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B!(F)ZZE OfEEE:

HHKRZE 7 a—N\)VZFar—yavvryi— @40 it
(Takuya Sobukawa)

1 Morrey ZZff] & Campanato ZEfF
FT LA SNz Morrey BEIDEHRE RET Z L1275,
EE 1R L Qr,r) 2l z, B r DK (or IHK) T2 &

1 1 L\
sup AQ@ WMd@ < o0 W

r>0,z€R" T’ z,7)| Q(z,r)
BT B f ORk%E Morrey 28R L, ) ¥ X3,
D/ NVLADEFREZTEIZARELTAD L
1. BEf DEDORE X 2T —HIVIZ (Q(x,r) L WS EPHT)L? / VLA THIS

2. BB OMEDOR T 255 Z D HIRD T, Q(x,r) DR E XK S RN & 5 I1ZZ DHE |Q(x, )|
THE|> TN L LP JIIVAIZT S

I==-3

3. Qz,r) DFFr PRSI IIE, kO u— IV RWEEH LRSI LIZREDT, r DET
#H5, ZOEMPKETNE, b2 DELATO f OFEEZMNA REZ L2k 5,

4. PROEWD S, HLDOED DT RTOELEEZFET 5 (ERZH5)

EWVHHHEIZR > T WA Z b rd, I TN f 2 Lr VLA TRENZEl > TW
BN, ZNERDE I [P(2I) /IVLAILEZZHLDEEZ 605,

EE 2 BT

1 1 Hr
s = s & (s Qo> 0]) - <o
pa(U) Q(z,s)CU 2 |Q<5U, 8)’ t>0

Zhi7z 96 DK%, 5 Morrey ZM WL, , & &5

UARGEEIZ P — I CRMCREL) & DILFEFFE DR KE TH 5,
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INH X, FATIZBEBOEORBORRT 2T/, TNE2RIKTELDOTVWD I L2250, k)
THELOREBOEFOMRF 2B 7-DIZIZIRDE S BAADAPHIELWEEE X 5,
w5 3 M f T
1 1 v )
— < 2
r>(s)l;%R”7° <‘Q($ 7’)| o) ’f(y) fQ‘ y) oo ( )

Zi729 6 DK%, Campanato 28 £, & &8, 272U,

1
_ d
Q) /QW) fo)dy

Z1H Morrey ZE[H & FARRIZABEL TAS &

THo,

L “FH” folzdUT “fiA" |f(y) — fol 2R,

2. TD“HE” (B UK IEpIRE—AV b, p=20D L EPMHERHOMEFTE > DBUTHY T
3) LD

3. Morrey ZE[H] & FIBRKIZERDFEEDFETHI > T, 2ATHSD

Lo TWb, BBEZOREIK, BBIZERZMATEENIEDLST, I/ VA L5,
Morrey ZE[H] & Campanato ZEfIIZ DWW TIFIROMWEN L F SN T WD

A=-n/pDEE Lyx=LF
—n/p<A<O0DLE £,,/C=1L,,

A=0DE £,, = BMO
0<A<1DrE £, =Lip(\)

2 REDREY ORBDOEE)

A RL72 & 512, Morrey / )b % Campanato ¥ 3 /)L A R BIEK OB T % 8}, 2
PRTENERD ] LWIRITIR> TS, ZIUIH U TR FRFMIBRE U 72 1 Tt~ 72 B %eE
HhERS5NTVD

2.1 Beurling algebra A? @ dual B?

Beurling 23— f%FAFIfRNT (Wiener Z2#L DfENT) D72 IZHEA U 7z BAEIR AP OB ZEM BP 13X
DEIBI)INVLERIOERTHELADILNTE S,

Il = s (5 [ i as) " 3)

‘Qr’ Qr
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ZZTQ,=Q0,r) TH5,
BROEZEDP1IUETH S Z LIEZEEARBER TRV, 22 FEHEID Homogeneous type D ./
I

