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δϟΠϩߏΛͭ࣋ϊϧϜۭؒͷҰൠԽʹ͍ͭͯ

৽ׁେֶֶ෦ɹɹѨ෦ɹහҰ (Toshikazu Abe)

δϟΠϩ܈݁߹๏ଇΛऑΊͨ܈ͷҰൠԽͰ͋Γɼ͞ΒʹՄੑʹରԠͨ֓͠೦Λྀͨ͠ߟ
ͷΛδϟΠϩՄδϟΠϩ܈ͱ͍͏ɽδϟΠϩՄδϟΠϩ܈Մ܈ͷҰൠԽͰ͋Δɽ

Definition 1 ((Gyrocommutative) gyrogroup (A. A. Ungar)) ू߹Gͱͦͷ্ͷೋ߲ԋࢉ
⊕ͷ (G,⊕)͕࣍ͷ (G1)͔Β (G5)ཱ͕͢Δͱ͖ɼδϟΠϩ܈Ͱ͋Δͱ͍͏ɽ

(G1) ୯Ґݩ eΛͭ࣋ɽ

(G2) ҙͷ a ∈ Gݩٯ#aΛͭ࣋ɽ

(G3) ҙͷ a, b, c ∈ Gʹରͯ͠ɼa⊕ (b⊕ c) = (a⊕ b)⊕ gyr[a, b]c Λຬͨ͢Gͷݩ gyr[a, b]c͕།
Ұͭଘ͢ࡏΔɽ

(G4) ҙͷ a, b ∈ Gʹରͯ͠ɼࣸ૾ gyr[a, b] : c $→ gyr[a, b]c (G,⊕)ͷࣗݾಉ૾ࣸܕͰ͋Δɽ

(G5) ҙͷ a, b ∈ Gʹରͯ͠ɼgyr[a⊕ b, b] = gyr[a, b]ཱ͕͢Δɽ

δϟΠϩ܈ (G,⊕)͕࣍ͷ (G6)Λຬͨ͢ͱ͖ɼδϟΠϩՄͰ͋Δͱ͍͏ɽ

(G6) ҙͷ a, b ∈ Gʹରͯ͠ɼa⊕ b = gyr[a, b](b⊕ a)ཱ͕͢Δɽ

δϟΠϩՄδϟΠϩ͖جʹ܈ϊϧϜۭؒΛҰൠԽ͢Δɽ࣍ʹఆٛ͢Δ gyrolinear space ઢܗ
ۭؒͷҰൠԽͰ͋Γɼnormed gyrolinear space ϊϧϜۭؒͷҰൠԽͰ͋ΔɽNormed gyrolinear

space  AbeɼHatori ʹΑͬͯఆٛ͞ΕͨGGVͷҰൠԽʹͳ͍ͬͯΔɽ

Definition 2 (X,⊕)ΛδϟΠϩՄδϟΠϩ܈ͱ͢Δɽࣸ૾⊗ : R×X, (r,x) $→ r⊗x͕ɼҙͷ
r, r1, r2 ∈ Rͱx,u,v ∈ Xʹରͯ͠ҎԼͷ (GL1)͔Β (GL5)Λຬͨ͢ͱ͖ (X,⊕,⊗) gyrolinear

space Ͱ͋Δͱ͍͏ɽ

(GL1) 1⊗ x = x.

(GL2) (r1 + r2)⊗ x = (r1 ⊗ x)⊕ (r2 ⊗ x).

(GL3) (r1r2)⊗ x = r1 ⊗ (r2 ⊗ x).

(GL4) gyr[u,v](r ⊗ x) = r ⊗ gyr[u,v]x.

(GL5) gyr[r1 ⊗ v, r2 ⊗ v] = idX .
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Definition 3 (X,⊕,⊗)Λ gyrolinear spaceͱ͢Δɽ‖·‖ΛX্ͷඇෆ࣮ؔ x $→ ‖x‖ͱ͢Δɽ
‖X‖ = {‖x‖ ∈ R≥0;x ∈ X}্ͷٛڱ୯ௐ૿Ճؔ f ͕ଘͯ͠ࡏɼҙͷ r ∈ R ͱ x,y,u,v ∈ X

ʹରͯ͠ҎԼͷ (NG1)͔Β (NG4)Λຬͨ͢ͱ͖ (X,⊕,⊗, ‖ · ‖, f)  normed gyrolinear space Ͱ
͋Δͱ͍͏ɽ

(NG1) ‖x‖ = 0 ⇐⇒ x = e;

(NG2) f(‖x⊕ y‖) ≤ f(‖x‖) + f(‖y‖);

(NG3) f(‖r ⊗ x‖) = |r|f(‖x‖);

(NG4) ‖ gyr[u,v](x)‖ = ‖x‖;

Normed gyrolinear space  GGV ͷҰൠԽʹͳ͍ͬͯΔ͜ͱ͔ΒҎԼͷྫ͕͙͢Θ͔Δɽ

Example 4 (૬ରͷ) cΛޫͷ͞ɼR3
cΛ̏ݩ࣍ϢʔΫϦουۭؒͷܘ cͷ։ٿͱ͢Δɽ

u⊕Ev =
1

1 + 〈u,v〉
c2

{
u+

1

γu
v +

1

c2
γu

1 + γu
〈u,v〉u

}
, ∀u,v∈R3

c .

ʹΑͬͯɼ(R3
c ,⊕E)δϟΠϩՄδϟΠϩ܈Ͱ͋Δɽͨͩ͠ 〈·, ·〉 ϢʔΫϦουੵɼγu =

(1− ‖u‖2/c2)− 1
2  uͷϩʔϨϯπҼࢠɽ·ͨҙͷ࣮ rʹରͯ͠

r ⊗E u =

{
c tanh(r tanh−1 ‖u‖

c ) u
‖u‖ (u ∈ R3

c \ {0})
0 (u = 0)

ͱ͢Δɽ(R3
c ,⊕E,⊗E, ‖ · ‖, tanh−1 ·

c
) normed gyrolinear space Ͱ͋Δɽ͜͜Ͱ ‖ · ‖R3ͷϢʔ

ΫϦουϊϧϜͰ͋Δɽ

Example 5 (ϙΞϯΧϨԁ൘) DΛෳૉฏ໘্ͷ୯Ґ։ԁ൘ͱ͢Δɽ

a⊕Mb =
a+ b

1 + āb
, ∀a, b∈ D

ʹΑͬͯɼ(D,⊕M)δϟΠϩՄδϟΠϩ܈Ͱ͋Δɽ·ͨҙͷ࣮ rʹରͯ͠

r ⊗M a =

{
tanh(r tanh−1 |a|) a

|a| (a ∈ D \ {0})
0 (a = 0)

ͱ͢Δͱ (D,⊕M ,⊗M , | · |, tanh−1)  normed gyrolinear space Ͱ͋Δɽ

Example 6 (ਖ਼ತ) ୯ҐతC∗−A ͷਖ਼ՄݩٯશମΛA −1
+ ɼA ͷϊϧϜΛ ‖ · ‖Ͱද͢ɽ

a⊕A b = a
1
2 ba

1
2 , a, b ∈ A −1

+ .

ʹΑͬͯ (A ,⊕A)δϟΠϩՄδϟΠϩ܈Ͱ͋Δɽ·ͨ

r ⊗A a = ar, r ∈ R, a ∈ A −1
+

ʹΑͬͯ (A −1
+ ,⊕A,⊗A, ‖ · ‖′, id) normed gyrolinear space Ͱ͋Δɽͨͩ͠ ‖ · ‖′ = ‖ log ·‖ͱ͠ɼ

id߃ࣸ૾ͱ͢Δɽ
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Normed gyrolinear space ্ͰڑʹରԠ͢Δ֓೦Ͱ͋Δ gyrometricɼଌઢʹରԠ͢Δ֓೦
Ͱ͋Δ gyroline (gyrosegment)ɼ̎ͷʢతʣதʹରԠ͢Δ gyromidpoint ͳͲ͕ࣗવʹఆ
ٛͰ͖ΔɽNormed gyrolinear space ͰϊϧϜۭؒͱಉ༷ͷ͕ٞ͑ߦΔ͜ͱ͕ظ͞ΕΔɽҰ
ํͰϊϧϜۭؒͱͷҧ͍͕ͲͷΑ͏ͳͱ͜ΖͰݱΕΔ͔ڵຯਂ͍ɽҎԼͰ༩͑ΒΕͨ normed

gyrolinear space ͔Β৽ͨͳ normed gyrolinear space Λߏ͢Δํ๏ʹ͍ͭͯड़Δɽ
ͷ໋࣍ normed gyrolinear space ͷੵ͕·ͨ normed gyrolinear space ʹͳΔͱ͍͏ͷ
Ͱ͋Δɽͨͩ͠୯ௐؔ f ௨Ͱ͋Δ߹ͷͷͰ͋Δɽڞ͕

Proposition 7 (X1,⊕1,⊗1, ‖ · ‖1, f)ɼ(X2,⊕2,⊗2, ‖ · ‖2, f) ΛͦΕͧΕ normed gyrolinear spaces

ͱ͢Δɽҙͷ x1, y1 ∈ X1, x2, y2 ∈ X2, r ∈ Rʹରͯ͠

(x1, x2)⊕ (y1, y2) = (x1 ⊕1 y1, x2 ⊕2 y2)

r ⊗ (x1, x2) = (r ⊗1 x1, r ⊗2 x2)

‖(x1, x2)‖ = f−1(f(‖x1‖1) + f(‖x2‖2))

ͱ͢Δͱ (X1 ×X2,⊕,⊗, ‖ · ‖, f)  normed gyrolinear space Ͱ͋Δɽ

ΔͷͰ͋Δɽ୯ௐؔ͢ߋΛͦͷ··ʹϊϧϜΛมߏͷ໋࣍ f ͕มԽ͢Δɽ

Proposition 8 (X,⊕,⊗, ‖ · ‖, f) Λ normed gyrolinear space ͱ͢Δɽh Λ h(0) = 0Ͱ͋ΔΑ͏
ͳٛڱ୯ௐ૿Ճؔͱ͠ɼ ‖ · ‖′ = h(‖ · ‖) ͱ͢Δɽ͜ͷͱ͖ (X,⊕,⊗, ‖ · ‖′, fh−1) ·ͨ normed

gyrolinear space ͱͳΔɽ

ͷ໋͕Θ͔Δɽҙͷ̎ͭͷ࣍ೋͭͷ໋ΛΈ߹ΘͤΔ͜ͱͰه্ normed gyrolinear space

ͷੵ normed gyrolinear space ʹͳΔɽ

Proposition 9 (X1,⊕1,⊗1, ‖ · ‖1, f), (X2,⊕2,⊗2, ‖ · ‖2, g) ΛͦΕͧΕ normed gyrolinear spaces

ͱ͢Δɽk Λ k(0) = 0 Λຬͨٛ͢ڱ୯ௐ૿Ճؔͱ͢Δɽҙͷ x1, y1 ∈ X1, x2, y2 ∈ X2, r ∈ R
ʹରͯ͠

(x1, x2)⊕ (y1, y2) = (x1 ⊕1 y1, x2 ⊕2 y2)

r ⊗ (x1, x2) = (r ⊗1 x1, r ⊗2 x2)

‖(a, b)‖k = k(f(‖a‖1) + g(‖b‖2))

ͱ͢Δͱ (X1 ×X2,⊕,⊗, ‖ · ‖k, k−1)  normed gyrolinear space ͱͳΔɽ

ͷݩΛมԽͤ͞Δํ๏Ͱ͋Δɽ௨ৗͷϊϧϜۭؒͰߏͷ໋ϊϧϜͦͷ··ʹ࣍
ߏͱҰகͯ͠͠·͏͕ɼҰൠͷ normed gyrolinear space ͷ߹ʢϕΫτϧͷʹ͍ͭͯ
ͷʣ๏ଇΛԾఆ͍ͯ͠ͳ͍ͨΊݩͷۭؒͱҧ͍͕ݱΕΔɽ

Proposition 10 (X,⊕,⊗, ‖ · ‖, f) Λ normed gyrolinear space ͱ͠ɼα Λ 0Ͱͳ͍࣮ͱ͢Δɽ
X ্ͷ৽ͨͳԋࢉ ⊕α Λ

a⊕α b =
1

α
⊗ (α⊗ a⊕ α⊗ b)

ʹΑͬͯఆΊΔͱ (X,⊕α,⊗, ‖ · ‖, f)  normed gyrolinear space ͱͳΔɽ
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ؔʹΛͱΔLipschitz্ͷ४ಉ૾ࣸܕʹ͍ͭͯ

৽ׁେֶେֶӃࣗવՊֶڀݚՊɹɹେҪɹึࢤ (Shiho Oi)

Sherbert͕ෳૉLipschitz্ͷ४ಉ૾ࣸܗΛܾఆ͠ɼͦ ͷޙଟ͘ͷऀڀݚʹΑΓɼϕΫτϧ
Lipschitz্ͷ४ಉ૾ࣸܗͷ͕ڀݚਐΊΒΕ͖͍ͯͯΔɻՄͷ߹ɼBotelho and Jamison

[1]ʹΑΓऩଋྻશମɼ༗քྻશମʹΛͱΔ Lipschitz ্ͷ४ಉ૾ࣸܗͷ͕ܗ༩͑ΒΕͨɻ͜
͜Ͱ ܗΛͱΔLipschitz্ͷ४ಉʹ*Cɼ[1]ͷ֦ுʹ͋ͨΔҰൠͷ୯ҐతՄ͖ͮجʹ[3]
ࣸ૾ͷಛ͚ͮʹ͍ͭͯಘΒΕͨ݁ՌΛใ͢ࠂΔɻ

1 ͡Ίʹ
ߏఆٛ͞ΕΔʹΔ͜ͱɼBanach্͢ڀݚΛ૾ࣸܕͰఆٛ͢ΔBanach্ͷ४ಉ࣍
Λ͢ߟΔͱɼۃΊͯجຊతͰຊ࣭తͳڀݚͰ͋Δ͜ͱ͕͔Δɻ

ఆٛ 1 BanachΛB1, B2ͱ͓͘ɻ·ͨࣸ૾ ψ : B1 → B2ʹରͯ͠ ψ͕ҙͷ a, b ∈ B1, s ∈ C
ʹରͯ͠

ψ(a+ b) = ψ(a) + ψ(b)

ψ(sa) = sψ(a)

ψ(ab) = ψ(a)ψ(b)

ΛΈͨ͢ͱ͖ ψ ४ಉ૾ࣸܗͰ͋Δͱ͍͏ɻ

Banachʹର͢Δߏͷڀݚ४ಉ૾ࣸܕΛ͢ڀݚΔ͜ͱ͕ରԠ͢Δɻ·ͨ Lipschitz
Lip(X,A)Λ࣍ͷΑ͏ʹఆٛ͢Δɻ

ఆٛ 2 ίϯύΫτڑۭؒΛ X ͱ͢Δɻ· ʢͨA, ‖ · ‖AʣΛ Banachͱ͢Δɻ͜ͷͱ͖ࣸ૾
F : X → Aʹରͯ͠

L(F ) = sup
x !=y∈X

‖F (x)− F (y)‖A
d(x, y)

͕༗քͰ͋Δͱ͖ɼF  Lipschitzࣸ૾Ͱ͋Δͱ͍͏ɻ·ͨ

Lip(X,A) = {f : X → A | L(f) < ∞}

ͱͯ͠ Lipschitzࣸ૾શମΛ Lip(X,A)Ͱද͢ɻ͜ͷͱ͖

‖F‖L := ‖F‖∞ + L(F )

ͱఆΊΔͱɼ͜ ͷLipschitzϊϧϜ‖·‖LͰLip(X,A)BanachͱͳΔɻ·ͨLip(X) := Lip(X,C)
ͱఆΊΔɻ
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͜͜Ͱɼ͜ͷ Lipschitzʹର͢Δ४ಉ૾ࣸܗͷઌڀݚߦʹ͍ͭͯड़Δɻ୯ҐతՄC∗ʹ
ΛͱΔ Lipschitz্ͷ४ಉ૾ࣸܗͷڀݚɼ[1]ʹΑͬͯ࣍ͷ݁Ռ͕༩͑ΒΕ͍ͯΔɻۭؒ cऩ
ଋྻશମͱ͢Δɻ͞Βʹ N̂ࣗવશମͷҰίϯύΫτԽΛද͢ɻ

ఆཧ 1 [1, Theorem 4.3] ίϯύΫτڑۭؒXj (j = 1, 2)ʹରͯ͠ɼ X2࿈݁Ͱ͋ΔͱԾఆ͢
Δɻ͜ͷͱ͖ ψ : Lip(X1, c) → Lip(X2, c)͕ ψ(1X1) = 1X2 ͱͳΔ४ಉ૾ࣸܗͰ͋Δͱ͢Δɻ͜ͷ
ͱ͖࿈ଓࣸ૾ τ : N̂ → N̂ͱҙͷ n ∈ Nʹґଘͯ͠ఆ·Δ Lipschitz ࣸ૾ͷྻ ϕn : X2 → X1͕
ଘͯ͠ࡏҙͷ n ∈ N ͱ y ∈ X2ʹରͯ͠

ψ(F )(y)(n) = F (ϕn(y))(τ(n)), F ∈ Lip(X1, c)

ཱ͕͢Δɻ

ෳૉ༗քྻͷશମू߹Λ l∞ͱ͢Δɻ·ͨ βNNͷ Stone-ČechͷίϯύΫτԽΛද͢ɻ

ఆཧ 2 [1, Theorem 5.7] ίϯύΫτڑۭؒXj (j = 1, 2)࿈݁Ͱ͋Δͱ͢Δɻࣸ૾
ψ : Lip(X1, l∞) → Lip(X2, l∞) ͕ఆؔࣸ૾ 1Λอଘ͢Δ४ಉ૾ࣸܗͰ͋Δͱ͢Δɻ͜ͷͱ͖࿈
ଓࣸ૾ τ : βN → βNͱҙͷ n ∈ Nʹґଘͯ͠ఆ·Δ Lipschitz ࣸ૾ͷྻ ϕn : X2 → X1͕ଘ
ҙͷͯ͠ࡏ n ∈ N ͱ y ∈ X2ʹରͯ͠

ψ(F )(y)(n) = F β(ϕn(y))(τ(n)), F ∈ Lip(X1, l∞)

ཱ͕͢Δɻͨͩ͠ F β F ͷ βNͷҰҙʹ֦ு͞Εͨ࿈ଓؔΛද͢ɻ

͜ΕΑΓɼҎԼͷ͕ࣗવʹੜ͡ΔɻҰൠͷ୯ҐతՄC∗ʹΛͱΔ Lipschitz্ͷ४
ಉ૾ࣸܗͷܾఆΛ͢Δ͜ͱͰ͖Δ͔ʁ͜ΕΛ͍͑ݴΔͱ࣍ͷΑ͏Ͱ͋Δɻ
ࣸ૾ ψ : Lip(X1, C(M1)) → Lip(X2, C(M2)) ͕ ψ(1X1) = 1X2 ΛΈͨ͢ ४ಉ૾ࣸܗͰ͋Δͱ͢
Δɻ͜ͷͱ͖ ψͲͷΑ͏ʹܾఆ͞ΕΔ͔ʁ
͞Βʹ͜͜Ͱ४ಉ૾ࣸܕ ψʹ͍ͭͯɼGelfandม ψ̂Λ͑ߟΔͱࣸ૾ h : X2 ×M2 → X1 ×M1

͕ଘͯ͠ࡏɼ

ψ̂(F ) = F̂ ◦ h F ∈ Lip(X1, C(M1)) (1)

ཱ͕͢Δɻ͜ΕΑΓɼLipschitz্ͷ४ಉ૾ࣸܕψ͕߹࡞༻ૉͱͯ͠ॻ͚Δ͜ͱ͕͔Δ͕ɼ
Ұൠʹे݅Λ༩͑ͳ͍ɻҎ্ΑΓBotelho and Jamison ͷఆཧ 1, 2े݅Λ༧ͤ͞Δ
݁Ռͱͯ͠؍Δ͜ͱ͕Ͱ͖Δɻ͕ͨͬͯࣸ͠૾ͷܾఆΛؚΉͱͯ͠ɼ४ಉ૾ࣸܗͷಛ͚ͮ
Λ༩͑Δ͜ͱͰ͖ΔͩΖ͏͔ʁ͜ͷʹରͯ͠ಘΒΕͨ݁ՌΛ࣍Ͱ༩͑Δɻ

2 ओఆཧ
ఆཧ 3 ίϯύΫτڑۭؒXj (j = 1, 2)ʹରͯ͠ɼ X2࿈݁Ͱ͋ΔͱԾఆ͢Δɻ·ͨɼj = 1, 2

ʹରͯ͠MjΛίϯύΫτHausdorffۭؒͱ͢Δɻ͜͜Ͱɼ τ : M2 → M1͕࿈ଓࣸ૾Ͱɼ {ϕφ}φ∈M2

͕ X2 ͔ΒX1ͷ Lipschitzࣸ૾ͷू߹Ͱ͋Γɼ͔ͭͦͷ Lipschitz number͕༗քͰ͋ΔͱԾఆ
1Լهͷఆٛ 3Λࢀর
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͢Δɻ͞Βʹɼҙͷ y ∈ X2ʹରͯ͠ɼࣸ૾ φ "→ ϕφ(y) M2͔ΒX1ͷ࿈ଓࣸ૾Ͱ͋ΔͱԾ
ఆ͢Δɻ͜ͷͱ͖ɼҙͷ F ∈ Lip(X1, C(M1)), φ ∈ M2, y ∈ X2ʹରͯ͠

