Λ orb(x) = {λx | λ ∈ T}ͱఆٛ͢Δ. ্ͷΑ͏ͳ࡞༻ͷ global section Σ ͱ͸ Σ

Ͱ࣍Λຬͨ͢Α͏ͳXͷดू߹Ͱ͋Δɿɹ֤ x ∈ Xʹରͯ͠ Σ ∩ orb(x) ͸Ұ఺ू߹.

ྫ 3 (1) ෳૉ਺ฏ໘্ͷ୯Ґԁ൘ D = {z ∈ C | |z| ≤ 1}. ෳૉ਺ͷੵ͕ Tͷ D΁ͷ semi-free

ͳ࡞༻Λ༩͑Δ.

(2) compact Hausdorff ۭؒXʹରͯ͠X × T͸ freeͳ T࡞༻Λ࣋ͭ.

ఆཧ 2Λ্ͷ࡞༻Λ࣋ͭίϯύΫτڑ཭ۭؒʹద༻͢Δ͜ͱͰ࣍ͷఆཧ͕ಘΒΕΔ.

ఆཧ 4 compact ཭ۭؒXڑ ͕ Tͷ semi-freeͳ࡞༻Ͱ global sectionΛ࣋ͭ΋ͷΛڐ༰͢Δͱ͢
Δ. F = {x ∈ X | ೚ҙͷλ ∈ T ʹରͯ͠λx = x} != X ͱԾఆ͢Δ. ͜ͷͱ͖C(X)ͷ෦෼ۭؒA

ͱશࣹ౳௕ม׵ T : A → AͰ

(a) ChA = X,

(b) T ͸ (2)ͷܗʹදͤͳ͍

༷ͳ΋ͷ͕ଘ͢ࡏΔ.

஫ɿ্ͷఆཧͰXͷڑ཭ԽՄೳੑ͸”peak function”ͷ๛෋ͳଘࡏΛอূ͢ΔͨΊʹԾఆ͞Εͯ
͍Δ.

͜ͷఆཧʹΑͬͯ (2)ͷܗʹදͤͳ͍౳௕ม׵Λڐ༰͢Δؔ਺ۭؒͷྫ͕๛෋ʹಘΒΕͨ.[3]ͷ
݁Ռʹର͢ΔཧղΛਂΊΔͨΊʹ,͜ͷΑ͏ͳۭ͓ؒΑͼ౳௕ม׵ͷৄ͍͠ੑ࣭Λௐ΂Δ͜ͱ͸େ
੾ͳ໰୊Ͱ͋ΔΑ͏ʹࢥΘΕΔ.

ຊߘͰड़΂ͨ݁Ռͷ͍͔ͭ͘͸Banach͋Δ͍͸Hilbertۭؒʹ஋ΛͱΔϕΫτϧ஋ؔ਺ۭؒʹ
֦ு͢Δ͜ͱ͕Ͱ͖Δ ([1])͕, ͜ΕΒͷ݁Ռʹ͍ͭͯ͸ߘΛվΊΔ͜ͱͱ͍ͨ͠.
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୯Ґٿ໘্ͷ౳ڑ཭ࣸ૾ʹؔ͢ΔҰͭͷ஫ҙ

৽ׁେֶࣗવՊֶܥʢେֶӃࣗવՊֶڀݚՊʣɹɹӋௗɹཧ
(Osamu Hatori)

1 ংষ
ϊϧϜۭؒͷؒͷશࣹ౳ڑ཭ࣸ૾͸ affineͰ͋Δ͜ͱΛओு͢ΔMazur-Ulamͷఆཧʢ1932ʣ͸
ॴMazur-UlamͷఆཧہయతͰ͋ΔɻMankiewicz͸ͦͷݹ [3]ʹΑΓɼϊϧϜۭؒͷ࿈݁։ू߹
ؒͷ౳ڑ཭ࣸ૾͸શମʹ౳ڑ཭ࣸ૾ͱ֦ͯ͠ுͰ͖Δ͜ͱΛࣔͨ͠ɻҰํ Figiel [1]͸R͔ΒR2

ͷத΁ͷ౳ڑ཭ࣸ૾Ͱ affineͰ͸ͳ͍΋ͷͷྫΛࣔͨ͠ɻͦ͜Ͱ࣍ͷ໰୊͕ੜͣΔɻ

Problem 1. Banachۭؒ·ͨ͸ϊϧϜۭؒͷ෦෼ू߹Ͱఆٛ͞Εͨ౳ڑ཭ࣸ૾ͷશମ΁ͷ֦ு͸
Մೳ͔ʁ

2 Tingley໰୊
࣍͸Tingley [6]ʹΑΓ͕࢝ڀݚ·ͬͨɻ

Problem 2. Banachۭؒͷ୯Ґٿ໘ͷؒͷ౳ڑ཭ࣸ૾͸Banachۭؒશମʹ౳ڑ཭ࣸ૾ͱ֦ͯ͠
ுͰ͖Δ͔ʁ

!p(Γ) (1 ≤ p ≤ ∞)΍ίϯύΫτڑ཭ۭؒ Ω্ͷෳૉ਺஋࿈ଓؔ਺શମC(Ω)ͳͲͷBanachۭ
ؒͰ͸ߠఆతͰ͋Δ͜ͱ͕஌ΒΕ͍ͯΔΑ͏Ͱ͋Δ͕ɼ׬શͳղܾ΍൓ྫʹ͍ͭͯ͸஌ΒΕ͍ͯ
ͳ͍Α͏Ͱ͋Δɻ