1/p
15 = sup (757 | 1oz )

iit*ﬁbb‘ﬁiﬂﬁwﬁﬁ%%f:‘/‘)?—o ZlE Morrey / WVADEFRIZEWT, BROHFL x % 7 sUZ[HE
A=0&UL7bDeALT I ENHEKS,

2.2 CMO?, CBMO?
Campanato ¥ I IV AZFE U XS IZFEFOLOTHRELZDOPROEIJIVATH D

1/p
a7 |, = fal dx> (5)

(Garcfa-Cuerva and Herrero [3]), Z3UZXtnd % Homogeneous type 2 X/ )L A3

I leno = sup (

1 1/17
I Fllemior = sup ( (@) - fQT\pdx) (©)

>0 ’Qr| Qr
(Alvarez, Guzman-Partida and Lakey[l]) T® %,

2.3 —f&® Central Morrey/ Campanato type Z= &
261, — D NTH U T, MR T

1 1 1/p
[ fllBpr = sup -3 < |f(x)\pdx)
|Qr| Qr
1/p
1 1/P
Ifllesiors = sup < (@)~ Jo,lds
1 1/p
lesmiors = 5 (17 [ 160~ fo o)

E\Wo Ttz IV - %i/)bA&i%j—éu&%‘/@%éo

2.4 [FE#HZEM B,(E)

o OZEMNE, £ OELRFER E 5, MO Q, DHEZIARL TWEA, Thz
TEHIHMIATHEETHL, THDDL

1/p
v = s (7 [, @) ™~ sl
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YEESHETIENTEDS, TNE Bpa(LP) /VAEIERZ LT 5, —fIT B,(LP) 2 DHE
Z6N5, £72 B, (LP) JIVABRBRIZED SN 5,

AU & 512 CMOP* % CBMOP @ X VIV A, ||f — fo. |l % LP/€ (€ I1XE BRI Ak
DEL) LW EBDLI VL ERATILIZEST

1 <
I lletorr = sup Zmsllf = forllr@n  + Buypia(LP/€) £ /0 5

1 <
I llepyors = sup sl = farllie@n o Bupea(LP/€) £ X 70V &

EADIEHHKD, TOXDITERANIFIINZBEEORNE RDRE (/ IV AFEE I /LA
E) 2ZBZTR5ILI2L->T, 51T B,(E) LWH A TE K O %2R 25 Z
EDHIK S, (Komori-Furuya et al. [5])

2.5 FA#¥ZEME BY(E)

HIFiD By(E) ® (£ 3) /AL, BEIC r 280 LT EREZE->TWS, ThE L™ )V L%
otz R, Toll—MbLT LY JVAZERZ2Z 81235, LTV A b r 7 2 —fiY
BT w(r) & LTRIIE, IROZEMER S,

EE 4 (BL(F) spaces) E & R" LOBEIINT 2 (TS hD5RM2IT) 3/ IVLAZERE
75, Z0r XEKZEW BYE) 8L BY(E) 2EThTh
o)1 lp@n
o) flp@n

i THEK f R0k TEMEED S,
ZDEFEBAMITIZEIZBRENT WD, SBIES ETY I VAZEM EIZDOWTDEDEMEEIE
THEILLTB.

flo. € E(@Q), 0<t<r<oo= flo € EQ), [flleq) < Crllflleaqn, (7)

REPIZES>T LPD LS 7% TRV THINE, VIVAIZKREL RS LW HETHS, T2

TIEINZ THIRSRM] EERZ 21235, EBIZ EOfle UTIX LP, Orlicz 22/, Lorentz 22 ]

Morrey Z2[#, Weak-Morrey Z2[#] Campanato Z2[H, Lipschitz Z2fi]7% & 535 5,
BIZHHRIE M Z ZEA S 2 DIZRBE L 705 D T weight w IZDWTORAEME L TH L,

L ([1,00),9)

< 00
L((0,00),%)

w(r) < Cw(s) (w(r) > Cw(s)) for r<s. (8)