ψ(F )(y)(φ) = F (ϕφ(y))(τ(φ)),

ͱఆΊͨࣸ૾ψ : Lip(X1, C(M1)) → Lip(X2, C(M2))ψ(1X1) = 1X2ΛΈͨ͢ Lip(X1, C(M1))͔
Β Lip(X2, C(M2))ͷ४ಉ૾ࣸܗͱͳΔɻ
·ͨɼ͜͜ͰٯΛԾఆ͢Δɻ͢ͳΘͪࣸ૾ ψ : Lip(X1, C(M1)) → Lip(X2, C(M2)) ͕ ψ(1X1) =

1X2ΛΈͨ͢ ४ಉ૾ࣸܗͰ͋Δͱ͢Δɻ͢Δͱɼ࿈ଓࣸ૾ τ : M2 → M1ͱ ͦΕͧΕͷ φ ∈ M2ʹ
ґଘͯ͠ఆ·Δ Lipschitz ࣸ૾ ϕφ : X2 → X1͕ଘ͢ࡏΔɻ͞Βʹͦͷ Lipschitz ࣸ૾ ϕφ࣍ͷ
݅ΛΈͨ͢ɻLipschitz number {L(ϕφ)}φ∈M2 ͕༗քͰ͋Γ ɼy ∈ X2ʹରͯ͠ɼࣸ૾ φ "→ ϕφ(y)

M2͔ΒX1ͷ࿈ଓࣸ૾Ͱ͋Δɻ͜ΕΒͷ݅ΛΈͨࣸ͢૾ τ : M2 → M1ͱϕφ : X2 → X1Λ
༻͍ͯɼҙͷ F ∈ Lip(X1, C(M1)), φ ∈ M2, y ∈ X2ʹରͯ͠

ψ(F )(y)(φ) = F (ϕφ(y))(τ(φ)),

ཱ͕͢Δɻ

ҎԼͰɼఆཧ 3ͷඞཁੑͷূ໌ʹ͓͚Δࣸ૾ͷܾఆΛ͏ߦɻ·ͣɼఆؔࣸ૾ͷఆٛΛ༩͑Δɻ

ఆٛ 3 ҙͷ f ∈ C(M)ʹରͯ͠ɼఆؔࣸ૾Φ(f) ∈ Lip(X,C(M))Λ

Φ(f)(x) = f, x ∈ X

ͱఆΊΔɻ

͜ͷͱ͖ҙͷ φ ∈ M ʹରͯ͠ɼ ࣸ૾ Pφ : Lip(X,C(M)) → Lip(X)Λ

(PφF )(x) = F (x)(φ), F ∈ Lip(X,C(M)), ɹ x ∈ X

ͱͯ͠ఆٛ͠ɼࣸ૾ T : C(M1) → Lip(X2, C(M2))Λ

T = ψ ◦ Φ

ͱఆٛ͢Δɻ͜͜Ͱఆཧ 3ͷূ໌Ͱ࣍ͷิ 2.1ʢcf. [2, 4]ʣΛར༻͢Δɻ

ิ 2.1 ҟͳΔM1ͷݩ ζ1 %= ζ2ʹ͍ͭͯɼ

‖χζ1 − χζ2‖∗ = 2

ཱ͕͠ɼy %= z ∈ X2ͳΒɼ

‖χy − χz‖∗ ≤ d(y, z)

͕͍͑Δɻͨͩ͠ɼ‖ · ‖∗ͦΕͧΕ௨ৗͷҙຯͰͷC(M1),Lip(X2)ͷ dual ্ۭؒͷ൚ؔϊϧ
ϜΛҙຯ͢Δɻ
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ɼࣸ૾ࠓ PX2
φ ◦ T ͷ adjoint map (PX2

φ ◦ T )∗Λ͑ߟΔͱɼ͜ͷ adoint map๏తઢܗ൚ؔΛ
อଘ͢Δɻ͞Βʹू߹ (PX2

φ ◦ T )∗({χy : y ∈ X2}) {χζ : ζ ∈ M1}ͷ෦ू߹Ͱ͋Γɼ͔ͭҰू
߹Ͱ͋Δɻ͜ΕΛഎཧ๏Ͱࣔ͢ɻͦ͜Ͱ y1, y2 ∈ X2 ͕ଘ࣍ͯ͠ࡏΛΈͨ͢ɻ

(PX2
φ ◦ T )∗(χy1) = χζ1 , (P

X2
φ ◦ T )∗(χy2) = χζ2 .

AΛ߹ूʹ࣍
A = {y ∈ X2 : (P

X2
φ ◦ T )∗(χy) = χζ1}

ͱఆΊΔɻू߹A͕ดू߹Ͱ͋Δ͜ͱ໌Β͔Ͱ͋Δɻ͜͜Ͱू߹Aͷิू߹Acดू߹Ͱ͋
Δ͜ͱΛҎԼͰࣔ͢ɻͦͷͨΊ zn → z0 ∈ X2 (n → ∞)ͱͳΔऩଋྻ {zn} ⊆ AcΛͱΔɻҙͷ
n ∈ N ∪ {0}ʹରͯ͠ɼξn ∈ M1Λ

(PX2
φ ◦ T )∗(χzn) = χξn

ͱͯ͠ఆΊΔɻ·ͨ {zn}ऩଋྻͰ͔͋ͬͨΒɼ

n ≥ n0 =⇒ d(zn, z0) <
1

3‖PX2
φ ◦ T‖

ΛΈͨ͢ n0 ∈ N͕ଘ͢ࡏΔɻΏ͑ʹɼn ≥ n0ʹରͯ͠

‖χξn − χξ0‖∗ = ‖(PX2
φ ◦ T )∗(χzn)− (PX2

φ ◦ T )∗(χz0)‖∗

≤ ‖PX2
φ ◦ T‖d(zn, z0)

<
1

3

ΛಘΔɻ͢Δͱ χξ0 = χξn ,= χζ1 Ͱ͋Δ͔Βɼχξ0 ,= χζ1 Ͱ͋Δͱ͍͑ΔɻҎ্ΑΓू߹Ac͕ดू
߹Ͱ͋ΔɻҰํɼ͜ΕX2ͷ࿈݁ੑʹໃ६͢ΔɻΑͬͯ (PX2

φ ◦ T )∗({χy : y ∈ X2})͕Ұू߹Ͱ
͋Δ͜ͱ͕͔Γɼ࣍ͷิ 2.2ΛಘΔɻ

ิ 2.2 ҙͷ φ ∈ M2ΛͱΔɻ͜ͷͱ͖

(Pφ ◦ T )∗({χy : y ∈ X2}) = {χφ̃}

ΛΈͨ͢ φ̃ ∈ M1͕ͨͩҰͭʹఆ·Δɻ

͜ΕΑΓࣸ૾ τ : M2 → M1Λ

((Tf)(y))(φ) = f(τ(φ)) f ∈ C(M1)

ͱఆΊΔɻ͞Βʹҙͷ Lipschitz ؔ u ∈ Lip(X1)ʹରͯ͠ɼuX1ɿX1 → C(M1) Λ

uX1(x) = u(x), x ∈ X1

ͱఆٛ͢Δɻ͜ͷͱ͖ҙʹ φ ∈ M2Λͱͬͯݻఆ͢ΔͱɼSherbert [4]ΑΓ Lipschitz ࣸ૾ ϕφ :

X2 → X1͕ଘͯ͠ࡏɼ

ψ(uX1)(y)(φ) = u(ϕφ(y)) u ∈ Lip(X1), y ∈ X2
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ΛΈͨ͢ɻ४ಉ૾ࣸܕ ψੵΛอଘ͢ΔͷͰҙͷ φ ∈ M2, y ∈ X2ʹରͯ͠

(ψ(uX1Φ(f))(y))(φ) = u(ϕφ(y)) · f(τ(φ))
= ((uX1Φ(f))(ϕφ(y)))(τ(φ)), u ∈ Lip(X1), f ∈ C(M1) (2)

ΛΈͨ͢࿈ଓؔ τ : M2 → M1 ͱ Lipschitz ࣸ૾ ϕφ : X2 → X1ͷू߹͕ଘ͢ࡏΔ͜ͱ͕Θ͔Δɻ

ఆཧ 3ʹ͓͚Δࣸ૾ͷܾఆͷূ໌.

ҙͷF ∈ Lip(X1, C(M1))ΛͱΔɻҎԼ [1]ͱಉ༷ͷํ๏Ͱূ໌͢ΔɻతςϯιϧੵC(X1)⊗
C(M1)Λ͑ߟΔɻతςϯιϧੵC(X1)⊗C(M1) the least crossnormͷͱͰɼC(X1, C(M1))

ͰີͰ͋Δɻ͜͜Ͱ Stone-WeierstrassͷఆཧΑΓɼͭ͗ΛΈͨ͢ྻ {Fn} ⊂ Lip(X1)⊗C(M1)

͕ଘ͢ࡏΔɻҙͷ ε > 0ʹରͯ͠ɼ

n ≥ n0 =⇒ ‖F − Fn‖∞ < ε

ΛΈͨ͢ n0 ∈ NΛͱΔ͜ͱ͕Ͱ͖Δɻςϯιϧੵ Lip(X1)⊗C(M1)Λ༻͍Δͱɼࣸ૾Fn࣍ͷ
Α͏ʹද͞ݱΕΔɿ

Fn =
kn∑

i=1

(u(n)
i )X1ΦX1(f

(n)
i )

ͨͩ͠ɼu(n)
i ∈ Lip(X1)ɹ͔ͭɹ f (n)

i ∈ C(M1)Ͱ͋Δɻ ࣜʢ2ʣΑΓ

ψ(Fn)(y)(φ) = Fn(ϕφ(y))(τ(φ))

ΛಘΔɻࣜʢ1ʣΑΓɼࣸ૾ h : X2 ×M2 → X1 ×M1͕ଘ͠ࡏɼn ≥ n0Ͱ͋ΔͳΒɼ

|ψ(F )(y)(φ)− F (ϕφ(y))(τ(φ))|
≤ |ψ(F )(y)(φ)− ψ(Fn)(y)(φ)|+ |Fn(ϕφ(y))(τ(φ))− F (ϕφ(y))(τ(φ))|

≤ ‖F̂ ◦ h− F̂n ◦ h‖∞ + ‖Fn − F‖∞
≤ ‖F̂ − F̂n‖∞ + ‖Fn − F‖∞ ≤ 2ε

ΛΈͨ͢ɻ͞Βʹ ε > 0ҙͰ͔͋ͬͨΒɼ ҙͷ y ∈ X2 ͱ φ ∈ M2ʹରͯ͠

ψ(F )(y)(φ) = F (ϕφ(y))(τ(φ)), F ∈ Lip(X1, C(M1))

ΛಘΔɻ!
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Bergmanۭؒʹ͓͚ΔFejér-Rieszܕෆࣜ
ʹؔ͢Δߟ

ຊେֶༀֶ෦ɹ୮Ӌ య࿕ (Norio NIWA)ɹɹɹ
य़ Ұߒ (Kazuhiro KASUGA)

2014ͷถֶηϛφʔʹ͓͍ͯɼय़Ұ͕ࢯߒ Bergmanۭؒʹ͓͚Δ Fejér-Rieszܕෆ
ࣜʹؔ͢ΔߨԋΛߦͳͬͨɽͦͷޙͷΓऔΓ͔Βɼ͜ͷڞಉ͕࢝ڀݚ·ͬͨɽ
ʹԋλΠτϧߨ Fejér-Riesz inequality ͱ͋Δ͕ɼͦͷΦϦδφϧ Hardy space Hp ʹରͯ͠
ΓཱͭෆࣜͰ͋ΔͷͰɼ·ͣͦΕΛड़Δɽ

ෳૉฏ໘ͷ୯Ґ։ԁ൘ΛDɼ୯ҐԁपΛ ∂Dͱ͢Δɽ·ͨɼD্ͷਖ਼ଇؔશମͷू߹ΛH(D)

ͱ͢Δɿ
D := {z ∈ C : |z| < 1}

∂D := {z ∈ C : |z| = 1}

H(D) := {f : f is analytic in D}

0 < p < ∞ͱ͢Δɽ

Hp :=

{
f ∈ H(D) : ‖f‖Hp := sup

r<1

(∫ 2π

0

|f(reiθ)|p dθ
2π

) 1
p

< ∞
}
.

Hp Hardy space ͱݺΕΔɽ0 < p < 1ͷͱ͖ɼd(f, g) := ‖f − g‖pHpHpʹ͓͍ͯڑΛ
ఆΊɼHp complete metric space ͱͳΔɽ1 ≤ p < ∞ͷͱ͖ɼ‖ · ‖Hp Hpʹ͓͍ͯϊϧϜΛ
ఆΊɼHp Banach space ͱͳΔɽ

Theorem 1 (Fejér-Riesz inequality for Hp, [2]) 0 < p < ∞ͱ͢Δɽf ∈ HpͳΒɼ

∫ 1

−1

|f(x)|pdx ≤ 1

2

∫ 2π

0

|f(eiθ)|pdθ
(
= π

∫ 2π

0

|f(eiθ)|p dθ
2π

= π‖f‖pHp

)

͕Γཱͭɽ্ͷఆ 1
2  best possible Ͱ͋Δɽ

্Λɼanalytic function f ∈ Hp ʹର͢Δʰ|f(x)|pͷ͋Δઢ্ͷੵʱͱʰf ͷHp-ϊϧϜʱ
ͷؒʹΓཱͭෆࣜͱݟΔɽ(0 < p < 1ͷ߹ɼਖ਼֬ʹϊϧϜͰͳ͍͕ɽ)
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0 < p < ∞ͱ͠ɼ−1 < α < ∞ͱ͢Δɽ

Ap
α :=

{
f ∈ H(D) : ‖f‖Ap

α
:=

(∫

D

|f(z)|p(1 + α)(1− |z|2)αdA(z)
) 1

p

< ∞
}
.

͜͜ͰɼdA(z) =
1

π
dxdy =

1

π
rdrdθͰ͋Δɽ

Ap
α weighted Bergman space ͱݺΕΔɽ0 < p < 1ͷͱ͖ɼd(f, g) := ‖f − g‖p

Ap
α
Ap

αʹ
ΛఆΊɼApڑ͍͓ͯ

α complete metric space ͱͳΔɽ1 ≤ p < ∞ͷͱ͖ɼ‖ · ‖Ap
α
Ap

αʹ͓
͍ͯϊϧϜΛఆΊɼAp

α Banach space ͱͳΔɽ
2012ɼAndreev A2

αʹରͯ͠ Fejér-Riesz Λࣔͨ͠ɽࣄͷෆ͕ࣜΓཱͭܕ

Theorem 2 (Fejér-Riesz type inequality for A2
α, [1]) −1 < α < ∞ͱ͢Δɽf ∈ A2

αͳΒɼ
∫ 1

0

|f(ζx)|2(1− x)1+αdx ≤ λα

∫

D

|f(z)|2(1 + α)(1− |z|2)αdA(z)
(
= λα‖f‖2A2

α

)

͕Γཱͭɽ͜͜Ͱɼζ ∈ ∂DͰ͋Γɼλα ≤ 1

πα
(−1 < α < 0ͷͱ͖)ɼλα ≤ 1

1 + α
(0 ≤ αͷͱ͖)

Ͱ͋Δɽ

2014ͷถֶηϛφʔʹ͓͍ͯɼय़ࢯ p͕ 2Ҏ֎ͷ࣌ʹɼͭ·ΓҰൠͷAp
αʹର͠

ͯಉ༷ͷෆ͕ࣜΓཱͭͷͰͳ͍͔ͱ༧ͨ͠ɽ

Conjecture 0 < p < ∞, −1 < α < ∞ͱ͢Δɽf ∈ Ap
αʹରͯ͠

∫ 1

0

|f(ζx)|p(1− x)1+αdx ≤ λα

∫

D

|f(z)|p(1 + α)(1− |z|2)αdA(z)
(
= λα‖f‖pAp

α

)

ΓཱͭͰ͋Ζ͏͔ʁ͜͜Ͱɼζͱ λα Theorem 2 ʹಉ͡ɽ

͜͜Ͱ Hpʹର͢Δ Fejér-Riesz inequality ͷূ໌ΛਅࣅΔͱɼAp
αʹର͢Δ Fejér-Riesz in-

equality ΛͲ͜·Ͱಉ༷ʹٞͰ͖Δͷ͔ɼͲ͜ͰҾ͔͔ͬΔͷ͔Λ໌Β͔ʹ͍ͨ͠ɽͦͷͨΊɼ
Hpʹର͢Δ Fejér-Riesz inequality ͷূ໌ͷεέονΛҎԼʹ͢هɽ

Fejér-Riesz inequality for Hpͷূ໌ͷεέονɽ
(ୈ 1ஈ֊) p = 2 ͱ͢Δɽ্࣮࣠Ͱ real valued Ͱ͋Δ f ∈ H2 ʹରͯ͠ɼ

∫ 1

−1

|f(x)|2dx ≤ 1

2

∫ 2π

0

|f(eiθ)|2dθ

͕ΓཱͭࣄΛࣔ͢ɽ

(ୈ 2ஈ֊) ҙͷ f ∈ H2 (্࣮࣠Ͱ complex valued) ʹରͯ͠ɼ
∫ 1

−1

|f(x)|2dx ≤ 1

2

∫ 2π

0

|f(eiθ)|2dθ
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͕ΓཱͭࣄΛࣔ͢ɽ

(ୈ 3ஈ֊) f ∈ Hp ͱ͠ɼ͔ͭɼf(z)  DͰྵΛͨ࣋ͳ͍ͱ͢Δɽͦͷͱ͖ɼ{f(z)} p
2 ͕ఆٛ

Ͱ͖ͯɼ{f(z)} p
2 H2 ʹଐ͢Δɽ{f(z)} p

2 ∈ H2 ʹ (ୈ 2ஈ֊)Λద༻͢Δͱɽ໌ূ͕࣍Ͱ͖Δɽ
DͰྵΛͨ࣋ͳ͍ f ∈ Hp ʹରͯ͠ɼ

∫ 1

−1

|f(x)|pdx ≤ 1

2

∫ 2π

0

|f(eiθ)|pdθ

͕Γཱͭɽ

(ୈ 4ஈ֊) ∀f ∈ Hp ͱ͢Δɽf(z)  D ͰྵΛͭ࣋ͱ͢Δɽ

f(z) ͷ Blaschke product Λ B(z) ͱ͢Δɽg(z) :=
f(z)

B(z)
 D ͰྵΛͣͨ࣋ɼHp ʹଐ͢Δɽ

|B(z)| ≤ 1 (∀z ∈ D) Ͱ͋Γɼ|B(eiθ)| = 1 a.e. Ͱ͋Δɽ|f(z)| = |B(z) · g(z)| = |B(z)| · |g(z)| ≤
|g(z)| (∀z ∈ D) Ͱ͋Δɽ

∫ 1

−1

|f(x)|pdx ≤
∫ 1

−1

|g(x)|pdx ≤ 1

2

∫ 2π

0

|g(eiθ)|pdθ =
1

2

∫ 2π

0

|f(eiθ)|pdθ.