3 ߹؀ͷ৔ྻߦ
؀ͷ৔߹͸ͲͷΑ͏Ͱ͋Ζ͏͔ʁTanaka∗؀Mn(C)΍Cྻߦ [5]͸؀ྻߦͷ৔߹ʹ͸Tingley໰
୊͸ߠఆతͰ͋Δ͜ͱΛࣔͨ͠ɻ͜͜Ͱ͸࣍ͷ݁ՌΛ঺հ͢Δɻ(cf. [2])

ఆཧ 3. Mn(C)Λ੒෼͕ෳૉ਺Ͱ͋Δn࣍ਖ਼ํྻߦશମͱ͢ΔɻSn = {A : ‖A‖∞ = 1}ΛεϖΫτ
ϧϊϧϜ ‖ · ‖∞ʹؔ͢ΔMn(C)ͷ୯Ґٿͱ͢Δɻ‖ · ‖Λ unitarily invariant strictly convex norm

ͱ͢Δɻϕ : Sn → Sn͕ ‖ · ‖ʹؔ͢Δશࣹ౳ڑ཭ࣸ૾Ͱ͋Δͱ͢Δɻ͜ͷͱ͖ϢχλϦʔྻߦU, V

͕ଘͯ͠ࡏɼҎԼͷͲΕ͔͕੒ཱ͢Δɻ
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(1) ϕ(A) = UAV, A ∈ Sn;

(2) ϕ(A) = UAtrV, A ∈ Sn;

(3) ϕ(A) = UA∗V, A ∈ Sn;

(4) ϕ(A) = UĀV, A ∈ Sn.

ҰൠʹBanachۭؒ (X, ‖ · ‖)ʹ͓͍ͯɼ|x‖ = ‖y‖Ͱ x #= yͳΒ͹ɼ‖x+y
2 ‖ < 1Ͱ͋Δͱ͖ ‖ · ‖

͸ strictly convexͰ͋Δͱ͍͏ɽSchatten p-norm͸ strictly convexͰ͋Δ͕ɼεϖΫτϧϊϧϜ
͸ strictily convexͰ͸ͳ͍ɽ

ิ୊ 4. A,B, A+B
2 ∈ SnͳΒ͹ɼ

ϕ

(
A+B

2

)
=

ϕ(A) + ϕ(B)

2

Ͱ͋Δɽ

ϊϧϜ͕ strictly convexͩͱɼ઀͢Δٿͷڞ༗఺͸ͨͩ 1఺ͷΈͰ͋Δ͔ΒͰ͋ΔɽU(n)ΛϢ
χλϦʔ܈ͱ͢ΔɽSnͷ୺఺શମ͸ U(n)ͱҰக͢Δ͜ͱ͕஌ΒΕ͍ͯΔɻ

ิ୊ 5. ϕ(U(n)) = U(n)Ͱ͋Δɻ

Proof. A ∈ U(n)ͱ͢ΔɽΑͬͯA͸ Snͷ୺఺Ͱ͋Δɽ͜͜Ͱ ϕ(A) #∈ U(n)ͱԾఆ͢Δɽϕ(A)

ͷۃ෼ղ ϕ(A) = U |ϕ(A)|ʹରͯ͠ɼ

U1 = U
(
|ϕ(A)|+ i

√
1− |ϕ(A)|2

)
, U2 = U

(
|ϕ(A)|− i

√
1− |ϕ(A)|2

)

ͱ͢Ε͹ U1, U2͸ϢχλϦʔͰ͋Γɼϕ(A) = U1+U2
2 Ͱ͋Δɽϕ−1ʹิ୊ 4Λద༻͢Ε͹ɼ

A =
ϕ−1(U1) + ϕ−1(U2)

2

Ͱ͋Δɽ͜Ε͸A͕ Snͷ୺఺Ͱ͋Δ͜ͱͱໃ६͢ΔɽҎ্ΑΓɼϕ(A) ∈ U(n)Ͱ͋Δɽ

ఆཧͷূ໌Λ͏ߦɻิ୊ 5ΑΓ

ϕ|U(n) : U(n) → U(n)

͸well definedͰ͋ΔɽMolnárͷఆཧ [4]ΑΓϢχλϦʔྻߦ U, V ͕ଘͯ͠ࡏɼ࣍ͷͲΕ͔͕੒
ཱ͢Δɻ

(1) ϕ(A) = UAV, A ∈ U(n);

(2) ϕ(A) = UAtrV, A ∈ U(n);

(3) ϕ(A) = UA∗V, A ∈ U(n);

(4) ϕ(A) = UĀV, A ∈ U(n).

A ∈ Sn ͷͱ͖͸ɼA = U1+U2
2 Ͱ͋ΔϢχλϦʔͷଘิ͕ࡏ୊ 5ͷํ๏Ͱ෼͔Γɼϕ(U1+U2

2 ) =
ϕ(U1)+ϕ(U2)

2 Ͱ͋Δ͔Βɼ্ͷܗ͸A ∈ Snͷ৔߹΋੒ཱ͢Δɽ
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