T o i FE AL /IR D — b TH B Z £ A5, almost increasing/decreasing property & I
I, F72 & <K 547z doubling condition HKE L TH L,

w(r)
w(s)
2Burenkov and Nursultanov & E = LP D7 —ATZOFDOEMEEZ TV, ([2)

c < <C for —<-<2 (9)

w3

DO | —
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ZoeE, VxAbhbwdDZI7ALLT
W = {w : almost decreasing, doubling, / w(r)" dr < oo}
1

> dt
W = {w : almost decreasing, doubling, / w(t) T~ w(r)}

w <uy = W' C W C W c W=
il ehbhnb,

3 BY(E)-ZEORETEE

9 K-EmeMoeE2EET 5,
(Ag, Ay) Z¥E )V LWZERBIOWNIN & § 5, a€ Ag+ A, t >0 1L

K(ta; (Ao, Ar)) = inf  (Jlaolla, +tflar]|a))

a=ap+ai,a;€A;

% Peetre D K B L WS,

EEDH 1<u<oo,0<0<1,0>0ITHL

{/6"0 (K(t, a; E;élo,Al)))"ait

%(ﬁf:? a < Ao + Al éf.\{$€f, K-%*@ﬁfﬁ% il (A(),A1)9’u7[5700) LW,

Z OFffEIZEIZ S U T, IROMWEE DAL D LD,

i 6 (AERMERE) () MIEIEHES T " Ay — By B A, — B, OEFEHZETH S

b %, T % (AQ,Al)gm — (Bo,Bl)(),u ®ﬁﬁ4fﬁﬁﬁi¢:@éo

ED & S 2R DOWNLANITH U T Z OMifEMZ o N THEE S 5 Z & BEANRREE 725,
RDIF 4 DEFERTH 5,

EE 7 (BYE)-ZEOHEEE) v, ui,u € (0,00], wo,w; € W, min(u;,u) < oo 861X w; €

W &g b, £72, 5 (e >0) IZRHLT wo(r)r% 721 wl(r)r*6 D almost increasing T 5

wy () wo(r)
95, e (0,1) ITXLT

1/u
< 00

_,,1=0) 0
w=w; w.

LEDD, TDLE
(B (E)(R"), Bit (E)(R™))pu,0.00) = Biy(E)(R™)
(B (E)Y(R™), By (E)(R™))o,u,(1,00) = By (E)(R™).
N AIRVASN
S OGE IEMEIZ RV, SRMEOEEIZ DOV TIEERT 5,
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4 FHEEEDIRRE DY

BY(E) @/ )V %, Lorentz ZEH]D / )V A EF U %E L TW5A 728, £ Ol 22 [H O FER 1372
EIBHDIT B Z EBFI NS D, Lorentz ZEH DG E 21T K BBV EAKICEIRE I NS H D
D, BL2DEGEIZIZE o & —RABIETED D, TOFIEIXMEZ RV, SR~ 1T, K BEBOERE
WZERD,

Kt 5 (Ao A) = ind (1ol + t i)

AJ(Aw<meHhHmQOuwf>uw—+t<Aw<wKMHﬁHMQOuu?>UW

FHEEFHAETIMGL 72, TNEMARITIER ERMEIT R VDD, OB TR & RREAPF R
L7,

IR 8 (TR (£73HAN7< EAD) f € BYE) R IZHLT
f=fo+fi, fieBU(E)RY), (i=0,1)
ERRTE D07 VA NIE
BY(E)R") C B2 (E)(R") + BYH(E)(R™) A3 LDo0?
Bzl I 7 VA% B IZIROEEDK D L TEZ OB R T 5 Z L 2R U T,

W 9 (PEERM) fe EoRY) BXU r>01Z8/L, f=f+f LWI5ET

WFM@)<{aﬂNMQ> (0<t<r),
0 t) —
(

CEHfHE(Qar) r S t < OO),
0<t<ecr),

0
Il E@) < {

(
Cellflle@u (er <t <oo),
(Cg,a,belEr t, fIZ&5RW) ERBLOVHIZENDEHSIE, f e BYE)R")IZHLT
f="fo+fi, fi€BYE)R"
LRRTE D, $2b5 BY(E)(RY) C B (E)(R") + B (E)(R") &7 5,