1൪ͷෆ߸ɼ|f(z)| ≤ |g(z)| (∀z ∈ D) ͔ΒಘΒΕΔɽ
2൪ͷෆ߸ɼD ͰྵΛͨ࣋ͳ͍ g ∈ Hp ʹ (ୈ 3ஈ֊)Λద༻ͯ͠ಘΒΕΔɽ
3൪ͷ߸ɼ|B(eiθ)| = 1 a.e. ΑΓ |f(eiθ)| = |g(eiθ)| a.e. ͔ΒಘΒΕΔɽ
(Fejér-Riesz inequality for Hpͷূ໌ͷεέονɹऴΘΓ)

༧ʹΛ͢ɽα ͱ ζ ͕͍͍ͯΔͱ͔Γʹ͍͘ͷͰɼα = 0, ζ = 1 ͷ߹Λ͑ߟΔɽͦ
ͷͱ͖ɼAndreev ͷ݁Ռ (Theorem 2)࣍ͷΑ͏ʹͳΔɽ

ҙͷ f ∈ A2
0 :=

{
f ∈ H(D) :

∫

D

|f(z)|2dxdy
π

< ∞
}
ʹରͯ͠ɼ

∫ 1

0

|f(x)|2(1− x)dx ≤
∫

D

|f(z)|2dxdy
π

= ‖f‖2A2
0

͕Γཱͭɽ

f ∈ Ap
0 ͱ͠ɼf  DͰྵΛͨ࣋ͳ͍ͱ͢Δɽͦͷͱ͖ɼ{f(z)} p

2 Λఆٛ͢Δ͕ࣄͰ͖ͯɼ
{f(z)} p

2  A2
0 ʹଐ͢Δɽ{f(z)} p

2 ʹ Andreev ͷ݁ՌΛద༻͢ΔͱɼD ͰྵΛͨ࣋ͳ͍ f ∈ Ap
0

ʹରͯ͠ɼ
∫ 1

0

|f(x)|p(1− x)dx ≤
∫

D

|f(z)|pdxdy
π

(1)

͕ΓཱͭࣄΛূ໌Ͱ͖Δɽ

zk ∈ D \ {0}ʹରͯ͠ɼbzk(z) :=
|zk|
zk

zk − z

1− z̄kz
ͱ͓͘ɽzk = 0ͷ߹ɼb0(z) = zͱ͢Δɽ

12



Theorem 3 ([3]) DͷྻA = {zk}k ͕
∞∑

k=1

(1− |zk|2)2 < ∞Λຬͨ͢ͳΒɼ

HA(z) :=
∞∏

k=1

bzk(z){2− bzk(z)}

DͷҙͷίϯύΫτू߹্ͰҰ༷ʹऩଋ͢ΔɽHA(z)ͷ zero set A = {zk}kͰ͋Δɽ

HA(z) Horowitz product ͱݺΕΔɽ

Theorem 4 ([3]) 0 < p < ∞, −1 < α < ∞ͱ͢Δɽͦͷͱ͖ɼఆ C(p,α) > 0͕ଘͯ͠ࡏɼ

A = {zk}kΛ zero set ͱ͢Δҙͷ f ∈ Ap
αʹରͯ͠ɼ

∥∥∥∥
f

HA

∥∥∥∥
Ap

α

≤ C(p,α)‖f‖Ap
α
͕Γཱͭɽ

f ∈ Ap
0 ͱ͢Δɽf  zero set ͱͯ͠A = {zk}kΛͭ࣋ͱ͠ɼ

∞∑

k=1

(1− |zk|2)2 < ∞ Λຬͨ͢ͱ͢

Δɽg(z) :=
f(z)

HA(z)
ͱ͓͘ͱɼg(z)Dʹ͓͍ͯྵΛͨ࣋ͳ͍ɽͦͷͱ͖ɼ

∫ 1

0

|f(x)|p(1− x)dx ?

∫ 1

0

|g(x)|p(1− x)dx ≤
∫

D

|g(z)|pdxdy
π

= ‖g‖p
Ap

0

≤ C(p, 0)p‖f‖p
Ap

0

̍൪ͷෆ߸ɼg ∈ Ap
0  D ͰྵΛͨ࣋ͳ͍ͷͰ (1)ΑΓ͔Δɽ̏൪ͷෆ߸ɼ

Theorem 4 ΑΓ͔Δɽͨͩ͠ɼHorowitz product ɼBlaschke product B(z)ͷΑ͏ʹ |B(z)| ≤
1 (z ∈ D)ͱ͍͏ੑ࣭Λ͍ͯͬ࣋ͳ͍ͷͰɼୈ߲̍ͱୈ߲̎ͷؒͷؔΛ͕ࣔ͢ࣄͰ͖ͳ͔ͬͨɽ
Horowitz product ͷੑ࣭ Bergman spaces ʹଐ͢Δؔͷ zero set ͷੑ࣭ʹ͍ͭͯใΛ͓
ɽ͍ͩͯ͑͘͞ڭͷํੋඇͪ࣋

ݙจߟࢀ
[1] V. V. Andreev, Fejér-Riesz type inequalities for Bergman spaces, Rend. Circ. Mat. Palermo,

61 (2012), no.3, 385–392.

[2] P. Duren, Theory of Hp spaces, Academic Press, 1970.

[3] H. Hedenmalm, B. Korenblum and K. Zhu, Theory of Bergman spaces, Springer, 2000.

13



Complete Pick kernel ʹؔ͢Δϊʔτ

Ӵେֶߍ૯߹ڭҭֶ܈ɹɹށɹಓੜ (Michio Seto)

0 ͡Ίʹ
୯Ґԁ൘্ͷ Hardy ۭؒͷཧʹ͓͍ͯɼڥքͰ

|ϕ|2 = 1 (0.1)

ΛΈͨ͢ਖ਼ଇ͕ؔࢸΔͱ͜Ζʹొ͠·͢ɽଟมͱ͍͏ઃఆͰͦͷରԠΛ͑ߟΑ͏ͱ͢Δ
ͱɼͦΕ

|ϕ1|2 + |ϕ2|2 − |ϕ3|2 = 1 (0.2)

ͱ͍ͬͨࣜΛΈͨؔ͢ͷ (ϕ1,ϕ2,ϕ3) ʹͳΔͷͰͳ͍͔ͱ͍͏͜ͱΛࠓճͷؔूڀݚձ
ͰఏҊ͠ɼ࣮ࡍʹ (0.2) ͷ͕ࣜݱΕΔ͜ͱΛղઆ͠·ͨ͠ɽ(0.1) ΛԁͷํఔࣜͱΈΕɼ(0.2) 
ۂ໘ͷํఔࣜʹͳΓ·͢ɽ(0.2) ʹؔ͢Δڀݚۂతͳʢෆఆͳʣֶͷ͠͞ͷͨΊͳ͔
ͳ͔ਐ·ͳ͍ͷͰɼҰൠͷପԁతͳ߹ԿʹͳΔ͔ͱ͑ߟ·͢ͱɼͦΕ complete Pick kernel

ͷཧʹͳΓ·͢ɽ͜͜Ͱ complete Pick kernel ͷཧʹ͍ͭͯۙ࠷ௐͨ͜ͱΛ·ͱΊ·͢ɽ

1 Complete Pick Property

λ1, . . . ,λn Λ D ͷ͍ޓʹҟͳΔͱ͢Δɽ͜ͷͱ͖ɼҙͷ w1, . . . , wn ∈ D ʹର͠ɼ

ϕ(λj) = wj and ‖ϕ‖∞ ≤ 1

ΛΈͨ͢ ϕ ∈ H∞(D) ͍ͭଘ͢ࡏΔ͔ʁ͜ͷ Pick ͷิؒͱΑΕΔɽ

ఆཧ 1.1 (Pick) Pick ͷิؒͷՄղੑ࣍ͷྻߦͷਖ਼ఆੑͱಉɽ
(
1− wiwj

1− λiλj

)

1≤i,j≤n
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͜ͷΑ͏ͳྻߦʢPick ΒΘ͔ΔɽPick͔ࢉܭΕΔཧ༝ҎԼͷݱͱΑͿʣ͕ྻߦ ͷิؒʹ
ղ͕͋ͬͨͱͯ͠ɼͦΕΛ ϕ ͱ͢Δɽ͜ͷͱ͖ɼI − TϕT ∗

ϕ ≥ 0 Ͱ͋Δ͔Βɼ

〈(I − TϕT
∗
ϕ)

∑
cjkλj ,

∑
cikλi〉 = 〈

∑
cjkλj ,

∑
cikλi〉 − 〈T ∗

ϕ

∑
cjkλj , T

∗
ϕ

∑
cikλi〉

= 〈
∑

cjkλj ,
∑

cikλi〉 − 〈
∑

cjϕ(λj)kλj ,
∑

ciϕ(λi)kλi〉

= 〈
∑

cjkλj ,
∑

cikλi〉 − 〈
∑

cjwjkλj ,
∑

ciwikλi〉

=
∑

i,j

cicj
1− wiwj

1− λiλj

≥ 0.

Pick ͷਖ਼ఆੑ͔Βྻߦ Pick ͷͷՄղੑΛಋ͘ํ๏͍Ζ͍ΖΒΕ͍ͯΔɽ͔͠͠ɼͲ
Ε͜ͷΑ͏ͳ؆୯ͳͷͰͳ͍ɽ
ͯ͞ɼ͜͜Ͱ wj Λྻߦ Wj, ϕ Λྻߦਖ਼ଇؔʹมͯ͠ߋɼPick ͷҙຯΛͭɽ͜
ͷͱ͖ɼ࣍ͷ͜ͱ͕ΒΕ͍ͯΔɽ

ఆཧ 1.2 Pick ͷิؒͷྻߦ൛ͷՄղੑ࣍ͷྻߦͷਖ਼ఆੑͱಉɽ
(
I −WiW ∗

j

1− λiλj

)

1≤i,j≤n

͜͜ͰྻߦͷαΠζҙͰ͋Δɽ͜ͷ͜ͱΛʮSzegö ֩ complete Pick propertyΛͭʯຢ
ʮH2(D)  complete Pick property Λͭʯͱ͍͏ɽ͜ͷʮcompleteʯͷҙຯʮcompletely

positiveʯʮcompletely boundedʯͱ͍ͬͨ༻ޠͱಉ༷ͳҙຯͰ͋Δɽ͖͢͜ͱʹɼcomplete

Pick property Λͭ࠶ੜ֩ͨ͘͞Μଘ͢ࡏΔɽ࣍ʹͦͷྫΛհ͢Δɽ

2 Sobolev ۭؒ

W 2
1 = {f ∈ AC[0, 1] :

∫ 1

0

|f ′(x)|2 dx < ∞ and f(0) = 0}

= {f(y) =
∫ y

0

h(x) dx :

∫ 1

0

|h(x)|2 dx < ∞}

ͱఆΊΔɽ͜͜Ͱͷඍ௨ৗͷඍͰ͋Δɽ͜ͷ W 2
1 ࠶ੜ֩ώϧϕϧτۭؒͰ͋Δɽ࣮ࡍɼ

f(y) =

∫ y

0

h(x) dx = 〈h,χ[0,y]〉L2 = 〈f,min{x, y}〉W 2
1

ͱ min{0, y} = 0 ͔ΒɼW 2
1 Ͱ y ೖʹରԠ͢Δ࠶ੜ͕֩ min{x, y} Ͱ͋Δ͜ͱ͕Θ͔Δɽ͜͜

·Ͱࣗ໌ͳ͜ͱͰ͋Δ͕ɼ

ఆཧ 2.1 (Agler-Quiggin) W 2
1  complete Pick property Λͭɽ

ҙ 2.1 W 2
1 ʹର͍ͯ͠Ζ͍Ζͳ͕ํݟͰ͖Δɽ࡞༻ૉ͔ΒݟΕɼW 2

1  de Branges-

RovnyakۭؒͷҰͭͰ͋Δɽ࣮ࡍɼT Λ χ[0,y] ͔Βఆ·Δੵ࡞༻ૉͱ͠ɼM(T ) = (ranT, ‖ ·‖T )
ͱఆΊΕɼM(T ) = W 2

1 Ͱ͋Δɽ͞Βʹɼ֬Ͱ W 2
1  Cameron-Martin ෦ۭؒͱΑ

ΕɼϒϥϯӡಈΛߏ͢Δࡍʹ༻͍ΒΕΔॏཁͳۭؒͷΑ͏Ͱ͋Δɽ
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3 Drury-Arveson ۭؒ

Bm = {λ ∈ Cm : ‖λ‖!2m < 1}

ͱఆΊΔɽm = ∞ ͰΑ͍ɽBm × Bm ্ͷؔ

am(ζ,λ) =
1

1− 〈ζ,λ〉!2m

Λ࠶ੜ֩ͱ͢Δ࠶ੜ֩ώϧϕϧτۭؒΛ H2
m ͱද͠ɼDrury-Arveson ۭؒͱΑͿɽH2

1 = H2(D)
ʹҙ͢Δɽ͜ͷ H2

m  Bm ্ͷਖ਼ଇ͔ؔΒͳΔۭؒͰ͋ΓɼH2
m ͷ্Ͱ H2(D) ͷؔ࿈͢

Δ༗໊ͳఆཧΛࣗવʹଟมԽͰ͖Δ͜ͱ͕ΒΕ͍ͯΔɽྫ͑ɼH2
m ͷෆม෦ۭؒΛ͑ߟ

Δͱ (0.2) ͷପԁܕʹ૬͕ͨࣜ͠ݱΕΔʢH2
m ͷํ͕ઌͰ͋Δ͕ʣɽ࣍ͷ࣮ࣄଟ͘ͷऀڀݚʹ

Αͬͯಠཱʹࣔ͞ΕͨΑ͏Ͱ͋Δɽ

ఆཧ 3.1 H2
m  complete Pick property Λͭɽ

͞ΒʹɼH2
m ࣍ͷҙຯͰͷීวੑΛඋ͍͑ͯΔɽ

ఆཧ 3.2 (Agler-McCarthy) k Λ X ্ͷطͳ࠶ੜ֩ͱ͢Δ 1ɽ͜ͷͱ͖ɼk ͕ complete Pick

property ΛͭͳΒɼ
kλ (→ δ(λ)am(·, b(λ))

͕ Hk ͔Β δH2
m ͷڑͳຒΊࠐΈΛ༩͑ΔΑ͏ͳm ∈ N∪{∞}, b : X → Bm, δ : X → C\{0}

͕ଘ͢ࡏΔɽ͞Βʹɼk ͕ X ×X ্࿈ଓͳΒɼb ࿈ଓͰ͋Δɽ

W 2
1 ͕ complete Pick property Λͭ͜ͱ͔ΒɼW 2

1 ਖ਼ଇੑ͔ΒҰ͚͔ݟΕۭͨؒʹؔ
ΘΒͣɼ·ͬͨ͘ෆٞࢥͳ͜ͱʹɼW 2

1 ΛແݸݶͷมΛͬͨਖ਼ଇ͔ؔΒͳΔώϧϕϧτۭ
ؒ H2

∞ ʹຒΊࠐΊΔ͜ͱʹͳΔʢৄ͍͜͠ͱ Agler-McCarthy ͷຊΛࢀরʣɽ͜͜ͰɼW 2
1 ͕

֬Ͱ Cameron-Martin ෦ۭؒͱΑΕ͍ͯͨ͜ͱΛ͍ࢥग़͢ͱɼ࣍ͷΑ͏ͳ͜ͱ͕࿈
͞ΕΔɽ

(i) H2
m  symmetric Fock space ͷϑʔϦΤมͱͯ͠ఆٛͰ͖ΔʢArveson ͷఆٛʣɽ

(ii) Fock ۭؒͱϒϥϯӡಈਂ͍ؔ࿈͕͋ΔʢΑ͘ΒΕ͍ͯΔʣɽ

(iii) W 2
1 ϒϥϯӡಈΛߏ͢Δࡍʹ༻͍ΒΕΔʢ۽୩ ོʮ֬ʯͷ̎ষΛࢀরʣɽ

(iv) ϋʔσΟۭؒͷཧϒϥϯӡಈͱ૬ੑ͕Α͍ʢྫ͑ɼPetersen ͷຊʣɽ

Ҏ্ͷ͜ͱ͔Βɼcomplete Pick kernel ͷཧͱ֬ͷؒʹԿΒ͔ͷؔ࿈͕͋Δ͜ͱ͕ظͰ
͖Δɽ֬ઐ߈ͷಉ྅ʹڭΘ͍ͬͯΔ࠷தͰ͋Δ͕ɼCameron-Martin ෦ۭؒΛ͑ߟΔ͜ͱ
Ͱ֬ʹ͋ΔछͷղੳੑΛಋೖͰ͖Δͱͷ͜ͱʢ͜Ε H2

m ͷຒΊࠐΈͷ͜ͱͰʁʣɽ
͜ͷํͷڀݚͰਐల͕͋ͬͨࡍʹɼؔूڀݚձͰใ͍ͨ͠ࠂͱ͍ࢥ·͢ɽ

ੜ͕֩ຬ͍ͨͯ͠Δࣗવͳ݅Ͱ͋Δɽ࠶ੑʹ͍ͭͯ͜͜Ͱઆ໌͠ͳ͍͕ɼ͍͍ͨͯͷط1
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Composition operators with product symbols

ҵେֶ ෦ֶ ࡉ  (Takuya Hosokawa)

Let H(D) be the space of all analytic functions on the open unit disk D and S(D) be the set of
all analytic self-maps of D. For ϕ ∈ S(D) we define the composition operator by Cϕ : f "→ f ◦ ϕ
on H(D). Let L2

a be the Hilbert-Bergman space on D. We have that Cϕ is bounded on L2
a for

any analytic self-map ϕ and that Cϕ is compact on L2
a if and only if ϕ(z) has no finite angular

derivative on ∂D. In other words, this is equivalent to the following condition:

lim
|z|→1

1− |z|2

1− |ϕ(z)|2 = 0.

Definition 1 Let ϕ be an analytic self-map on D. We define the set Aϕ of the points of ∂D at

which ϕ has a finite angular derivative.

We remark that Cϕ is compact on L2
a if and only if Aϕ = ∅.

Lemma 2 (Proposition 4.7 of [3], p.79) The analytic function f has a finite angular deriva-

tive f ′(ζ) at ζ ∈ ∂D if and only if f ′ has the finite angular limit f ′(ζ) at ζ.

Theorem 3 Let ϕ and ψ be analytic self-maps on D. Suppose that Cϕ and Cψ are not compact

on L2
a and ‖ϕ · ψ‖∞ = 1. Then Cϕ·ψ is compact on L2

a if and only if Aϕ ∩ Aψ = ∅.

Example 4 Let ϕ(z) = 1 −
√
2(1− z) and ψ(z) = −ϕ(−z). Since Aϕ = {1} and Aψ = {−1},

Cϕ and Cψ are not compact on L2
a. Then ‖ϕ · ψ‖∞ = 1 and Aϕ ∩Aψ = ∅. Hence Cϕ·ψ is compact

on L2
a.

Taking ψ = ϕ, we can get the following.

Corollary 5 Let ϕ be an analytic self-map on D. Then the following conditions are equivalent:

(i) Cϕ is compact on L2
a.

(ii) Cϕn is compact on L2
a for some positive integer n.

(iii) Cϕn is compact on L2
a for any positive integer n.
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Next we consider the compactness of Cϕn on the Hardy space H2. Recall that the nevanlinna

counting function Nϕ of ϕ ∈ S(D) is defined by

Nϕ(z) =
∑{

log
1

|w| : ϕ(w) = z

}

for z ∈ D \ {0}. Shapiro proved that Cϕ is compact on H2 if and only if

lim
|z|→1−

Nϕ(z)

log 1
|z|

= 0.

We can prove te following result.

Theorem 6 Let ϕ be an analytic self-map on D. Then the following conditions are equivalent:

(i) Cϕ is compact on H2.

(ii) Cϕn is compact on H2 for some positive integer n.

(iii) Cϕn is compact on H2 for any positive integer n.

ݙจߟࢀ
[1] C. Cowen and B. MacCluer, Composition operators on spaces of analytic functions. CRC

Press, Boca Raton, 1995.

[2] T. Hosokawas and S. Ohno, Composition operators with product symbols on the weighted

Bergman spaces, preprint.

[3] Ch. Pommerenke, Boundary Behavior of Conformal Maps. Springer-Verlag, New York, 1991.
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ۭؔؒ Mp (0 < p < ∞) ʹ͓͚Δ๏తࣸ૾
ʹ͍ͭͯ

ۚҩՊେֶҰൠڭҭߏػɹɹ൧ా҆อ (Yasuo IIDA)ɹɹɹ
ɹɹɹɹɹɹɹɹɹɹɹɹɹɹय़Ұߒ (Kazuhiro KASUGA)

Abstract. [4]ʹ͓͍ͯɺߨԋऀ p Λࣗવʹݶఆͨ͠߹Ͱۭؔؒ Mp(X) ʹ͓͚Δʢඞ
ͣ͠ઢੑܗΛԾఆ͠ͳ͍ʣ๏తશࣹࣸ૾ͷߏΛܾఆͨ͠ɻ͞Βʹ [5]ʹ͓͍ͯɺ͜ͷ
݁ՌΛ p ≥ 1ʹ֦ுͨ͠ɻ͜ͷখจͰ͜ͷΛҰൠͷ 0 < p < ∞ ʹ֦ுͨ݁͠Ռʹ͍ͭͯ
ใ͢ࠂΔɻͦΕ [2, 3, 4, 5]ͰಘΒΕ͍ͯΔ Smirnov classɺPrivalov classɺ Mp(X) (p ∈ N)ɺ
Mp(X) (p ≥ 1)ʹ͓͚Δ݁Ռͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ

1. ४උ

n ≥ 1 ͱ͢ΔɻCn Λෳૉ n ඪΛ࠲Euclidۭؒͱ͠ɺͦͷΛද͢ݩ࣍ z = (z1, . . . , zn) ͱॻ͘
͜ͱʹ͢Δɻunit polydisk Λ Un = {z ∈ Cn : |zj| < 1, 1 ≤ j ≤ n}ɺunit ball Λ Bn = {z ∈ Cn :∑n

j=1 |zj|2 < 1}ͱ͠ɺTn = {z ∈ Cn : |zj| = 1, 1 ≤ j ≤ n}ɺSn = {z ∈ Cn :
∑n

j=1 |zj|2 = 1}ͱ͢
ΔɻҎԼɺX  Un ͔ Bn Λද͠ɺ∂X  Tn ͔ Sn Λද͢ͷͱ͢Δɻ·ͨ ∂X ্ͷ normalized

Lebesgue measure Λ dσ Ͱද͢ɻ

X ্ͷਖ਼ଇؔ f ͕ sup
0≤r<1

∫

∂X

log(1 + |f(rz)|) dσ(z) < ∞ Λຬͨ͢ͱ͖ f  Nevanlinna class

N(X) ʹଐ͢Δͱ͍͏ɻf ∈ N(X) ʹ༗ݶͳ nontangential limit ͕ a.e. z ∈ ∂X Ͱଘ͢ࡏΔ͜
ͱ͕ΒΕ͓ͯΓɺ͜ΕΛվΊͯ f(z) Ͱද͢ͷͱ͢Δɻ·ͨ f ∈ N(X) ͕ҎԼͷ݅Λຬͨ
͢ͱ͖ f  Smirnov class N∗(X) ʹଐ͢Δͱ͍͏ɿ

sup
0≤r<1

∫

∂X

log(1 + |f(rz)|) dσ(z) =
∫

∂X

log(1 + |f(z)|) dσ(z).

1 < p < ∞ͱ͢ΔɻX ্ͷਖ਼ଇؔ f ͕ sup
0≤r<1

∫

∂X

(log(1 + |f(rz)|))p dσ(z) < ∞ Λຬͨ͢ͱ

͖ f  Privalov class Np(X) ʹଐ͢Δͱ͍͏ɻҎԼɺ؆ศͷͨΊʹ N1(X) = N∗(X) ͱද͢͜ͱ
ʹ͢ΔɻNp(X) (p ≥ 1) ্ͷڑΛ

dNp(X)(f, g) =

(∫

∂X

(log(1 + |f(z)− g(z)|))p dσ(z)
) 1

p

(f, g ∈ Np(X))

Ͱఆٛ͢ΔͱɺNp(X) ͜ͷڑʹؔͯ͠ F -algebraʢੵʹؔͯ͠࿈ଓͰ͋Δɺઢܗඋڑۭ
ؒʣͰ͋Δ͜ͱ͕ΒΕ͍ͯΔɻ
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ۭؒؔʹ࣍ Mp(X) Λఆٛ͠Α͏ɻ0 < p < ∞ ʹର͠ɺҎԼΛຬͨ͢ X ্ͷਖ਼ଇؔ f ͷ
શମΛ Mp(X) Ͱද͢͜ͱʹ͢Δɿ

∫

∂X

(
log

(
1 + sup

0≤r<1
|f(rz)|

))p

dσ(z) < ∞.

Mp(X) ্ͷڑΛ

dMp(X)(f, g) =

{∫

∂X

(
log

(
1 + sup

0≤r<1
|f(rz)− g(rz)|

))p

dσ(z)

}αp
p

(f, g ∈ Mp(X))

ͱ͢Δʢͨͩ͠ αp = min(1, p)ͱ͓͘ʣͱɺMp(X) ͜ͷڑʹؔͯ͠ F -algebra Ͱ͋Δ͜ͱ͕
Θ͔͍ͬͯΔ ([11])ɻ
͜ΕΒͷΫϥεʹର͠ɺҎԼͷแؚ͕ؔΓཱͭ͜ͱ͕ΒΕ͍ͯΔɿ

Hq(X) ! Np(X) = Mp(X) ! M1(X) ! N∗(X) (0 < q ≤ +∞ , p > 1).

͜͜Ͱ Hardy space Λ Hq(X) Ͱද͠ɺͦͷϊϧϜ ‖ · ‖q ͱද͢هΔ͜ͱʹ͢Δɻ·ͨN(X) !
Mp(X) (0 < p < 1)Ͱ͋Δ͜ͱ͕ΒΕ͍ͯΔɻಛʹHardy algebra H∞(X) N∗(X) Np(X) ,

Mp(X) ʹ͓͍ͯີͰ͋Δɻ

2. N∗(X) , Np(X) ʹ͓͚Δࣸ૾ͷ͜Ε·Ͱͷ݁Ռʹ͍ͭͯ

Smirnov class N∗(X) ʹ͓͚Δઢܗࣸ૾ͷ݁Ռ Stephenson [9]ʹΑͬͯಘΒΕ͓ͯΓɺ·
ͨ Privalov class Np(X) ʹ͓͚Δઢܗࣸ૾ʹ͍ͭͯɺ̍มͷ߹ Iida-Mochizuki [7]ʹ
ΑΔ݁Ռ͕͋Γɺଟมͷ߹ Subbotin [10,11]ͷ݁Ռ͕ΒΕ͍ͯΔɻશࣹͷ߹ʹ͍ͭͯҎ
্ͷ݁ՌΛ·ͱΊͨͷ͕࣍ͷఆཧͰ͋Δɿ

ఆཧ 2-1

Let p ≥ 1. T : Np(X) → Np(X) is a surjective linear isometry. Then there exists a holomorphic

automorphism Φ on X with Φ(0) = 0 such that T (f) = αf ◦ Φ for all f ∈ Np(X) where

α ∈ C, |α| = 1.

ͯ͞ɺp ≥ 1 ʹର͠ T : Np(X) → Np(X) ͕ T (fg) = T (f)T (g) (f , g ∈ Np(X)) Λຬͨ͢ͱ
͖ɺT ๏తʢmultiplicativeʣͰ͋ΔͱݺͿɻSmirnov class N∗(X) ʹ͓͚Δʢඞͣ͠ઢܗ
Ͱͳ͍ʣ๏తશࣹࣸ૾ͷ݁ՌHatori-Iida [2]ʹΑͬͯಘΒΕ͓ͯΓɺ·ͨ Privalov class

Np(X)ʹ͓͚Δʢඞͣ͠ઢܗͰͳ͍ʣ๏తશࣹࣸ૾ʹ͍ͭͯ Hatori-Iida-Stević-Ueki

[3]ʹΑͬͯಘΒΕ͍ͯΔɻҎԼ͕ͦͷ༰Ͱ͋Δɿ
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ɹ

໋ 2-2

Let n be a positive integer and let X be either Bn or Un. Let p ≥ 1 and suppose that T :

Np(X) → Np(X) is a surjective isometry. If T is 2-homogeneous in the sense that T (2f) = 2T (f)

holds for every f ∈ Np(X), then either

T (f) = αf ◦ Φ for every f ∈ Np(X) or T (f) = αf ◦ Φ for every f ∈ Np(X),

where α is a complex number with the unit modulus and forX = Bn, Φ is a unitary transformation;

for X = Un, Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin), where |λj| = 1, 1 ≤ j ≤ n and (i1, . . . , in) is some

permutation of the integers from 1 through n.

ఆཧ 2-3

Let n be a positive integer and let X be either Bn or Un. Let T be a multiplicative (not

necessarily linear) isometry from Np(X) (p ≥ 1) onto itself. Then there exists a holomorphic

automorphism Φ on X such that either of the following holds:

T (f) = f ◦ Φ for every f ∈ Np(X) or T (f) = f ◦ Φ for every f ∈ Np(X),

where Φ is a unitary transformation for X = Bn; Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin) for X = Un,

where |λj| = 1 for every 1 ≤ j ≤ n and (i1, . . . , in) is some permutation of the integers from 1

through n.

Ҏ্ͷ໋ 2-2ͱఆཧ 2-3ͷূ໌ʹ͓͍ͯେ͖ͳׂΛՌ͍ͨͯ͠Δͷ͕ɺ࣍ͷʮMazur-Ulam

ͷఆཧʯͱݺΕΔͷͰ͋Δʢ[8]ʣɻ

ิ 2-4

Let X and Y be normed vector spaces and U : X → Y be surjective isometry which satisfies

U(0) = 0. Then U is real-linear.

3. M p(X) ʹ͓͚Δʢ๏తʣશࣹࣸ૾ʹ͍ͭͯ

ۭؔؒ Mp(X) (p > 0) ʹ͓͚Δઢܗશࣹࣸ૾ͷ݁Ռ Subbotin [10, 11, 12]ʹΑͬͯಘ
ΒΕ͍ͯΔɻͦͷ༰ Np(X) (p ≥ 1) ͷέʔεͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ

ఆཧ 3-1

Let p > 0. T : Mp(X) → Mp(X) is a surjective linear isometry. Then there exists a holomorphic

automorphism Φ on X with Φ(0) = 0 such that T (f) = αf ◦ Φ for all f ∈ Mp(X) where

α ∈ C, |α| = 1.
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·ͨ Mp(X) ʹ͓͚Δʢඞͣ͠ઢܗͰͳ͍ʣ๏తશࣹࣸ૾ͷ݁Ռɺp ∈ N ͷ߹
 [4]Ͱɺ͞Βʹ p ≥ 1 ͷ߹ [5]Ͱࣔ͞Ε͍ͯΔɻ͜ΕΒͷ༰ Np(X) (p ≥ 1) ͷέʔε
ͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ

໋ 3-2

Let n be a positive integer and let X be either Bn or Un. Let p ≥ 1 and suppose that

T : Mp(X) → Mp(X) is a surjective isometry. If T is 2-homogeneous in the sense that T (2f) =

2T (f) holds for every f ∈ Mp(X), then either

T (f) = αf ◦ Φ for every f ∈ Mp(X) or T (f) = αf ◦ Φ for every f ∈ Mp(X),

where α is a complex number with the unit modulus and forX = Bn, Φ is a unitary transformation;

for X = Un, Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin), where |λj| = 1, 1 ≤ j ≤ n and (i1, . . . , in) is some

permutation of the integers from 1 through n.

ఆཧ 3-3

Let n be a positive integer and let X be either Bn or Un. Let T be a multiplicative (not

necessarily linear) isometry from Mp(X) (p ≥ 1) onto itself. Then there exists a holomorphic

automorphism Φ on X such that either of the following holds:

T (f) = f ◦ Φ for every f ∈ Mp(X) or T (f) = f ◦ Φ for every f ∈ Mp(X),

where Φ is a unitary transformation for X = Bn; Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin) for X = Un,

where |λj| = 1 for every 1 ≤ j ≤ n and (i1, . . . , in) is some permutation of the integers from 1

through n.

͜ͷখจͰɺ͜ΕΒͷ༰ΛҰൠͷ 0 < p < ∞ ʹ֦ுͨ݁͠ՌΛใ͢ࠂΔ ([6])ɻͦΕ্ड़
ͷ Np(X) (p ≥ 1) , Mp(X) (p ∈ N) , Mp(X) (p ≥ 1) Ͱͷ༰ͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ

໋ 3-4([6])

Let n be a positive integer and let X be either Bn or Un. Let 0 < p < ∞ and suppose

that T : Mp(X) → Mp(X) is a surjective isometry. If T is 2-homogeneous in the sense that

T (2f) = 2T (f) holds for every f ∈ Mp(X), then either

T (f) = αf ◦ Φ for every f ∈ Mp(X) or T (f) = αf ◦ Φ for every f ∈ Mp(X),

where α is a complex number with the unit modulus and forX = Bn, Φ is a unitary transformation;

for X = Un, Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin), where |λj| = 1, 1 ≤ j ≤ n and (i1, . . . , in) is some

permutation of the integers from 1 through n.

͜ͷ໋ͷূ໌ʹ͓͍ͯɺҎԼͷิΛར༻͢Δɿ
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ิ 3-5([10])

Let f ∈ Hp(X), p ≥ 1. Then the norm ||f ||Hp
m
:=

{∫

∂X

sup
0≤r<1

|f(rz)|p dσ(z)
} 1

p

is equivalent to

the standard norm in Hp(X).

ิ 3-6([10])

Let 0 < p < ∞. Then

lim
ε→0+

1

εp+1
{(εt)p − (log(1 + εt))p} =

p

2
tp+1, t ≥ 0.

ʲ໋ 3-4ͷূ໌ͷུ֓ʳ
1 ≤ p < ∞ ͷ߹ͷུ֓ʹ͍ͭͯ [5]Λࢀর͞Ε͍ͨɻ͜͜Ͱ 0 < p < 1 ͷ߹ͷূ໌ʹ
͍ͭͯ֓આ͢Δɻ
Λຬͨ͢X্ͷਖ਼ଇؔͷશମΛ࣍ Hp

m(X) (0 < p < 1)ͱද͢͜ͱʹ͢Δɿ

dHp
m
(f, 0) :=

∫

∂X

sup
0≤r<1

|f(rz)|p dσ(z) < ∞.

ͦͯ͠ f, g ∈ Hp
m(X)ʹؔͯ͠ڑΛ dHp

m
(f, g) = dHp

m
(f − g, 0)ͷΑ͏ʹఆΊΔɻ ͠ T :

Mp(X) → Mp(X)͕શࣹࣸ૾Ͱɹҙͷ f ∈ Mp(X)ʹؔͯ͠ T (2f) = 2T (f)Λຬͨ͢ͳ
Βɺ[4, Proposition 1]ͷํ๏ͱಉ༷ʹɺT : Hp

m(X) → Hp
m(X)ɺ·ͨશࣹࣸ૾Ͱ͋Δɻ

f, g ∈ Hp(X)ͱ͢ΔɻT (2f) = 2T (f)͔ͩΒɺT (f)
2m = T ( f

2m ) (m ∈ N)ΛಘΔɻ͜ͷ࣌ɺ࣍ͷࣜ
͕Γཱͭɻ

∫

∂X

sup
0≤r<1

∣∣∣∣
f(rz)

2m

∣∣∣∣
p

dσ(z)−
∫

∂X

(
log

(
1 + sup

0≤r<1

∣∣∣∣
f(rz)

2m

∣∣∣∣

))p

dσ(z)

=

∫

∂X

sup
0≤r<1

∣∣∣∣
(Tf)(rz)

2m

∣∣∣∣
p

dσ(z)−
∫

∂X

(
log

(
1 + sup

0≤r<1

∣∣∣∣
(Tf)(rz)

2m

∣∣∣∣

))p

dσ(z).

͕ͨͬͯ͠
∫

∂X

1

( 1
2m )p+1

{(
1

2m
sup

0≤r<1
|f(rz)|

)p

−
(
log

(
1 +

1

2m
sup

0≤r<1
|f(rz)|

))p}
dσ(z) (1)

=

∫

∂X

1

( 1
2m )p+1

{(
1

2m
sup

0≤r<1
|(Tf)(rz)|

)p

−
(
log

(
1 +

1

2m
sup

0≤r<1
|(Tf)(rz)|

))p}
dσ(z)

ΛಘΔɻෆࣜ log(1+xy) ≤ log(1+x)+ log(1+y) (x ≥ 0 , y ≥ 0)ͱ (a+ b)p ≤ 2p(ap+ bp) (a ≥
0 , b ≥ 0 , p > 0)ΑΓɺ(1) ͷࠨลͷඃੵ͕ؔ L1(∂X)-ؔͰ͓͑͞ΒΕΔ͜ͱ͕͔֬ΊΒΕ
Δɻಉ༷ʹ (1)ͷӈลͷඃੵؔL1(∂X)-ؔͰ͓͑͞ΒΕΔ͜ͱ͕͔֬ΊΒΕΔɻLebesgue

ͷऩଋఆཧͱิ 3-6Λ (1)ͷ྆ลʹ༻͍ͯ࣍ͷࣜΛಘΔɻ
∫

∂X

p

2

(
sup

0≤r<1
|f(rz)|

)p+1

dσ(z) =

∫

∂X

p

2

(
sup

0≤r<1
|(Tf)(rz)|

)p+1

dσ(z).
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ΛಘΔɻ͕࣍ͯͬͨ͠
∫

∂X

sup
0≤r<1

|f(rz)|p+1 dσ(z) =

∫

∂X

sup
0≤r<1

|(Tf)(rz)|p+1 dσ(z).

ิ 3-5ΑΓϊϧϜ || · ||p+1ͱϊϧϜ || · ||Hp+1
m
ͷಉੑ͔ΒɺT : Hp+1(X) → Hp+1(X)͕શࣹ

ࣸ૾Ͱ͋Δ͜ͱ͕͔Δɻ Hp+1(X) ͕ϊϧϜઢۭؒܗͰ͋Δ͜ͱͱ A(0) = 0͔ΒMazur-Ulam

theoremΛ༻͍ͯ A|Hp+1(X)͕࣮ઢܗࣸ૾Ͱ͋Δ͜ͱ͕ಋ͔ΕΔɻޙ [5]ʹ͓͚Δ 1 ≤ p < ∞
ͷ߹ͷূ໌ͱಉ༷ʹࣔ͞ΕΔɻ

ʢূ໌ऴʣ

ʹޙ࠷ Mp(X) (0 < p < ∞) ʹ͓͚Δʢඞͣ͠ઢܗͰͳ͍ʣ๏తશࣹࣸ૾ͷ݁Ռ
ҎԼͷΑ͏ʹද͞ΕΔɻ͜ͷ݁Ռ Np(X) (p ≥ 1) , Mp(X) (p ∈ N), Mp(X) (p ≥ 1) ͷέʔ
εͱ·ͬͨ͘ಉ͡Ͱ͋Δɻ
͜Ε [4, Theorem 2]ͱಉ༷ʹࣔ͞ΕΔͷͰɺ͜͜Ͱূ໌ΛߦΘͳ͍ɻ

ఆཧ 3-7([6])

Let n be a positive integer and let X be either Bn or Un. Let T be a multiplicative (not

necessarily linear) isometry fromMp(X) (0 < p < ∞) onto itself. Then there exists a holomorphic

automorphism Φ on X such that either of the following holds:

T (f) = f ◦ Φ for every f ∈ Mp(X) or T (f) = f ◦ Φ for every f ∈ Mp(X),

where Φ is a unitary transformation for X = Bn; Φ(z1, . . . , zn) = (λ1zi1 , . . . ,λnzin) for X = Un,

where |λj| = 1 for every 1 ≤ j ≤ n and (i1, . . . , in) is some permutation of the integers from 1

through n.
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The Toeplitzness of composition operators

ຊۀେֶֶ෦ େɹमҰʢShûichi Ohno)

1 Introduction

Let H2 be the Hardy-Hilbert space of all analytic functions on the open unit disk D with square-

summable Taylor coefficients. For f(z) =
∑∞

n=0 anz
n and g(z) =

∑∞
n=0 bnz

n in H2, the standard

inner product is defined as

〈f, g〉 =
∞∑

n=0

anbn

=

∫

∂D
f(ζ)g(ζ)dm(ζ),

where m is the normalized Lebesgue measure on the boundary ∂D of D. Refer to [12, 19] for the

basic properties of the classical Hardy spaces.

Let T be a bounded linear operators on H2. Then T is a Toeplitz operator if and only if

S∗TS = T , where S is the forward shift defined by Sf(z) = zf(z) for z ∈ D and f ∈ H2 and S∗ is

the backward shift on H2. In [2], Barŕıa and Halmos called an operator T on H2 asymptotically

Toeplitz if the sequence of operators {S∗nTSn} converges strongly on H2. Then Feintuch [13]

pointed out that one need not rule out either weak or norm operator convergence. So there are

actually three different kinds of asymptotic toeplitzness.

Definition. Let T be a bounded linear operator on H2.

(i) T is said to be uniformly asymptotically Toeplitz if there is a bounded linear operator A on

H2 such that ‖S∗nTSn − A‖ → 0 as n → ∞.

(ii) T is said to be strongly asymptotically Toeplitz if there is an operator A on H2 such that

‖(S∗nTSn − A)f‖ → 0 as n → ∞ for f ∈ H2.

(iii) T is said to be weakly asymptotically Toeplitz if there is an operator A on H2 such that

〈(S∗nTSn − A)f, g〉 → 0 as n → ∞ for f, g ∈ H2.

Feintuch [13] showed the following result.

Theorem of Feintuch. A bounded linear operator on H2 is uniformly asymptotically Toeplitz

if and only if it is the sum of a Toeplitz operator and a compact operator.
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In the natural way, for a bounded measurable function u ∈ L∞(∂D), a Toeplitz operator Tu on

H2 is defined as Tuf = P (uf) for f ∈ H2, where P is the orthogonal projection from L2(∂D) to
H2. Recall that the only compact Toeplitz operator on H2 is the zero operator. See [10, 15] for

operator theory on H2.

We here consider the asymptotic toeplitzness associated with composition operators. For an

analytic self-map ϕ of D, the composition operator Cϕ is defined by Cϕf = f ◦ ϕ. It has been

known for a long time that such operators are bounded linear operators on H2. See [4, 20, 25]

for the study of composition operators. Also, refer to [22] for a survey of early results on the

toeplitzness of composition operators.

2 Torplitzness of Cϕ

Clearly, only an analytic self-map ϕ of D which make Cϕ a Toeplitz operator is the identy.

Nazarov and Shapiro [17] investigated properties of the asymptotic toeplitzness of composition

operators and adjoints. The following are obtained in [17].

Theorem 2.1 A composition operator is uniformly asymptotically Toeplitz if and only if it is

either compact or the identity.

Theorem 2.2 Let ϕ be an analytic self-map of D. If |ϕ| < 1 a.e. on ∂D, then Cϕ is strongly

asymptotically Toeplitz with asymptotic symbol zero.

Theorem 2.3 Suppose that ϕ is not the identity map and fixes the origin. If Cϕ is strongly

asymptotically Toeplitz, then |ϕ| < 1 a.e. on ∂D.

Theorem 2.4 Suppose that ϕ is not the identity map and fixes the origin. Then Cϕ is weakly

asymptotically Toeplitz with asymptotic symbol zero.

See [23] for the converse.

3 Toeplitzness of products of composition operators and

their adjoints

Recently the toeplitzness of products of composition operators and their adjoints is indepen-

dently investigated in [6, 11, 18].

Theorem 3.1 Let ϕ,ψ be analytic self-maps of D. Then C∗
ϕCψ is Toeplitz if and only if ϕ = ψ

and ϕ is inner. And then C∗
ϕCϕ = Tu, where

u(ζ) =
1− |ϕ(0)|2

|1− ϕ(0)ζ|2
for ζ ∈ ∂D.
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Proof. At first, we note that C∗
ϕCψ is Toeplitz if and only if

C∗
ϕT1−ϕψCψ = 0.