ZOFEMIFZL DT —RZEMTH S, 72L& ZIE Lattice T 2RO LSt I /7 IV AZEM (L2,
Orlicz, Lorentz, Morrey Z2Mil), %7z Lattice TI372\ A% Campanato %2/ £, TH Z D3RS
OO Z Ehhh b,



5 BFRMEEEICDOWVWT

3 2 HMMHER L AR CHEZRT IV EDOELLHNTH S, FHRT BEO L &
I DFHIIAZ TH S, LrLENXDsgnEhnEdE

T(f +9)(@)] < [Tf(2)] + |Tg(x)]
P EE L TR AT 5 OREETH B, 2 I TRAEE SITROEMAEDT T,
Tf(w) = Tyg(x)| < CIT(f = g)(@)] (C>0 & [, g IS RVER)

ZZEFTERMEEMITNXE S TE 54, EBR. EMFTTIKIESZ L DL ERZE
WX Z D&M mTZ9,

6 IuAA
Fx OffifflEHIZ L > TH LI BN i 22T 5,

5 10 Hardy-Littlewood / Fractional Mazimal Operators

Maf @) = s o [ 150ldy (o< 0m)

Fp=Ata, ¢<(\/pp, o+ A+a<0DLE
Bo(Lppn)(R") — By (Lgu)(R")  Bo(Lip)(R") — Boy(WLg,)(R")

(1 <p< o) WSERMEZEED ([5) o TNTHRLOMMEHEZBEHT 5L pg € [1,0),
A€ [-n/p,0), p€[-n/q0), ue (0,00] D& EIT

By(Lp ) (R") — By(Lg,)(R")  By(Lin)(R") — By (WLg,)(R")
(1<p<oo) WS HEAMEZES,

5 11 Singular / Fractional Integral Operators

Tof(z) = p.v./ ﬂl;x _yfi)f(y) dy (Calderén Zygmund YEFZR)
e |7 —
Toaf@ = [ 2E=Y s0)ay  (rough kermel)

rn [T —y[re
(ZX U TRBRIZ Komori-Furuya © OFH ([5]) &2 Z OEHTHHET S Z 2I2&>T
Bu(Lp ) (R") — By(Lg,)(R")  By(Lin)(R") — By (WLg,)(R")

(1<p<oo)EWHIERMEEEGS,

AL IER 2 EAEZEIZ DWW T ZOREZ DT NIEAE RN GIHTE S Z 2 213> DBV IO XA R Y 72 5
ROHS, REHOD L A REREB LT IORMEEDIFEZLIFTTIIHONAEZIETHB I b o7,
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KRz, A = —n/p £ BT, Burenkov Nursultanov [2] 12k 2 216 DFEHZEIZN T S Local Morrey
type spaces (28T D2 HFRM LMy, »(R") — LMy, 5(R") 2135,

5] 12 (Singular integral operators with cancellation property)

i) =tim [ K(e)f()dy
170 J|z—y|>n
C
Kl < o / K(z,y) dy = / K(y,x)dy =0
T — y| r<|z—y|<R r<|z—y|<R

(Kernel IZ DWW T DSRMFIZEN) DFDIEHZERIZDOWTS ARk T
BZ(EP,A)(Rn) — Bg(ﬁq,u)(Rn) BZ;(LP,A)(RTL) — Bg(ﬁqyu)(Rn)
EWSIEORREEGS,

5l 13 Modified fractional integral operators

faf(x)—/nf(y)< ! m—l‘”y))dy. o€ (0,n)

|z — y[n—e |y|n—

IZD\WThH, Matsuoka-Nakaif{] DFERZ T HZ Li2k>T
By(Lpp)(R") — Bi(Ly)(R")  Bu(Lya)(R") — Biy(L,,)(R")
Z DRk r— A2 LT
By (BMO)(R") — B(Lip,)(R")  Bj(Lips)(R") — By(Lip,)(R")

EWSHMMERD,

£ 3k

[1] J. Alvarez, M. Guzman-Partida and J. Lakey, Spaces of bounded A-central mean oscillation,
Morrey spaces, and A-central Carleson measures, Collect. Math., 51 (2000), 1-47.