Suppose that ϕ = ψ and ϕ is inner. Then 1− ϕψ = 0. Clearly C∗
ϕCψ is Toeplitz.

Conversely assume that C∗
ϕCψ is Toeplitz. Then C∗

ϕT1−ϕψCψ = 0.

0 = 〈C∗
ϕT1−ϕψCψ1, 1〉

= 〈P (1− ϕψ), 1〉
= 〈1− ϕψ, 1〉.

So

∫
(1− ϕψ)dm = 0 and thus

∫
ϕψdm = 1. As |ϕψ| ≤ 1, ϕ and ψ are inner.

Moreover ∫
|ϕψ|dm =

∣∣
∫
ϕψdm

∣∣∣ = 1.

So ϕψ is constant and we can easily check ϕψ = 1. Consequently ϕ = ψ.

Next, we note that S∗nC∗
ϕCψS

∗ = C∗
ϕT(ϕψ)nCψ.

Theorem 3.2 ([11]) Let ϕ,ψ be analytic self-maps of D.

(i) When ϕ = ψ, C∗
ϕCϕ is uniformly asymptotically Toeplitz if and only if T1−χ(E)Cϕ is compact,

where E = {ζ ∈ ∂D : |ϕ(ζ)| = 1}.

(ii) When ϕ &= ψ, C∗
ϕCψ is uniformly asymptotically Toeplitz if and only if C∗

ϕCψ is compact.

It is unknown to characterize any analytic self-map ϕ of D for which T1−χ(E)Cϕ is compact.

The compactness of C∗
ϕCψ was characterized in [3]: C∗

ϕCψ is compact on H2 if and only if

lim
|z|→1

Nϕ(ϕ(z))Nψ(ψ(z))

log 1
|ϕ(z)| log

1
|ψ(z)|

= 0.

If ϕ and ψ are univalent, the compactness is equivalent to

lim
|z|→1

(1− |z|2)2

(1− |ϕ(z)|2)(1− |ψ(z)|2) = 0.

Lemma 3.3 Let {un} be a bounded sequence in L∞(∂D) such that un → 0 pointwise a.e. on ∂D.
Then Tun → 0 strongly as n → ∞.

As S∗nC∗
ϕCϕS

∗ = C∗
ϕT|ϕ|2nCϕ and |ϕ|2n → χ(E) pointwise a.e. on ∂D, we can show the following

using Lemma 3.3 in the case ϕ = ψ.

Theorem 3.4 Let ϕ,ψ be analytic self-maps of D.

(i) ([11]) When ϕ = ψ, C∗
ϕCϕ is automatically strongly asymptotically Toeplitz .

(ii) Suppose ϕ &= ψ. If |ϕψ| < 1 a.e. on ∂D, then C∗
ϕCψ is strongly asymptotically Toeplitz with

asymptotic symbol zero.

Asymptotic toeplitzness of CϕC∗
ψ has not completely been investigated.
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4 S-toeplitzness of composition operators

Matache [16] considered the usual generalization of Toeplitz operators. A bounded linear oper-

ator S on a Hilbert space is called a unilateral (forward) shift if it is an isometry such that {S∗n}
is convergent to 0 in the strong operator topology. For example, if w is a non-consatnt inner

function, then Mw is unilateral on H2.

Matache then introduced the corresponding asymptotic generalizations.

Definition. Let T be a bounded linear operator on H2 and S a unilateral shift.

(i) An operator T is called S-toeplitz if S∗TS = T .

(ii) An operator T is called S-analytic if TS = ST .

Theorem 4.1 ([16]) Let w be a non-constant inner function and ϕ a non-constant analytic

self-map of D.

(i) If Cϕ is Mw-Toeplitz, then ϕ is inner.

(ii) If ϕ is inner, then Cϕ is Mw-Toeplitz if and only if Cϕw = w.

Moreover Jung and Ko recently study the case of weighted composition operators.

Theorem 4.2 ([14]) Let u be a non-zero bounded analytic function on D and ϕ a non-constant

analytic self-map of D. If w be a non-constant inner function, then the following are equivalent.

(i) Cϕ is Mw-Toeplitz.

(ii) MuCϕ is Mw-Toeplitz.

(iii) ϕ is inner and Cϕw = w.
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Weighted composition operators whose ranges
contain the disk algebra II

৽ׁେֶɾࣗવՊֶܥɹɹઘɹ࢘ܟ (Keiji Izuchi)

1 Introduction

Let D be the open unit disk. We denote by H(D) the space of all analytic functions on D. We

denote by S the set of analytic self-maps of D. For each ϕ ∈ S and u ∈ H(D), we may defined

the weighted composition operator MuCϕ on H(D) by (MuCϕ)f = u(f ◦ ϕ) for f ∈ H(D). For

a subset E of H(D), write (MuCϕ)(E) = {(MuCϕ)f : f ∈ E}. There are a lot of studies of

(weighted) composition operators on various space of analytic functions, see [1, 5].

We denote by A(D) the disk algebra, i.e., the space of functions in H(D) which can be extended

continuously on D (see [3]). We denote by H∞ the space of bounded analytic functions on

D. Let Aut (D) be the set of automorphisms of D. For finitely many ϕ1,ϕ2, · · · ,ϕ" in S and

u1, u2, · · · , u" in H(D), in the previous paper [4, Theorem 2.1] the authors proved that if A(D) ⊂⋃"
n=1(MunCϕn)(H(D)), then ϕk ∈ Aut (D) and Z(uk) = ∅ for some 1 ≤ k ≤ ", where Z(uk)

denotes the zero set of uk in D. Moreover, for sequences {ϕn}n≥1 in S and {un}n≥1 in H(D),
if H∞ ⊂

⋃∞
n=1(MunCϕn)(H(D)), then ϕk ∈ Aut (D) and Z(uk) = ∅ for some k ≥ 1. We have a

conjecture that for sequences {ϕn}n≥1 in S and {un}n≥1 inH(D), ifA(D) ⊂
⋃∞

n=1(MunCϕn)(H(D)),
then ϕk ∈ Aut (D) and Z(uk) = ∅ for some k ≥ 1. At this moment, we can not prove this.

For 0 < p < ∞, let Ap, the Bergman space, be the space of functions f in H(D) satisfying that

∫

D
|f(z)|p dA(z) < ∞,

where dA is the normalized area measure on D. It is well known that Cϕ(Ap) ⊂ Ap. Applying the

Baire category theorem we shall prove that if

A(D) ⊂
∞⋃

n=1

Cϕn

( ⋃

0<p<∞
Ap

)
,

Then ϕk ∈ Aut (D) for some k ≥ 1.
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2 Weighted Bergman spaces

We study under more general setting. Let ω be a positive continuous function on D satisfying

that

(α) ω(z) → 0 as |z| → 1.

For f ∈ H(D), let denote
‖f‖ω = sup

z∈D
ω(z)|f(z)|.

Write

H(ω) = {f ∈ H(D) : ‖f‖ω < ∞}.

Then H(ω) is a Banach space with the norm ‖ · ‖ω and A(D) ⊂ H(ω). For each positive integer

m, let

Hm(ω) = {f ∈ H(ω) : ‖f‖ω ≤ m}.

We have H(ω) =
⋃∞

m=1 Hm(ω).

Lemma 2.1. Cϕ(Hm(ω)) ∩ A(D) is closed in A(D).

Proof. Let {fj}j≥1 be a sequence in Cϕ(Hm(ω))∩A(D) such that fj → f0 in A(D) as j → ∞. For

each j ≥ 1, there is gj ∈ Hm(ω) such that fj = gj ◦ϕ. Since ω(z)|gj(z)| ≤ m on D for every j ≥ 1,

by the normal family argument we may assume that gj → g0 ∈ H(D) uniformly on any compact

subset of D as j → ∞. Then we have g0 ∈ Hm(ω) and f0 = g0 ◦ ϕ, so f0 ∈ Cϕ(Hm(ω)) ∩ A(D).
Thus we get the assertion.

Since Cϕ(H(ω))∩A(D) is a subspace of A(D) and H(ω) =
⋃∞

m≥1Hm(ω), we have the following.

Lemma 2.2. If Cϕ(Hm(ω)) ∩ A(D) contains a non-void open subset of A(D), then A(D) ⊂
Cϕ(H(ω)).

Proof. Take a non-void open subset U of A(D) satisfying

U ⊂ Cϕ(Hm(ω)) ∩ A(D).

Fix f0 ∈ U . There is g0 ∈ Hm(ω) such that f0 = g0 ◦ ϕ. Take f ∈ A(D) arbitrary. We have

f0 + εf ∈ U ⊂ Cϕ(Hm(ω)) ∩ A(D)

for some ε > 0. Then there is h ∈ Hm(ω) such that f0 + εf = h ◦ ϕ. Since (h− g0)/ε ∈ H(ω), we

have

f =
(h− g0) ◦ ϕ

ε
∈ Cϕ(H(ω)).

Thus we get the assertion.

By [4, Theorem 1.1], we have the following.
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Lemma 2.3. If A(D) ⊂ Cϕ(H(ω)), then ϕ ∈ Aut (D).

Theorem 2.4. Let {ϕn}n≥1 be a sequence in S and {ω"}"≥1 be a sequence of positive continuous

functions on D satisfying condition (α). If

A(D) ⊂
∞⋃

n=1

Cϕn

( ∞⋃

"=1

H(ω")
)
,

then ϕk ∈ Aut (D) for some k ≥ 1.

Proof. We may assume that ϕn is non-constant for every n ≥ 1. We have

∞⋃

"=1

H(ω") =
∞⋃

",m=1

Hm(ω").

By the assumption,

A(D) =
∞⋃

n,",m=1

Cϕn(Hm(ω")) ∩ A(D).

By Lemma 2.1, Cϕn(Hm(ω"))∩A(D) is closed in A(D) for every n, $,m ≥ 1. By the Baire category

theorem, Cϕn(Hm(ω")) ∩ A(D) contains a non-void open subset of A(D) for some n, $ and m. By

Lemma 2.2, A(D) ⊂ Cϕn(H(ω")). By Lemma 2.3, we have ϕ ∈ Aut (D).

For 0 < p < ∞ and −1 < α < ∞, the weighted Bergman space Ap
α is the space of f ∈ H(D)

satisfying that

‖f‖p,α :=
(∫

D
|f(z)|p dAα(z)

)1/p

,

where

dAα(z) = (α + 1)(1− |z|2)α dA(z)

(see [2, p. 2]). We have Ap
0 = Ap,

Ap
α1

⊂ Ap
α2

if −1 < α1 < α2 < ∞

and

Ap1
α ⊃ Ap2

α if 0 < p1 < p2 < ∞.

Then
⋃

0<p<∞
Ap

α =
∞⋃

"=1

A1/"
α and

⋃

−1<α<∞
Ap

α =
∞⋃

k=1

Ap
k.

Hence
⋃

0<p<∞,−1<α<∞
Ap

α =
∞⋃

",k=1

A1/"
k .

For f ∈ Ap
α, we have

sup
z∈D

(1− |z|2)
2+α
p |f(z)| ≤ ‖f‖p,α < ∞
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(see [2, p. 53]). Set ωp,α(z) = (1− |z|2)(2+α)/p. Then Ap
α ⊂ H(ωp,α) and

⋃

0<p<∞,−1<α<∞
Ap

α ⊂
∞⋃

",k

H(ω1/",k).

So by Theorem 2.4, we have the following.

Corollary 2.5. Let {ϕn}n≥1 be a sequence in S. If

A(D) ⊂
∞⋃

n=1

Cϕn

( ⋃

0<p<∞,−1<α<∞
Ap

α

)
,

then ϕk ∈ Aut (D) for some k ≥ 1.

For 0 < p < ∞, let Hp be the space of functions f in H(D) satisfying that

sup
0<r<1

∫ 2π

0

|f(reiθ)|p dθ

2π
< ∞.

The space Hp is call the Hardy space. Since Hp ⊂ Ap, we have the following.

Corollary 2.6. Let {ϕn}n≥1 be a sequence in S. If

A(D) ⊂
∞⋃

n=1

Cϕn

( ⋃

0<p<∞
Hp

)
,

then ϕk ∈ Aut (D) for some k ≥ 1.
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C1[0, 1]্ͷશࣹ࣮ઢܗڑࣸ૾ʹ͍ͭͯ

ถߴۀࢠઐֶߍɹɹݹਗ਼ਫ େ (Hironao Koshimizu)

Banach-Stoneͷఆཧ (1930)Λൃͱͯ͠, ༷ʑͳۭؔؒʹ͓͍ͯશࣹෳૉઢܗڑࣸ
૾ͷܗΛܾఆ͢Δͷ͕͞ڀݚΕ͖ͯͨ. ·ͨ, ઢੑܗΛԾఆ͠ͳ͍શࣹڑࣸ૾ʹ͍ͭͯ,

Mazur-Ulamͷఆཧ (1932), શࣹ࣮ઢܗڑࣸ૾͕ຊ࣭Ͱ͋Δ͜ͱΛड़͍ͯΔ. 1990
ʹ Ellis([2])্͕ؔͷશࣹ࣮ઢܗڑࣸ૾ʹ͍ͭͯѻ͍ͬͯΔ͕, ·ͩ·ͩෳૉઢ্ۭؒܗ
ͷ࣮ઢܗڑࣸ૾ʹ͍ͭͯΒΕ͍ͯΔ͜ͱগͳ͍ͱࢥΘΕΔ. ͜͜Ͱ, ด۠ؒ [0, 1] ্ͷ
࿈ଓඍՄؔશମͷۭؒʹ͓͚Δશࣹ࣮ઢܗڑࣸ૾ʹ͍ͭͯ͑ߟΔ.

1 Banach-StoneͷఆཧͱMazur-Ulamͷఆཧ
XΛίϯύΫτHausdorffۭؒͱ͠, C(X) ΛX্ͷෳૉ࿈ଓؔશମͷBanachۭؒͱ͢
Δ. ͨͩ͠, ϊϧϜ supϊϧϜ

‖f‖∞ = sup
{
|f(x)| : x ∈ X

}
(f ∈ C(X))

Ͱ༩͑ΒΕΔ. C(X)্ͷશࣹෳૉઢܗڑࣸ૾, ͷBanach-StoneͷఆཧʹΑͬͯಛ͚ͮ࣍
ΒΕΔ.

Banach-Stoneͷఆཧ. X ΛίϯύΫτ Hausdorffۭؒͱ͢Δ. ͜ͷͱ͖, C(X) ͔Β
C(X) ͷશࣹෳૉઢܗڑࣸ૾ T , X ͔ΒX ͷ্ͷಉ૬ࣸ૾ ϕͱ, |w(x)| =
1 (x ∈ X) ͱͳΔ࿈ଓؔwΛ༻͍ͯ,

(Tf)(x) = w(x)f(ϕ(x)) (x ∈ X, f ∈ C(X))

ͱදͤΔ.

͜ͷఆཧΛൽΓʹͯ͠, ༷ʑͳ্ۭؔؒͷશࣹෳૉઢܗڑࣸ૾ͷಛ͚͕ͮͳ͞Εͯ
͍Δ ([3]). ϊϧϜ্ۭؒʹ͓͍ͯશࣹෳૉઢܗڑࣸ૾ʹ͍ͭͯઢੑܗΛԾఆ͠ͳͯ͘
ઢ͕ੑܗಋ͔ΕΔ. ͜Εڑੑ͕ઢੑܗΛಋ͘͜ͱΛड़ͨॏཁͳ࣮ࣄͰ͋Δ. ͦΕ͕࣍ͷ
Mazur-UlamͷఆཧͰ͋Δ.

Mazur-Ulamͷఆཧ. N , M ΛϊϧϜۭؒͱ͠, T ΛN ͔ΒM ͷશࣹڑࣸ૾ͱ
͢Δ. ͜ͷͱ͖, T − T0 N ͔ΒM ͷશࣹ࣮ઢܗڑࣸ૾ʹͳΔ.

͜ͷMazur-UlamͷఆཧΑΓ, શࣹڑࣸ૾ͷຊ࣭શࣹ࣮ઢܗڑࣸ૾Ͱ͋Δ͜ͱ͕͔
Δ. ͦͷͨΊશࣹڑࣸ૾ͷܗΛܾఆ͢Δ͜ͱ, શࣹ࣮ઢܗڑࣸ૾ͷܗΛܾఆ͢Δ͜ͱʹ
.ணͰ͖Δؼ
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2 શࣹ࣮ઢܗڑࣸ૾
·ͣ, શࣹ࣮ઢܗڑࣸ૾ʹ͍ͭͯ, C(X)ͷ෦ۭؒʹ͍ͭͯΒΕ͍ͯΔ͜ͱΛड़Δ.

AΛ C(X)ͷෳૉઢܗ෦ۭؒͱ͠, ϊϧϜ C(X)ͱಉ͡ supϊϧϜΛೖΕΔͷͱ͢Δ. A∗

ΛAͷڞۭؒͱ͠, x ∈ X ʹରͯ͠, ex ∈ A∗ Λ ex(f) = f(x) (f ∈ A) ͱఆٛ͢Δ. ·ͨ, A ͷ
Choquetڥք Ch(A) ΛCh(A) = {x ∈ X : ex  A∗ͷ୯Ґٿͷ } ͱఆٛ͢Δ.

·ͨ, ݅ͷΑ͏ͳۭؔؒʹؚ·ΕΔؔͷछྨͷଟ͞Λࣔ݅͢Λ༩͑Δ. ҙͷ૬ҟ
ͳΔ 3 x, y, z ∈ X ʹରͯ͠, |f(x)| "= |f(y)| ͔ͭ f(z) = 0 ͱͳΔ f ∈ A ͕ଘ͢ࡏΔͱ͖, AΛ
strongly 0-separating Ͱ͋Δͱ͍͏. ͜ΕΛຬͨ͢Α͏ͳۭؔؒͷྫͱͯ͠, X্ͷؔ୯
Ґԁप T্ͷ ଟ߲ࣜશମ࣍2 {az2 + bz + c ∈ C(T) : a, b, c ∈ C}ͳͲ͕͋Δ.

C(X)ͷ෦ۭؒʹ͓͚Δશࣹ࣮ઢܗڑࣸ૾, ͷΑ͏ʹಛ͚ͮΒΕΔ͜ͱ͕ΒΕͯ࣍
͍Δ ([7]).

ఆཧA. AΛC(X)ͷෳૉઢܗ෦ۭؒ, strongly 0-separatingͱ͢Δ. ͜ͷͱ͖, A͔Β
Aͷશࣹ࣮ઢܗڑࣸ૾ T , Ch(A)ͷ։͔ͭดू߹K ͱ Ch(A)͔Β Ch(A)ͷ
্ͷಉ૬ࣸ૾ ϕͱ |w(x)| = 1 (x ∈ Ch(A))ͱͳΔ࿈ଓؔwΛ༻͍ͯ,

(Tf)(x) =

{
w(x)f(ϕ(x)) x ∈ K

w(x)f(ϕ(x)) x ∈ Ch(A) \K
(f ∈ C(X))

ͱදͤΔ.

·ͨ, Ch(C(X)) = X͔ͩΒ, ఆཧAʹΑΓ͕ͪͩͨ࣍ʹಋ͔ΕΔ.

.Bܥ C(X)͔ΒC(X)ͷશࣹ࣮ઢܗڑࣸ૾ T , Xͷ։͔ͭดू߹KͱX͔Β
Xͷ্ͷಉ૬ࣸ૾ ϕͱ |w(x)| = 1 (x ∈ X)ͱͳΔ࿈ଓؔwΛ༻͍ͯ,

(Tf)(x) =

{
w(x)f(ϕ(x)) x ∈ K

w(x)f(ϕ(x)) x ∈ X \K
(f ∈ C(X))

ͱදͤΔ.

ͯ͞, .Δ͑ߟࣸ૾Λܾఆ͢ΔΛڑܗ۩ମతͳ্ۭؔؒͷશࣹ࣮ઢ࣍ ҙͷϊϧϜ
ۭؒ C(X) ͷ෦ۭؒͱͯ͠ຒΊࠐΉ͜ͱ͕ՄͰ͋ΔͷͰ, ఆཧAڑࣸ૾Λܾఆ͢Δ
্Ͱඇৗʹ༗ޮͰ͋Δ͜ͱ͕͔Δ.

͜͜Ͱ, ด۠ؒ [0, 1] ্ͷ࿈ଓඍՄؔશମͷू߹ C1[0, 1] .Δ͑ߟ͍ͯͭʹ C1[0, 1] 
[0, 1] ͷ֤ͰͷɾεΧϥʔੵʹؔͯ͠ઢۭؒܗʹͳΔ. ઢۭؒܗ C1[0, 1] ʹ, ϊϧϜ͕͍ͭ͘
,ΒΕΔ͕͑ߟ͔ ͜͜Ͱ࣍ͷ 4ͭͷϊϧϜΛऔΓ্͛Δ.

‖f‖C = sup{|f(x)|+ |f ′(x)| : x ∈ [0, 1]}

‖f‖Σ = ‖f‖∞ + ‖f ′‖∞
‖f‖σ = |f(0)|+ ‖f ′‖∞
‖f‖m = max {|f(0)|, ‖f ′‖∞}

(f ∈ C1[0, 1])
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͜ΕΒͷϊϧϜʹ͓͚ΔC1[0, 1]্ͷશࣹෳૉઢܗڑࣸ૾໌Β͔ʹͳ͍ͬͯΔ ([1, 4, 10,

5, 6]). Ұํ, શࣹ࣮ઢܗڑࣸ૾ͷܗ࣍ͷΑ͏ʹͳΔ ([9]).

ఆཧ C. T Λ (C1[0, 1], ‖ · ‖C) ͔Β (C1[0, 1], ‖ · ‖C) ͷશࣹ࣮ઢܗڑࣸ૾·ͨ
(C1[0, 1], ‖ · ‖Σ) ͔Β (C1[0, 1], ‖ · ‖Σ) ͷશࣹ࣮ઢܗڑࣸ૾ͱ͢Δ. ͜ͷͱ͖,

|λ| = 1 ͱͳΔఆ λΛ༻͍ͯ,

(Tf)(x) = λf(x) (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ
(Tf)(x) = λf(1− x) (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ
(Tf)(x) = λf(x) (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ
(Tf)(x) = λf(1− x) (x ∈ [0, 1], f ∈ C1[0, 1])

ͱදͤΔ.

·ͨ, ͷఆཧه্ Cͷূ໌ํ๏Λར༻͢Δ͜ͱ͋Δ C(X)ͱಉܕͰ͋Δ͜ͱͱܥ BΛར
༻ͯ͠, ͷఆཧ͕Γཱͭ͜ͱ͕͔ͬͨ࣍ (‖ · ‖mʹ͍ͭͯ [8]Λࢀর).

ఆཧ 1. T Λ (C1[0, 1], ‖ · ‖σ) ͔Β (C1[0, 1], ‖ · ‖σ) ͷશࣹ࣮ઢܗڑࣸ૾·ͨ
(C1[0, 1], ‖ · ‖m) ͔Β (C1[0, 1], ‖ · ‖m) ͷશࣹ࣮ઢܗڑࣸ૾ͱ͢Δ. ͜ͷͱ͖,

[0, 1] ͔Β [0, 1] ͷ্ͷಉ૬ࣸ૾ ϕͱ |w(t)| = 1 (t ∈ [0, 1]) ͱͳΔ࿈ଓؔ wͱ
|λ| = 1 ͱͳΔఆ λΛ༻͍ͯ,

(Tf)(x) = λf(0) +

∫ x

0

w(t)f ′(ϕ(t)) dt (t ∈ [0, 1], f ∈ C1[0, 1])

·ͨ

(Tf)(x) = λf(0) +

∫ x

0

w(t)f ′(ϕ(t)) dt (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ

(Tf)(x) = λf(0) +

∫ x

0

w(t)f ′(ϕ(t)) dt (x ∈ [0, 1], f ∈ C1[0, 1])

·ͨ

(Tf)(x) = λf(0) +

∫ x

0

w(t)f ′(ϕ(t)) dt (x ∈ [0, 1], f ∈ C1[0, 1])

ͱදͤΔ.
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ॏΈ͖ϋʔσΟʔۭؒͷ๏࡞༻ૉʹ͍ͭͯ

ɹमฏݪ܂ɹɹߍֶߴຈ੩मࡳ (Shuhei Kuwahara)

H2
ω(D

2)Λbidisk্ͷॏΈ͖ϋʔσΟʔۭؒͱ͢Δɻ۩ମྫͱͯ͠ɺBergman spaceDirich-

let space͕͋͛ΒΕΔɻ۩ମతʹɺbidisk্ͷղੳؔ

f(z, w) =
∑

α

a(n1,n2)z
n1wn2

ͰɼϊϧϜ͕࣍ͷࣜͰఆ·Δͷͷू߹Λ͍͏ɻ

‖f‖2 =
∑

(n1,n2)

ω(n1,n2)|a(n1,n2)|2 < ∞.

ૉMzn1༺࡞ࢉձʹ͓͍ͯɼ͔͚ूڀݚͷؔࡢ ͱMwn2 ͷ྆ํͷReducing subspacesΛܾ
ఆ͢Δͱ͍͏ʹ͍͓ͭͯͨ͠ɻ

1 Mzk1ͱMwk2ͷReducing Subspaces

ҰൠʹɼHilbertۭؒH্ͷ࡞༻ૉ T ͱด෦ۭؒMʹରͯ͠ɼM͕ T ͰෆมͰ͋Δͱɼ
TM ⊂ MͰ͋Δ͜ͱΛ͍͏ɻ·ͨɼM͕ T ͷ reducing subspaceͰ͋ΔͱɼM͕ T Ͱෆม͔
ͭ T ∗ͰෆมͰ͋Δ͜ͱΛ͍͏ɻ
2002ͷ Stessinͱ Zhuͷจ [6]ͰɼHilbertۭؒͱͯ͠ɼ୯Ґԁ൘্ͷղੳؔ f(z) =∑∞
n=0 anz

nͰ

‖f‖2 =
∞∑

n=0

|an|2ωn < ∞

ຬͨ͢ॏΈ͖HardyۭؒH2
ω(D)ʹ͍͍ͭͯͯ͠ߟΔɻ͜͜Ͱ {ωn}ਖ਼ྻͰ͋Γɼ࠲ඪؔ

 zʹΑΔ͔͚࡞ࢉ༻ૉMz͕༗քʹͳΔΑ͏ʹ͋Β͔͡Ίݻఆ͓ͯ͘͠ɻ͞Βʹ͜͜Ͱɼݻఆ
ͨࣗ͠વN > 1ʹରͯ͠ɼ0 ≤ m,n ≤ N − 1͕

ωm+kN

ωm
&= ωn+kN

ωn
for ∀k > 0 (1)

Λຬͨ͢Α͏ͳॏΈΛ͑ߟΔɻྫ͑ɼωn = n+1ͱ͓͚ɼDirichletۭؒͰ͋Γɼωn = (n+1)−1

ͱ͓͚ɼBergmanۭؒͰ͋Γɼ͜ͷ݅Λຬͨ͢ɻఆཧ̍ [6]ͷ݁ՌͰ͋Δɻ
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ఆཧ 1. T = MN
z ͷminimal reducing subspaceɼ

Xn = Span{zn+kN ; k = 0, 1, 2, . . .} (n = 0, 1, 2, . . . , N − 1)

Ͱ༩͑ΒΕΔɻ͜͜Ͱ Span closed linear spanͷҙຯͰ͋Δɻ·ͨɼreducing subspace
XnͷʹΑͬͯੜ͞ΕΔɻ

ॏΈ͕݅ (1)Λຬͨ͞ͳ͍߹ɼminimal reducing subspace͕ແʹଘ͠ࡏɼreducing sub-

spaceͦΕΒͷͰॻ͔ΕΔ͜ͱ͕Θ͔͍ͬͯΔ [6]ɻ
ࣗવN1 > 1, N2 > 1Λݻఆ͢ΔɻࡢͷใࠂͰɼ࠲ඪؔ z, wͷ͔͚࡞ࢉ༻ૉMz,Mw

ʹରͯ͠ɼS1 = MN1
z , S2 = MN2

w ͷ reducing subspaceͷܾఆʹ͍ͭͯͨ͑ߟɻ·ͣɼଟॏࢦͷ
ू߹

I = {(α1,α2); 0 ≤ α1 ≤ N1 − 1, 0 ≤ α2 ≤ N2 − 1}

Λ͑ߟΔɻ͜ͷू߹ʹಉؔ∼Λɼ(m1,m2) ∼ (n1, n2) ⇐⇒
ωm1+k1N1 m2+k2N2

ωm1 m2

=
ωn1+k1N1 n2+k2N2

ωn1 n2

for ∀k1, k2 = 0, 1, 2, . . .

ͰఆٛͰ͖Δɻ͜ͷಉؔʹΑΓ IΛಉྨʹྨͰ͖Δɻ
ଟ߲ࣜ p(z, w) =

∑

(α1,α2)∈I

a(α1,α2)z
α1wα2͕ transparentͰ͋Δͱɼ0Ͱͳ͍ a(m1,m2), a(n1,n2)

ʹ͍ͭͯɼ(m1,m2) ∼ (n1, n2)͕Γཱͭ͜ͱΛ͍͏ɻ

ิ 2. ଟ߲ࣜ p(z, w)͕ transparentͳΒɼpΛؚΉ࠷খͷ reducing subspaceXp

Span{p(z, w)zk1N1wk2N2 ; k1, k2 = 0, 1, 2, . . .}

ʹҰக͢Δɻ

໋ 3. X Λ reducing subspaceͱ͢ΔɻX ͷݩ g(z, w)ʹ͍ͭͯɼg(α1,α2)(0, 0) '= 0Λຬ
͢Δࢦ (α1,α2)Ͱ࠷খͷͷΛ (m1,m2)ͱ͢Δɻۃ

sup{Ref (m1,m2)(0, 0); f ∈ X, ‖f‖ ≤ 1}

ҰҙղΛͪɼͦͷղଟ߲ࣜG(z, w) =
∑

α∈I aα(z, w)
αͰ͋Δɻ

໋ 4. XΛ reducing subspaceͱ͢Δɻ໋ 3ʹ͓͚Δۃͷղ transparentͰ͋
Δɻ

໋ 5. ଟ߲ࣜ p͕ transparentͰ͋Γɼreducing subspaceY ͕ Y ⊂ XpΛຬͨ͢ͳΒɼ
Y = {0}·ͨ Y = XpͰ͋Δɻ
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ఆཧ 6. reducing subspaceN1N2ݸΛ͑ͳ͍ transparentͳଟ߲͔ࣜΒੜ͞ΕΔɻ
ʢূ໌ͷུ֓ʣXΛ reducing subspaceͱ͢Δɻ໋ 3ΑΓɼۃͷղG͕ଘ͢ࡏΔɻ໋ 4

ʹΑΓɼG transparentͰ͋ΔɻGͰੜ͞ΕΔ reducing subspaceXG໋ 5ʹΑΓɼminimal

Ͱ͋Δɻ৽ͨͳ reducing subspaceX ! XGΛ͑ߟΔɻ͜ΕΛX1ͱ͓͘ɻX ͷݩ g(z, w)ʹ͍ͭ
ͯɼg(α1,α2)(0, 0) "= 0Λຬ͢Δࢦ (α1,α2)Ͱ࠷খͷͷΛ (m1,m2)ͱ͢Δɻzm1wm2 X ͷ
Ͱ͋Δ͕ɼX1ݩ = X ! XGͷݩͰͳ͍͜ͱʹҙ͢ΔɻX1 = X ! XGͷݩ g(z, w)ʹ͍ͭͯɼ
g(α1,α2)(0, 0) "= 0Λຬ͢Δࢦ (α1,α2)Ͱ࠷খͷͷΛ (m′

1,m
′
2)ͱͨ͠ͱ͖ɼ(m1,m2) < (m′

1,m
′
2)

Ͱ͋Δ͜ͱ͕Θ͔Δɻ࣍ʹX1ͷۃΛ͑ߟɼͦͷղΛG1ͱ͢Δɻͦͯ͠ɼ৽ͨͳ reducing

subspaceX2 = X !XG1Λ͑ߟΔɻ͜ͷΑ͏ʹʮۃͷղͰੜ͞ΕΔ reducing subspaceͷ
ަิۭؒΛ͑ߟΔૢ࡞ʯΛަิۭ͕ؒ {0}ʹͳΔ·Ͱ܁Γฦ͢ɻۃͷղ͕

G(z, w) =
∑

α∈I

aα(z, w)
α

ͷܗͷଟ߲ࣜͰ͋Γɼ

I = {(α1,α2); 0 ≤ α1 ≤ N1 − 1, 0 ≤ α2 ≤ N2 − 1}

Ͱ͋Δ͜ͱ͔Βɼ͜ͷʮૢ࡞ʯN1N2ճΛ͑ͳ͍͜ͱ͕͔ΔɻैͬͯX

X = ⊕{XG|G transparentͳଟ߲ࣜ }

ͱ͔͘͜ͱ͕Ͱ͖Δɻ

2 ରশࣜͷ͔͚࡞ࢉ༻ૉ
ใऀࠂ 1ষͷख๏Λར༻ͯ͠ɼMzNwN ͷReducing SubspaceΛܾఆͨ͠ɻ͜ͷ݁Ռɼจ

[4],[5]ʹؔ࿈͠ɼΑΓҰൠతͳۭؔؒʹରͯ͠ΓཱͭͷͰ͋Δɻ

ఆཧ 7ɽ(1) MzNwN ͷ reducing subspaces minimal reducing subspaceXp ΛؚΉɻ͜͜Ͱɼ
p(z, w)ॏΈʹؔ͢Δ͋Δ݅Λຬͨؔ͢ (transparent function)Ͱ͋Γɼ͜ͷؔͱ͜ͷ࡞༻
ૉʹΑͬͯੜ͞ΕΔ෦ۭؒΛXpͱ͢Δɻ
(2)Reducing subspaceX͕minimalͰ͋Δඞཁे݅ transparent function

p(z, w)͕ଘ͠ࡏɼX = XpͱͳΔ͜ͱͰ͋Δɻ

Zhu 2000ͷจ [7] Ͱɼ1มͷBergmanۭؒʹ͓͍ͯɼ͔͚࡞ࢉ༻ૉMz2ʹ͍ͭͯڀݚ
ͨ͠ɻ
໋ 8ɽ ૉMz2ͷminimal༺࡞ࢉ͚͔(1) reducing subspaceؔۮͷͳۭؒ͢ͱؔحͷͳ͢
ۭؒͰ͋Δɻ
(2) ૉ༺࡞ͳૉMz2ͱՄ༺࡞ࢉ͚͔ T ɼ࣍ͷܗͰ༩͑ΒΕΔɻ

Tf = gefe +
go
z
fo
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͜͜Ͱɼfeͱ foͦΕͧΕؔۮͱؔحͰ͋Γɼf = fe + foͰ͋Δɻ

2มͷBergman spaceA2
a(D

2)ɼMz+wͷ reducing subspace[1], [z − w]ʢ͜ΕΒͦΕͧΕɼ
ఆؔ 1ɼؔ z − wͱMz+wͰੜ͞ΕΔۭؒͰ͋Δɻʣʹղ͞ΕΔɻ͞Βʹ͜ΕΒͦΕ
ͧΕରশࣜɼަ͔ࣜΒͳΔۭؒͰ͋Δɻ
໋ 9ɽ A2

a(D
2)্ͷ࡞༻ૉ T ͕Mz+wͱM∗

z+wͷ྆ํͱՄͰ͋ΔͨΊͷඞཁे݅ɼ

Tf = T (1) · fs + T (z − w)
fa

z − w

ͱ͔͚Δ͜ͱͰ͋Δɻ͜͜Ͱɼf = fs + fa, fs ∈ [1], fa ∈ [z − w]Ͱ͋Δɻ

จ [1]ʹΑΕɼ࣮ࡍʹɼA2
a(D

2)্ͷ࡞༻ૉ T ͕Mz+wͱM∗
z+wͷ྆ํͱՄͰ͋Δͷ

ෳૉମͷੵC2ͱಉܗͰ͋Δ͜ͱ͕ΒΕ͍ͯΔɻ
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Ґͷখ͍͞δϟΠϩ܈ʹ͍ͭͯ

৽ׁେֶࣗવՊֶܥɹɹᬒɹܙҰ (Keiichi Watanabe)

Abstract. Ґ͕ 8ҎԼͷ༗ݶ Bol loop  1978 ·Ͱʹܾఆ͞Ε͍ͯΔ. ·ͨ, A. A. Ungar

ͷ gyrogroup  A! ੑΛͭ left Bol loop ͱಉͰ͋Δ. ,ճࠓ ༗ݶ Bol loop ͷࣜܗͷٞ༻
͍ͣ, magma ͷԋࢉදͱ gyrogroup ͷٞʹΑΓ, Ґ͕ 8ҎԼͷ gyrogroupͷܾఆΛ֬ೝͨ͠.

1 ެཧ, ఆٛ

ఆٛ. ۭͰͳ͍ू߹Gͱࣸ૾G×G " (a, b) #→ a · b ∈ Gͷ (G, ·)Λmagmaͱ͍͏.

ఆٛ. (G, ·)Λmagmaͱ͢Δ. ࣸ૾ φ : G → G͕ (G, ·)ͷࣗݾಉܕͰ͋Δͱ,

(1) શ୯ࣹͰ

(2) φ(a · b) = φ(a) · φ(b) (a, b ∈ G).

(G, ·)ͷࣗݾಉܕͷશମΛAut(G, ·)ͱද͢.

ఆٛ. magma (G,⊕) ͕ gyrogroup Ͱ͋Δͱ

(G1) ∃0 ∈ G s.t. 0⊕ a = a⊕ 0 = a (∀a ∈ G)

(G2) ∀a ∈ G ∃)a ∈ G s.t. ()a)⊕ a = a⊕ ()a) = 0

(G3) ∃1gyr[a, b]c ∈ G s.t. a⊕ (b⊕ c) = (a⊕ b)⊕ gyr[a, b]c

(G4) gyr[a, b] ∈ Aut(G,⊕)

(G5) gyr[a, b] = gyr[a⊕ b, b]

͕ a, b, c ∈ Gʹରͯ͠ຬͨ͞ΕΔ͜ͱͰ͋Δ.

(G4) ৄ͘͠, a, b ∈ Gʹରͯ͠
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(1) G ! c "→ gyr[a, b]c ∈ G  1ର 1, onto

(2) gyr[a, b](c⊕ d) = gyr[a, b]c⊕ gyr[a, b]d (c, d ∈ G).

gyrogroup (G,⊕) ͕ gyrocommutative Ͱ͋Δͱ,

(G6) a⊕ b = gyr[a, b](b⊕ a)

͕ a, b ∈ Gʹରͯ͠ຬͨ͞ΕΔ͜ͱͰ͋Δ.

ྫ.

(1) Einstein gyrogroup

(2) Möbius gyrogroup

(3) unital C∗-algebra A ͷਖ਼ͷՄݩٯશମ A−1
+

ఆٛ. magma (G, ·) ͕ loop Ͱ͋Δͱ, :ຬͨ͞ΕΔ͜ͱΛ͍͏͕࣍

(1) ୯ҐݩΛͪ,

(2) ∀a, b ∈ G ʹରͯ͠ 2ͭͷํఔࣜ

a · x = b, y · a = b

͕ͦΕͧΕ།Ұͷղ x, y ∈ G Λͭ.

ఆཧ. gyrogroup  loop Ͱ͋Δ.

,ࡍ࣮

a⊕ x = b, y ⊕ a = b

ͷ།ҰͷղͦΕͧΕ
x = 'a⊕ b, y = b' gyr[b, a]a

Ͱ༩͑ΒΕΔ. ূ໌Ungarͷຊ [U]ͷୈ 2ষΛࢀর͞Ε͍ͨ.

.ܥ (cancellations)

a⊕ b = a⊕ c ⇒ b = c

a⊕ c = b⊕ c ⇒ a = b
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2 gyrogroup ͷ1͕ݩੜ͢Δ८ճ܈
͜Ε [U]ͷୈ 2ষʹॻ͍ͯ͋Δ͜ͱ͔Β༰қʹ͔Δ. ·ͨ [SW]ʹड़ΒΕ͍ͯΔ.

δϟΠϩ݁߹๏ଇࠨ (G3)ͱ cancellation ΑΓ

0⊕ (a⊕ b) = (0⊕ a)⊕ gyr[0, a]b

a⊕ b = a⊕ gyr[0, a]b

∴ b = gyr[0, a]b.

ϧʔϓੑΑΓࠨ

· · · = gyr["a, a] = gyr[0, a] = I = gyr[a, a] = gyr[a⊕ a, a] = · · ·

͕Γཱͭ. ͜͜Ͱ I ߃ࣸ૾Ͱ͋Δ. a ∈ G Λҙͷݩͱ͢Δͱ

a⊕ (a⊕ a) = (a⊕ a)⊕ gyr[a, a]a = (a⊕ a)⊕ a.

ಉ༷ʹͯ͠ a⊕ · · ·⊕ a ԋࢉͷॱংʹΑΒͳ͍͜ͱ͕͔Γ, na (n ∈ Z) ͕ఆٛ͞Ε, ͷ͍ͣ࣍
Ε͔Ұํ͚͕͖ͩىΔ.

(1) 0, a, 2a, 3a, · · · ͷ͕ͯ͢૬ҟͳΔ

(2) na = 0ͱͳΔࣗવ n͕͋Δ

(2) ͷ߹, ͦͷΑ͏ͳ࠷খͷࣗવ nΛ aͷҐͱݺͿ. ͜ͷͱ͖

0, a, 2a, · · · , (n− 1)a

͍ޓʹ૬ҟͳΔ. ͏গ͠ͷߟͰ͕͔࣍Δ.

໋. {na; n ∈ Z}८ճ܈. gyr[na,ma] = I (n,m ∈ Z).

3 gyrogroup ͱ͋Δछͷ loop ͷؔ, ·ͨ Lagrange ͷఆཧ
gyrogroupA!ੑΛͭ left Bol loopͰ͋Δ. ͜Ε [U]ͷୈ 2ষʹॻ͍ͯ͋Δ͜ͱ͔Β༰қʹ
͔Δ. ͦͷٯΓཱͭ͜ͱ͕ΒΕ͍ͯΔ. ͍Ζ͍Ζͳจݙʹ͓͍ͯ, ͦͷಉੑ [SSS]ʹ
ΑΔͱ͞Ε͍ͯΔ͕, loop ΑΓͷදݱͰॻ͔Ε͍ͯΔͨΊ͔, [U]ΛಡΈ͔͚ͷཱ͔Β͔Γ
͍͢ͱ͍͑ͳ͍. [A]ͷهड़͔Γ͘͢, gyrocommutative gyrogroup ͱK-loop ͷಉੑ
ʹ͍ͭͯड़͍ͯΔ͕, ͔ͦ͜Β gyrocommutative ͱݶΒͳ͍߹Λಋ͘͜ͱ༰қͰ͋Δ. ͜
͜Ͱ݁Ռ͚ͩΛड़, .লུ͢Δࡉৄ
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໋. gyrogroup  left Bol loop Ͱ͋Δ. ͢ͳΘͪ

a⊕
(
b⊕ (a⊕ c)

)
=

(
a⊕ (b⊕ a)

)
⊕ c (a, b, c ∈ G)

͕Γཱͭ.

໋. gyrogroup  A!-loop Ͱ͋Δ. ͢ͳΘͪ, λa(x) = a⊕ x ͱ͢Δͱ

λ −1
a⊕b λaλb

͕ G ͷࣗݾಉܕͱͳΔ.

ఆཧ. (Sabinin, Sabinina, Sbitneva. ·ͨ, Abe.) gyrogroup Ͱ͋Δ͜ͱͱ A! ੑΛͭ left

Bol loop Ͱ͋Δ͜ͱಉ.

ఆٛ. (G,⊕) Λ gyrogroup ͱ͢Δ. G ⊃ H ͕ subgyrogroup Ͱ͋Δͱ,

(1) a, b ∈ H ⇒ a⊕ b ∈ H

(2) a ∈ H ⇒ %a ∈ H

ఆཧ. (Suksumran and Wiboonton) (G,⊕) Λ༗ݸݶͷ͔ݩΒͳΔ gyrogroup ͱ͢Δ. H ͕
G ͷ subgyrogroup ͳΒ, |H|  |G| ΛׂΓΔ.

ҙ. Ґ 5ͷ loop ͰҐ 2 ͷ subloop Λͭͷ͕ଘ͢ࡏΔ.

.ܥ G ͕༗ݶ gyrogroup Ͱ a ∈ G ͳΒ, a ͷҐ |G| ΛׂΓΔ.

.ܥ (Burn) G ͕ gyrogroup Ͱ |G| ͕ૉͳΒ, G ८ճ܈.

4 Ґ͕8ҎԼͷ gyrogroup ͷܾఆʹ͍ͭͯ

|G| = 2, 3, 5, 7 ͳΒ८ճ܈ͷΈ.

|G| = 4 ͳΒ C4 ͱ C2 × C2.

|G| = 6 ͳΒ C6, C3 × C2 ͱ ܈ରশ࣍3 S3.

|G| = 8 ͳΒ, ܈ C8, C4 × C2, C2 × C2 × C2, ೋ໘ମ܈ D8 ͱݩ࢛܈ Q8 Ͱ͋Γ, Ͱͳ͍܈
gyrogroup ࣍ͷఆཧͷ௨Γ.

ఆཧ. (Burn) Ґ 8ͷ gyrogroup Ͱ܈Ͱͳ͍ͷͷಉྨܕͪΐ͏Ͳ 6ͭͰ͋Δ. ۩ମతʹ
ҎԼͷ Π1 ʙ Π6.
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Π1 (gyrocommutative Ͱͳ͍)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 2a 3a 0 a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b 3a 2a a 0

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 0 a 2a 3a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b a 0 3a 2a

x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx 3a 2a a b 3a⊕ b 2a⊕ b a⊕ b

Π2 (gyrocommutative)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 2a 3a 0 a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b a 0 3a 2a

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 0 a 2a 3a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b 3a 2a a 0

x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx 3a 2a a 2a⊕ b a⊕ b b 3a⊕ b

Π3 (gyrocommutative)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b 3a⊕ b 2a⊕ b a⊕ b 2a a 0 3a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b a 0 3a 2a

2a⊕ b 2a⊕ b a⊕ b b 3a⊕ b 0 3a 2a a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b 3a 2a a 0
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x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx a 2a 3a 2a⊕ b 3a⊕ b b a⊕ b

Π4 (gyrocommutative Ͱͳ͍)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 0 a 2a 3a

a⊕ b a⊕ b 2a⊕ b 3a⊕ b b 3a 0 a 2a

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 2a 3a 0 a

3a⊕ b 3a⊕ b b a⊕ b 2a⊕ b a 2a 3a 0

x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx a 2a 3a 2a⊕ b 3a⊕ b b a⊕ b

Π5 (Zassenhaus’ loop. gyrocommutative Ͱͳ͍)

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 0 a 2a 3a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b a 0 3a 2a

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 2a 3a 0 a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b 3a 2a a 0

x a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

τx 3a 2a a b 3a⊕ b 2a⊕ b a⊕ b
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Π6ͱಉܕ (Robinson’s loop. gyrocommutative)

0 a b a⊕ b c a⊕ c d e

0 0 a b a⊕ b c a⊕ c d e

a a 0 a⊕ b b a⊕ c c e d

b b c 0 e a d a⊕ c a⊕ b

a⊕ b a⊕ b b a 0 d e c a⊕ c

c c a⊕ c e d 0 a a⊕ b b

a⊕ c a⊕ c a⊕ b d a e 0 b c

d d e a⊕ c c a⊕ b b 0 a

e e d c a⊕ c b a⊕ b a 0

x a b a⊕ b c a⊕ c d e

τx e b c a⊕ b a⊕ c d a

͜͜Ͱ, τ ͷදࣗ໌Ͱͳ͍δϟΠϩࣗݾಉܕΛ͍ࣔͯ͠Δ. ͦΕͧΕ .ΕΔݱ1͚ͭͩ Ͳͷ x, y

ʹରͯ͠ gyr[x, y]͕ τ ʹͳΔ͔লུ͢Δ.

,ճࠓ ఆٛ௨ΓʹԋࢉΛௐͯ͜ΕΒͷද͕Ґ 8ͷ gyrogroupΛఆΊΔ͜ͱ, Ͳͷ 2ͭಉܕͰ
͋ΔͱԾఆ͢Δͱໃ६͕ಋ͔ΕΔ͜ͱ, ·ͨ, ԋࢉදΛௐਚͯ͘͜͠ΕΒͱಉܕͳͷҎ֎ʹҐ
 8ͷ gyrogroup͕ͳ͍͜ͱΛ֬ೝͨ͠. ͦͷΑ͏ͳۀ࡞, ࣜॲཧιϑτΛ༻͍Δ͜ͱ͕Ͱ͖
Ε, ૬େ͖͍Ґ·Ͱൺֱత༰қʹͳ͞Εͯ͠·͏͜ͱʹҙͨ͠ํ͕ྑ͍Α͏Ͱ͋Δ.

ূ໌ͷུ֓. (G,⊕)͕ .ΒͳΔͱԾఆ͢Δ͔ݩͷݸ8 ୈ 2, 3અͷ͜ͱ͔Β, ͲͷݩͷҐ 8ͷ
. Ґ 8ͷ͕ݩ͋͠Ε८ճ܈ͳͷͰ, ୯ҐݩҎ֎ͷݩͷҐ 2͔ 4ͱͯ͠Α͍. Ґ 4

ͷݩ a͕͋Δ߹, 0, a, 2a, 3a͍ޓʹҟͳΓ, ผͷݩͷͻͱͭΛ bͱ͢Δ. ͜ͷͱ͖

G = {0, a, 2a, 3a, b, a⊕ b, 2a⊕ b, 3a⊕ b}

ͱͯ͠Α͍͜ͱ, "bͱͯ͋͠Γ͏Δͷ b, a⊕ b, 2a⊕ b, 3a⊕ bͱ͍͏͜ͱ, b⊕ aͱͯ͋͠Γ͏Δ
ͷ a ⊕ b, 2a ⊕ b, 3a ⊕ bͱ͍͏͜ͱ͕ cancellations ͔Β͔Δ. ྫ͑"b = 2a ⊕ b͓Αͼ
b⊕ a = a⊕ bͷ߹ͷද

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 0

a⊕ b a⊕ b

2a⊕ b 2a⊕ b 0

3a⊕ b 3a⊕ b
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loop ͳͷͰ, Ͳͷݩ֤ߦ, ֤ྻʹҰͣͭݱΕΔ͜ͱʹҙ͠, ͋Γ͏ΔදΛͯ͢ٻΊΔ. ͦ
ͷͱ͖, gyrogroupʹͳ͍ͬͯΔͱ͍͏ԾఆΛͯͬ, ͋Γ͑ͳ͍දΛͳΔ͘ૣ͍ஈ֊Ͱ͚ͭݟ
ࣺͯͯΔ. ද͕ͨͬ gyrogroup ͷఆٛΛຬ͍ͨͯ͠Δ͔Ͳ͏͔νΣοΫ͢Δ. ຬ͍ͨͯ͠Δදʹ
͍ͭͯಉ͔ܕͲ͏͔Λఆ͢Δ. ,Έͷޮ͕ѱ͘ࠐΓߜ๏Ͱදͷํͨͬ࠾͕ࢲ ಛʹ 0Ҏ֎ͷ 7

ͭͷ͕ݩҐ 2ͷ߹݁Ռͱͯ͠ಉܕͳද͕ͨ͘͞ΜݱΕͯ, खΛཁͨ͠.

ҙ. |G| = 4, 6ͷ߹, ಉ༷ͷํ๏Ͱ, ܾఆΛ֬ೝͨ͠. ͜ΕΒͷ߹, gyrogroup ܈ͱͳΔ.

Burnͷදͱ͜ͷใࠂͷදͱͷؔ

[B, Theorem 6]ͷΠ1

(1)

(1234)(5678)

(13)(24)(57)(68)

(1432)(5876)

(1537)(2648)

(1638)(2547)

(1735)(2846)

(1836)(2745)

, ԋࢉද

a1 a2 a3 a4 a5 a6 a7 a8

a1 a1 a2 a3 a4 a5 a6 a7 a8
a2 a2 a3 a4 a1 a6 a7 a8 a5
a3 a3 a4 a1 a2 a7 a8 a5 a6
a4 a4 a1 a2 a3 a8 a5 a6 a7
a5 a5 a6 a7 a8 a3 a4 a1 a2
a6 a6 a5 a8 a7 a4 a3 a2 a1
a7 a7 a8 a5 a6 a1 a2 a3 a4
a8 a8 a7 a6 a5 a2 a1 a4 a3

ͷදݱͰ͋Γ, จࣈ a1, · · · , a8Λॱʹ

0, a, 2a, 3a, b, a⊕ b, 2a⊕ b, 3a⊕ b

Ͱஔ͖͑Δͱ, ϖʔδલͷΠ1ͷදͱҰக͢Δ. Π2͔ΒΠ5ಉ༷.
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දݱҟͳΔ͕ಉܕͱ͍͏ྫΛͻͱͭࣔ͢. [B, Theorem 6]ͷΠ6

(1)

(12)(34)(56)(78)

(13)(25)(47)(68)

(14)(23)(58)(67)

(15)(26)(37)(48)

(16)(24)(38)(57)

(17)(28)(35)(46)

(18)(27)(36)(45)

, ԋࢉද

a1 a2 a3 a4 a5 a6 a7 a8

a1 a1 a2 a3 a4 a5 a6 a7 a8
a2 a2 a1 a4 a3 a6 a5 a8 a7
a3 a3 a5 a1 a7 a2 a8 a4 a6
a4 a4 a3 a2 a1 a8 a7 a6 a5
a5 a5 a6 a7 a8 a1 a2 a3 a4
a6 a6 a4 a8 a2 a7 a1 a5 a3
a7 a7 a8 a5 a6 a3 a4 a1 a2
a8 a8 a7 a6 a5 a4 a3 a2 a1

ͷදݱ. ͜ͷୈ 7, 8ྻΛೖΕସ͑, ͦͷ݁ՌͷԼ͔Β 2ͭͷߦΛೖΕସ͑Δͱ࣍ΛಘΔ.

a1 a2 a3 a4 a5 a6 a8 a7

a1 a1 a2 a3 a4 a5 a6 a8 a7
a2 a2 a1 a4 a3 a6 a5 a7 a8
a3 a3 a5 a1 a7 a2 a8 a6 a4
a4 a4 a3 a2 a1 a8 a7 a5 a6
a5 a5 a6 a7 a8 a1 a2 a4 a3
a6 a6 a4 a8 a2 a7 a1 a3 a5
a8 a8 a7 a6 a5 a4 a3 a1 a2
a7 a7 a8 a5 a6 a3 a4 a2 a1

จࣈ a1, · · · , a6, a8, a7Λॱʹ
0, a, b, a⊕ b, c, a⊕ c, d, e

52



Ͱஔ͖͑Δͱ, ϖʔδલͷΠ6ͱಉܕͳͷͷද

0 a b a⊕ b c a⊕ c d e

0 0 a b a⊕ b c a⊕ c d e

a a 0 a⊕ b b a⊕ c c e d

b b c 0 e a d a⊕ c a⊕ b

a⊕ b a⊕ b b a 0 d e c a⊕ c

c c a⊕ c e d 0 a a⊕ b b

a⊕ c a⊕ c a⊕ b d a e 0 b c

d d e a⊕ c c a⊕ b b 0 a

e e d c a⊕ c b a⊕ b a 0

ͱҰக͢Δ. ͜ͷ loop ͷදݱ

(1)

(12)(34)(56)(78)

(13)(25)(48)(67)

(14)(23)(57)(68)

(15)(26)(38)(47)

(16)(24)(37)(58)

(17)(28)(36)(45)

(18)(27)(35)(46)

Ͱ͋Δ.

ҙ. [B]Ͱ loop (L, ·) ͕ Bol Ͱ͋Δͱ

(
(a · b) · c

)
· b = a ·

(
(b · c) · b

)
(a, b, c ∈ L)

Λຬͨ͢͜ͱͱఆ͍ٛͯ͠Δ. ͜Ε [K]Ͱ right Bol ͱݺΕ͓ͯΓ,

a ∗ b = b · a

ʹΑͬͯ right Bol loop (L, ·) ͱ left Bol loop (L, ∗)  dual ͷؔʹ͋Δ.

ҙ. Ґ 8ͷ left Bol loop ͕ͯ͢ A! ੑΛͭͱ͍͏͜ͱ͕ࣗ໌Ͱͳ͍ͱ͢Ε, “A! ੑΛ
ͭ left Bol loop ͱ gyrogroup ಉ”ͱ͍͏͜ͱͱ [B]ͱ͔ΒҐ 8ͷ gyrogroup ͷܾఆ͕
ͪʹै͏Θ͚Ͱͳ͍.
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5 gyrogroupͷԋࢉදͱ܈ͷԋࢉදͷྨੑࣅʹ͍ͭͯ
.͓ͯ͘͠ࡌهʹͰ·ߟࢀ

D8

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b 3a⊕ b 2a⊕ b a⊕ b 0 3a 2a a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b a 0 3a 2a

2a⊕ b 2a⊕ b a⊕ b b 3a⊕ b 2a a 0 3a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b 3a 2a a 0

Π3ͱಉܕ

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b 3a⊕ b 2a⊕ b a⊕ b 0 3a 2a a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b 3a 2a a 0

2a⊕ b 2a⊕ b a⊕ b b 3a⊕ b 2a a 0 3a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b a 0 3a 2a

Q8

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b 3a⊕ b 2a⊕ b a⊕ b 2a a 0 3a

a⊕ b a⊕ b b 3a⊕ b 2a⊕ b 3a 2a a 0

2a⊕ b 2a⊕ b a⊕ b b 3a⊕ b 0 3a 2a a

3a⊕ b 3a⊕ b 2a⊕ b a⊕ b b a 0 3a 2a
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C4 × C2

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 0 a 2a 3a

a⊕ b a⊕ b 2a⊕ b 3a⊕ b b a 2a 3a 0

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 2a 3a 0 a

3a⊕ b 3a⊕ b b a⊕ b 2a⊕ b 3a 0 a 2a

Π4

0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

0 0 a 2a 3a b a⊕ b 2a⊕ b 3a⊕ b

a a 2a 3a 0 a⊕ b 2a⊕ b 3a⊕ b b

2a 2a 3a 0 a 2a⊕ b 3a⊕ b b a⊕ b

3a 3a 0 a 2a 3a⊕ b b a⊕ b 2a⊕ b

b b a⊕ b 2a⊕ b 3a⊕ b 0 a 2a 3a

a⊕ b a⊕ b 2a⊕ b 3a⊕ b b 3a 0 a 2a

2a⊕ b 2a⊕ b 3a⊕ b b a⊕ b 2a 3a 0 a

3a⊕ b 3a⊕ b b a⊕ b 2a⊕ b a 2a 3a 0
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Banach Stoneܕͷ͍͔ͭ͘ͷఆཧ

৽ׁେֶཧֶ෦ɹࡾӜؽ (Takeshi Miura)
ஜେֶཧ࣭ܥֶҬɹଜҰɹ (Kazuhiro Kawamura)

Compact Hausdorff ۭؒ X ʹ͍ͨͯ͠, X ্ͷෳૉ࿈ଓؔશମʹ sup normΛ͍Εͨ
BanachۭؒΛC(X)Ͱද͢ɻݹయతBanach-Stoneͷఆཧ, C(X)্ͷҙͷෳૉઢܗશࣹ
ࣸ૾ T : C(X) → C(X)࣍ͷܗʹදͤΔ͜ͱΛओு͢Δɿ

Tf(x) = α(x) · f(ϕ(x)), x ∈ X, f ∈ C(X) (1)

͜͜Ͱ ϕ : X → X Ґ૬ಉ૾ࣸܕ, α : X → C |α(x)| ≡ 1Λຬͨ͢࿈ଓؔͰ͋Δ.ɹ͜ͷఆ
ཧͷ༷ʑͳϰΝϦΤʔγϣϯͷ͏ͪຊߘͰऔΓѻ͏ͷҎԼͷ̎ͭͰ͋Δ.

(a) ෳૉઢܗͱݶΒͳ͍ࣸ૾ͷҰൠܗ

(b) શࣹͱݶΒͳ͍ࣸ૾ͷҰൠܗ

·ͣ (a)ʹ͍ͭͯɿ Mazur-Ulamͷఆཧ [5]ʹΑͬͯ, શࣹࣸ૾ T : C(X) → C(Y )͕ 0Λ 0

ʹࣸͤ, T ࣮ઢܗͰͳ͚ΕͳΒͳ͍. ࣮ઢܗͰ͋Δ͕ෳૉઢܗͰͳ͍ಉ૾ࣸܕͷయྫܕෳ
ૉڞࣸ૾Ͱ͋Δ͜ͱΛ͑ߟΕ, ࣮ઢܗࣸ૾ T Ұൠʹ࣍ͷܗͰ͋Δ͜ͱ͕ظ͞ΕΔ.

Tf(x) = α(x) · f(ϕ(x)) ·ͨ
= α(x) · f(ϕ(x)), x ∈ X, f ∈ C(X), (2)

͜͜Ͱ ḡ gͷෳૉڞΛද͢.

ʹ࣍ (b)ʹ͍ͭͯ: ࣸ૾T : C(X) → RanT ! C(X)ʹ͍ͨͯ͠૾ࣸٯT−1 : RanT → C(X)

͕C(X)ͷ෦ۭؒͰఆٛ͞Ε 1͍ͯΔ࡞༻ૉͰ͋Δ͜ͱΛצҊ͢Δͱ, C(X)ͷ෦ۭؒA্Ͱ
ఆٛ͞Εͨ, ෦ۭؒB্ͷશࣹࣸ૾ T : A → BΛ͑ߟΔ͜ͱ͕ࣗવͰ͋Ζ͏.͜ͷ༷ͳ
ઃఆͰҙຯ͋Δ݁Λಋͨ͘Ίʹ, AͱB͕ेͨ͘͞ΜͷؔΛؚΉ͜ͱΛԾఆ͢Δඞཁ͕
͋Δ. ͦͷͨΊҎԼ͑ߟΔ෦ۭؒৗʹ (i)ఆؔΛؚΈ (ii)ఈۭؒͷҙͷ̎Λ͢Δ,

ͱԾఆ͢Δ. ͜ͷઃఆͷԼͰظ͞ΕΔಉ૬ࣸ૾ϕ((1)ࢀরʣఈۭؒͷ෦Ґ૬ۭؒͰఆٛ͞Ε
ͨͷͰ͋Ζ͏.ࠓͷจ຺ͰChoquet boundary͕͞ߟΕΔ͜ͱ͕ଟ͍.

Ҏ্ͷ༧උత͔ߟΒ (a) ͓Αͼ (b)Λ߹Θͤͨઃఆͱͯ͠

(∗) T : A → B compact Hausdorff ۭؒX, Y ʹ͍ͨ͢Δ C(X), C(Y )ͷ෦ۭؒ
A ⊂ C(X), B ⊂ C(Y )ͷؒͷ࣮ઢܗશࣹࣸ૾, ͨͩ͠A,BͦΕͧΕఆؔΛ
ؚΈ, X,Y ͷҙͷ̎Λ͢Δ,
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Λ͑ߟ,

Choquet boundary ChB ͔Β ChAͷҐ૬ಉ૾ࣸܕ ϕ : ChB → ChAͱ࿈ଓؔ
α : ChB → CͰ |α(x)| ≡ 1Λຬͨ͢ͷ͕ଘͯ͠ࡏ

Tf(x) = α(x) · [f(ϕ(x))]ε, x ∈ ChB, f ∈ A, ε = ±1,

ͨͩ͠ [g]1 = g, [g]−1 = ḡ, ͱ͋ΒΘͤΔ

ͱ༧͢Δ͜ͱ͕ࣗવͱࢥΘΕΔ.

͔͠͠ͳ͕Β্ͷ༧Ұൠʹਖ਼͘͠ͳ͍.ɹ༧ཱ͕͠ͳ͍ྫΛ໌ࣔతʹߏͨ͠ͷ͕ [3]

Ͱ͋Δ. ൴Βෳૉฏ໘্ͷ୯Ґԁ T্Ͱఆٛ͞Εͨෳૉ̍ؔ࣍ͷશମͷͳۭؒ͢A

Λ͑ߟ, ͦͷ্ͷશࣹతͳ࣮ઢܗର߹ T : A → A, T 2 = idΛఆٛͨ͠.[4]͞ΒʹਐΜͰ࣮ઢ
Ͱมܗ (2)ͷܗʹදͤͳ͍Α͏ͳͷΛڐ༰͢ΔۭؒX , ৗʹ TͷҐ૬తίϐʔ SΛؚ
Έ, ͞Βʹۭؔؒͷ֤ؔΛSʹ੍͢ݶΔͱඞͣҰؔ࣍Ͱ͋Δ, ͜ͱΛࣔͨ͠ɻैདྷͷBanach

Stoneܕఆཧۭؔؒͷੑ࣭ʹݶ੍͍ڧΛ՝্ͨ͠ͰมΛ (1)ͷܗͰಛ͚ͮΔͷ͕΄
ͱΜͲͰ͋ͬͨͷʹൺͯ͠, (1)͋Δ͍ (2)ͷܗʹදͤͳ͍ࣸ૾ΛੵۃతʹऔΓ্͛ͯͦͷ
Α͏ͳࣸ૾Λڐ༰͢ΔۭؔؒͷఈۭؒͷτϙϩδʔΛௐͨ [3]ɼ[4],৽͍͠ํڀݚΛ͍
ͨ݁ՌͰ͋Δͱ͍͏͜ͱ͕Ͱ͖Δ.

ຊߘͰใ͢ࠂΔ݁Ռ ([2]) [3], [4]ͰಘΒΕͨΞΠσΞΛࣗવͳܗͰൃలͤͨ͞ͷͰ͋Δ. ·
ͣมͷҰൠܗͱఈۭؒͷτϙϩδʔ, ಛʹTͷҐ૬తίϐʔͷଘࡏ, ࣍ͷΑ͏ʹҰൠԽ͞
ΕΔɿ

ఆཧ 1 (∗)ͷઃఆͷԼͰ, ࿈ଓؔ α : Ch(B) → T, ε : Ch(B) → {−1, 1} ͕ҎԼΛຬͨ͢Α͏ʹ
ଘ͢ࡏΔ.

(a) ֤ λ ∈ Tʹ͍ͨͯ͠, Ґ૬ಉ૾ࣸܕ ϕλ : Ch(B) → Ch(A) ͕ଘ࣍͠ࡏΛຬͨ͢ɿ

(a.1) ֤ λ ∈ Tʹ͍ͨͯ͠ ϕ−λ = ϕλ.

(a.2) ֤ y ∈ Ch(B)ʹ͍ͨͯ͠, ͷ͍ͣΕ͔͕Γཱͭɿ࣍

(a.2.1) ֤ λ1,λ2 ∈ Tʹରͯ͠,ɹ ϕλ1(y) = ϕλ2(y), ͋Δ͍

(a.2.2) λ1 &= λ2 &= −λ1 ͳΔҙͷ λ1,λ2 ∈ Tʹରͯ͠ ϕλ1(y) &= ϕλ2(y).

(c) ֤ f ∈ Aʹର͕ͯ࣍͠Γཱͭɿҙͷ y ∈ Ch(B)ͱҙͷ λ ∈ T ʹରͯ͠

f(ϕλ(y)) =
λ−2ε(y)

2
{f(ϕ1(y))− f(ϕi(y))}+

1

2
{f(ϕ1(y)) + f(ϕi(y))}.

(d) ม T ҎԼͷΑ͏ʹදͤΔɿҙͷ f ∈ A ͱҙͷ y ∈ Ch(B) ʹରͯ͠

Tf(y) = '(α(y)f(ϕ1(y))) + iε(y)((α(y)f(ϕi(y))).

57



͍· P = T/(λ ∼ −λ) ͱ͓͘ͱ P Tͱಉ૬Ͱ,ɹಉ૬ࣸ૾

P → T; [λ] $→ λ2

ʹΑͬͯ༩͑ΒΕΔ. [4]ʹ͓͚ΔTͷҐ૬తίϐʔ S, (a.2.2)Λຬͨ͋͢Δ y ∈ ChBʹରͯ͠
S = {ϕλ(y) | λ ∈ T}ʹΑͬͯ༩͑ΒΕΔ. SΛ PͱಉҰ͢ࢹΔ͜ͱͰ SͷΛύϥϝʔλ λ2ʹ
Αͬͯ͋ΒΘͤɼ্ड़ͷ (c)֤ؔ f ∈ AͷCͷ੍ݶ f |C͕ λ2ͷҰࣜ࣍Ͱ͋Δ͜ͱΛड़
͍ͯΔ.

ͷ༷ͳಉ૬ࣸ૾ͷ্ʹٯ (ϕλ)λ∈T͕༩͑ΒΕͨͱ͖, ۭؔؒͱͦͷ্ͷมΛఆٛ͢Δ
͜ͱ͕Ͱ͖Δ. ݁ՌΛड़ΔͨΊʹ͔ͭزͷه߸Λ४උ͢Δ. Xͱ Y Λ compact Hausdorff ۭؒ,

ϕ : T× Y → X Λશࣹ࿈ଓࣸ૾Ͱ ϕλ = ϕ(λ, ·) : Y → X ʹΑͬͯఆٛ͞ΕΔࣸ૾͕ҎԼͷ݅Λ
ຬͨ͢ͱ͢Δ.

(F1) ֤ ϕλ ಉ૬ࣸ૾Ͱ,ɹ֤ λ ∈ Tʹରͯ͠ ϕ−λ = ϕλ͕Γཱͭ.

(F2) ֤ y ∈ Y ʹରͯ࣍͠ͷ͍ͣΕ͔͕Γཱͭɿ

(F2.1) ҙͷ λ1,λ2 ∈ Tʹରͯ͠ ϕλ1(y) = ϕλ2(y),ɹ·ͨ

(F2,2) λ1 '= λ2 '= −λ1ͳΔҙͷ λ1,λ2 ∈ Tʹରͯ͠ ϕλ1(y) '= ϕλ2(y).

্ͷԾఆͷԼͰ

F = {y ∈ Y | ϕλ1(y) = ϕλ2(y) for each λ1,λ2 ∈ T}
U = {y ∈ Y | ϕλ1(y) '= ϕλ2(y) for each λ1,λ2 ∈ T with λ1 '= λ2 '= −λ1}

ͱ͓͘. Y = F ∪ U , F ∩ U = ∅ ͔ͭ F  Y ͷดू߹Ͱ͋Δ͜ͱʹҙ͢Δ. ϕ1ಉ૬ࣸ૾͔ͩ
ΒX = ϕ1(F ) ∪ ϕ1(U), ϕ1(F ) ∩ ϕ1(U) = ∅͕Γཱͭ. ࿈ଓؔ ε : Y → {−1, 1}ʹରͯ͠, X্
ͷ࿈ଓؔ a, b :Λຬͨ͢Α͏ʹͱΕͨͱԾఆ͢Δ͕࣍

(F3) ҙͷ λ ∈ T ͱҙͷ y ∈ Y ʹରͯ͠ a(ϕλ(y)) = λ−2ε(y)a(ϕ1(y)),

(F4) ҙͷ y ∈ F ͱҙͷ λ ∈ Tʹରͯ͠ɹ a(ϕλ(y)) = 0, ͔ͭ

(F5) ҙͷ y ∈ Y ͱҙͷ λ ∈ Tʹରͯ͠ɹ b(ϕλ(y)) = b(ϕ1(y)) .

C(X)ͷ෦ۭؒAΛ

A = {a+ b | a and b satisfy the conditions (F3)-(F5)}

ͱఆΊΔ. ࿈ଓؔ α : Y → Tʹରͯ͠, T : A → C(Y ) Λ࣍ͷΑ͏ʹఆٛ͠Α͏ɿ

T (a+ b)(y) =

{
α(y)a(ϕ1(y)) + α(y)b(ϕ1(y)), ε(y) = 1

α(y)a(ϕ1(y)) + α(y)b(ϕ1(y)), ε(y) = −1.
(3)

T ͕࣮ઢ૾ࣸܗͰ͋Δ͜ͱΛݟΔͷқ͍͠. ͞ΒʹB = Ran(T )ͱ͓͘. Ҏ্ͷه߸ͷԼͰ͕࣍
Γཱͭɿ
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ఆཧ 2 A ͱ B ͕ఆؔΛؚΈ, ͔ͭXͱ Y ͦΕͧΕͷ 2Λ͢Δͱ͢Δ. U != ∅Ͱ͋Ε
, T શࣹมͰ (2)ͷܗʹද͢͜ͱ͕Ͱ͖ͳ͍.

্ͷఆཧͷԾఆΛຬͨ͢Α͏ͳҐ૬ۭؒͷయྫܕ, T࡞༻Λͭ࣋ίϯύΫτڑۭؒͷதʹݟ
ग़͢͜ͱ͕Ͱ͖Δ.ɹTͷҐ૬ۭؒX্ͷ࡞༻͕ semi-freeͰ͋Δͱ, ֤ x ∈ Xʹରͯ࣍͠ͷ͍
ͣΕ͔͕Γཱͭ͜ͱͰ͋Δɿ

(i) ҙͷ λ ∈ Tʹରͯ͠ɹ λ · x = x,ɹ·ͨ

(ii) ҙͷ λ ∈ T \ {1}ʹରͯ͠ɹ λ · x != x.

xͷيಓ orb(x)Λ orb(x) = {λx | λ ∈ T}ͱఆٛ͢Δ. ্ͷΑ͏ͳ࡞༻ͷ global section Σ ͱ Σ

Ͱ࣍Λຬͨ͢Α͏ͳXͷดू߹Ͱ͋Δɿɹ֤ x ∈ Xʹରͯ͠ Σ ∩ orb(x) Ұू߹.

ྫ 3 (1) ෳૉฏ໘্ͷ୯Ґԁ൘ D = {z ∈ C | |z| ≤ 1}. ෳૉͷੵ͕ Tͷ Dͷ semi-free

ͳ࡞༻Λ༩͑Δ.

(2) compact Hausdorff ۭؒXʹରͯ͠X × T freeͳ T࡞༻Λͭ࣋.

ఆཧ 2Λ্ͷ࡞༻Λͭ࣋ίϯύΫτڑۭؒʹద༻͢Δ͜ͱͰ࣍ͷఆཧ͕ಘΒΕΔ.

ఆཧ 4 compact ۭؒXڑ ͕ Tͷ semi-freeͳ࡞༻Ͱ global sectionΛͭ࣋ͷΛڐ༰͢Δͱ͢
Δ. F = {x ∈ X | ҙͷλ ∈ T ʹରͯ͠λx = x} != X ͱԾఆ͢Δ. ͜ͷͱ͖C(X)ͷ෦ۭؒA

ͱશࣹม T : A → AͰ

(a) ChA = X,

(b) T  (2)ͷܗʹදͤͳ͍

༷ͳͷ͕ଘ͢ࡏΔ.

ɿ্ͷఆཧͰXͷڑԽՄੑ”peak function”ͷ๛ͳଘࡏΛอূ͢ΔͨΊʹԾఆ͞Εͯ
͍Δ.

͜ͷఆཧʹΑͬͯ (2)ͷܗʹදͤͳ͍มΛڐ༰͢Δۭؔؒͷྫ͕๛ʹಘΒΕͨ.[3]ͷ
݁Ռʹର͢ΔཧղΛਂΊΔͨΊʹ,͜ͷΑ͏ͳۭ͓ؒΑͼมͷৄ͍͠ੑ࣭ΛௐΔ͜ͱେ
ͳͰ͋ΔΑ͏ʹࢥΘΕΔ.

ຊߘͰड़ͨ݁Ռͷ͍͔ͭ͘Banach͋Δ͍HilbertۭؒʹΛͱΔϕΫτϧۭؔؒʹ
֦ு͢Δ͜ͱ͕Ͱ͖Δ ([1])͕, ͜ΕΒͷ݁Ռʹ͍ͭͯߘΛվΊΔ͜ͱͱ͍ͨ͠.
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୯Ґٿ໘্ͷڑࣸ૾ʹؔ͢ΔҰͭͷҙ

৽ׁେֶࣗવՊֶܥʢେֶӃࣗવՊֶڀݚՊʣɹɹӋௗɹཧ
(Osamu Hatori)

1 ংষ
ϊϧϜۭؒͷؒͷશࣹڑࣸ૾ affineͰ͋Δ͜ͱΛओு͢ΔMazur-Ulamͷఆཧʢ1932ʣ
ॴMazur-UlamͷఆཧہయతͰ͋ΔɻMankiewiczͦͷݹ [3]ʹΑΓɼϊϧϜۭؒͷ࿈݁։ू߹
ؒͷڑࣸ૾શମʹڑࣸ૾ͱ֦ͯ͠ுͰ͖Δ͜ͱΛࣔͨ͠ɻҰํ Figiel [1]R͔ΒR2

ͷதͷڑࣸ૾Ͱ affineͰͳ͍ͷͷྫΛࣔͨ͠ɻͦ͜Ͱ࣍ͷ͕ੜͣΔɻ

Problem 1. Banachۭؒ·ͨϊϧϜۭؒͷ෦ू߹Ͱఆٛ͞Εͨڑࣸ૾ͷશମͷ֦ு
Մ͔ʁ

2 Tingley
Tingley࣍ [6]ʹΑΓ͕࢝ڀݚ·ͬͨɻ

Problem 2. Banachۭؒͷ୯Ґٿ໘ͷؒͷڑࣸ૾Banachۭؒશମʹڑࣸ૾ͱ֦ͯ͠
ுͰ͖Δ͔ʁ

!p(Γ) (1 ≤ p ≤ ∞)ίϯύΫτڑۭؒ Ω্ͷෳૉ࿈ଓؔશମC(Ω)ͳͲͷBanachۭ
ؒͰߠఆతͰ͋Δ͜ͱ͕ΒΕ͍ͯΔΑ͏Ͱ͋Δ͕ɼશͳղܾྫʹ͍ͭͯΒΕ͍ͯ
ͳ͍Α͏Ͱ͋Δɻ

3 ߹ͷྻߦ
ͷ߹ͲͷΑ͏Ͱ͋Ζ͏͔ʁTanaka∗Mn(C)Cྻߦ [5]ྻߦͷ߹ʹTingley
ߠఆతͰ͋Δ͜ͱΛࣔͨ͠ɻ͜͜Ͱ࣍ͷ݁ՌΛհ͢Δɻ(cf. [2])

ఆཧ 3. Mn(C)Λ͕ෳૉͰ͋Δn࣍ਖ਼ํྻߦશମͱ͢ΔɻSn = {A : ‖A‖∞ = 1}ΛεϖΫτ
ϧϊϧϜ ‖ · ‖∞ʹؔ͢ΔMn(C)ͷ୯Ґٿͱ͢Δɻ‖ · ‖Λ unitarily invariant strictly convex norm

ͱ͢Δɻϕ : Sn → Sn͕ ‖ · ‖ʹؔ͢Δશࣹڑࣸ૾Ͱ͋Δͱ͢Δɻ͜ͷͱ͖ϢχλϦʔྻߦU, V

͕ଘͯ͠ࡏɼҎԼͷͲΕཱ͔͕͢Δɻ
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(1) ϕ(A) = UAV, A ∈ Sn;

(2) ϕ(A) = UAtrV, A ∈ Sn;

(3) ϕ(A) = UA∗V, A ∈ Sn;

(4) ϕ(A) = UĀV, A ∈ Sn.

ҰൠʹBanachۭؒ (X, ‖ · ‖)ʹ͓͍ͯɼ|x‖ = ‖y‖Ͱ x #= yͳΒɼ‖x+y
2 ‖ < 1Ͱ͋Δͱ͖ ‖ · ‖

 strictly convexͰ͋Δͱ͍͏ɽSchatten p-norm strictly convexͰ͋Δ͕ɼεϖΫτϧϊϧϜ
 strictily convexͰͳ͍ɽ

ิ 4. A,B, A+B
2 ∈ SnͳΒɼ

ϕ

(
A+B

2

)
=

ϕ(A) + ϕ(B)

2

Ͱ͋Δɽ

ϊϧϜ͕ strictly convexͩͱɼ͢Δٿͷڞ༗ͨͩ 1ͷΈͰ͋Δ͔ΒͰ͋ΔɽU(n)ΛϢ
χλϦʔ܈ͱ͢ΔɽSnͷશମ U(n)ͱҰக͢Δ͜ͱ͕ΒΕ͍ͯΔɻ

ิ 5. ϕ(U(n)) = U(n)Ͱ͋Δɻ

Proof. A ∈ U(n)ͱ͢ΔɽΑͬͯA SnͷͰ͋Δɽ͜͜Ͱ ϕ(A) #∈ U(n)ͱԾఆ͢Δɽϕ(A)

ͷۃղ ϕ(A) = U |ϕ(A)|ʹରͯ͠ɼ

U1 = U
(
|ϕ(A)|+ i

√
1− |ϕ(A)|2

)
, U2 = U

(
|ϕ(A)|− i

√
1− |ϕ(A)|2

)

ͱ͢Ε U1, U2ϢχλϦʔͰ͋Γɼϕ(A) = U1+U2
2 Ͱ͋Δɽϕ−1ʹิ 4Λద༻͢Εɼ

A =
ϕ−1(U1) + ϕ−1(U2)

2

Ͱ͋Δɽ͜ΕA͕ SnͷͰ͋Δ͜ͱͱໃ६͢ΔɽҎ্ΑΓɼϕ(A) ∈ U(n)Ͱ͋Δɽ

ఆཧͷূ໌Λ͏ߦɻิ 5ΑΓ

ϕ|U(n) : U(n) → U(n)

well definedͰ͋ΔɽMolnárͷఆཧ [4]ΑΓϢχλϦʔྻߦ U, V ͕ଘͯ͠ࡏɼ࣍ͷͲΕ͔͕
ཱ͢Δɻ

(1) ϕ(A) = UAV, A ∈ U(n);

(2) ϕ(A) = UAtrV, A ∈ U(n);

(3) ϕ(A) = UA∗V, A ∈ U(n);

(4) ϕ(A) = UĀV, A ∈ U(n).

A ∈ Sn ͷͱ͖ɼA = U1+U2
2 Ͱ͋ΔϢχλϦʔͷଘิ͕ࡏ 5ͷํ๏Ͱ͔Γɼϕ(U1+U2

2 ) =
ϕ(U1)+ϕ(U2)

2 Ͱ͋Δ͔Βɼ্ͷܗA ∈ Snͷ߹ཱ͢Δɽ
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໊ࢯ (শུܟ) ॴ ଐ
Ѩ ෦ හ Ұ ৽ׁେֶɹֶ෦
൧ ా ҆ อ ۚҩՊେֶ
ੴ Ҫ ɹ ಁ ৽ׁେֶ
ઘ  ܟ ࢘ ৽େࣗવ
ઘ  ߞ ฏ େֶޱࢁ
େ Ҫ ࢤ ึ ৽ׁେֶେֶӃ
େ  म Ұ ຊେ
খ ∁ Ꮼ ಸ ৽ׁେֶ
य़  Ұ ߒ
 ্ ହ ࢙ ৽ׁେֶ
 ଜ Ұ  ஜେֶཧ࣭ܥ
܂ ݪ म ฏ ߍֶߴຈ੩मࡳ
ਗ਼ਫݹ େ ถߴࢠઐ
 ށ ಓ ੜ Ӵେ
ߴ  ܒ ߦ ৴भେɹཧ
ڮߴ ଠܓ ৽ׁେֶ
 ݟ  ೭
ֽ ʢ৽౻ʣ ඒྤ Ԭߴۀઐֶߍ
୮ Ӌ య ࿕ ຊେֶༀֶ෦
Ӌ ௗ ɹ ཧ ৽େࣗવ
ࡉ    ҵେ 
ຊ ؒ  ࿕ ৽ׁେֶ
ࡾ Ӝ େ ࢤ ৽ׁେֶ
ࡾ Ӝ ɹ ؽ ৽ׁେ
 ᬒ ܙ Ұ ৽ׁେ ࣗવՊֶܥ