[2] V. I. Burenkov and E. D. Nursultanov, Description of interpolation spaces for local Morrey-
type spaces. (Russian) Tr. Mat. Inst. Steklova 269 (2010), Teoriya Funktsii i Differentsialnye
Uravneniya, 52-62; translation in Proc. Steklov Inst. Math. 269 (2010), no. 1, 46-56.

[3] J. Garcia-Cuerva and M.J. L. Herrero, A theory of Hardy spaces assosiated to the Herz
spaces, Proc. London Math. Soc., 69 (1994), 605-628.

[4] K. Matsuoka and E. Nakai, Fractional integral operators on BP* with Morrey-Campanato
norms, In: Function Spaces IX, Banach Center Publ., 92, 249-264, Polish Acad. Sci. Inst.
Math., Warsaw, 2011.



[5] Y. Komori-Furuya, K. Matsuoka, E. Nakai and Y. Sawano, Integral operators on B,-Morrey-
Campanato spaces, Rev. Mat. Complut., 26 (2013), Issue 1, 1-32.

[6] E. Nakai and T. Sobukawa, B!-function spaces and their interpolation, preprint,
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R EDOEHFHEEERDOBEE

HRRFEARBER =i % (Takeshi Miura)

X %3327 b Hausdorff ZZflil & U, CO(X)IZ& D X ETESES N7z R EEE e B 2R D
SIRDHENTOHEFEIRKIE VA || - | (2B 5458 Banach 22[H &2 £ 9. (BUE & IXH 5 72\0»)
B S: C(X) = CY) WEHBESRTH 5 & 1F

1S(f) = S@llee = IIf —9lle  (fi9 € C(X))

M DILDI & THB. Banach-Stone DEH L UTHSNTWBHIRDFERIE, X,V &5 ITFEHESE
M T®H 554 % Banach 2] 28, 72 X,V —D 3 > 37 b Hausdorff Z2[H] T % 51 % Stone
[12] MENZENRL TWBDY, Banach [2], Stone [12] & $ IZHRZBUERE T3 72 < EBEREE %
FEATWS.

I 1 (Banach-Stone DER) S: C(X) — C(V) W2 EZMLEFEHT AR 51X, FHEEHE
¢:Y - X BLTHEKREK a: Y - {z€C: 2| =1} DFIELT

S(y) = ay) f(o(y)) (feC(X), yeY)
NI RVASHR

LIRBE BB T ) OV AERIORIZ HARRIE TREZ S 5. Banach-Stone D ERLIIE 4 7275
FUZHEIR S T WS, 72 & 2 IXBIBER D [H D 258 R FIEBE G4 13 Nagasawa [11] B L O de
Leeuw, Rudin and Wermer [4] (Z & D HSZIZAFE S T\ 5. FHHREGGIZ, BBERD X 5 IZHO
MENEHREINTVWARL LHE®REZ L DD T, C(X) Db 5D 22 O I % BS54
EEZR, TOMEEZFRNLMEILEATH 5. Araujo and Font [1] 1&/FAT 2 > 732~ Hausdorff 2%
KT UT, Co(K) DD 5RDKRIEER /3 22 [H D [H D25 E E P SF I G4 O &2 e LT
%. Z ZTl& Araujo and Font DFEROK LG EEZBRD L1295, C(X) D/ IVAZERE L
T ZEM ADERHBEER, IS5 XORENMT L E, Az (X E0) BIEEER 1T
S A B A DRONZER A* DBABRE U, «55fitHz 52 5. A Ol RIRDEELE % E(A;) T
L, 6, & SfERBEBE TS ; DF0 fe AHLTO(f) = f(2) THB. DL X

Ch(A)={r € X :4, € E(A})}
LEHL, TNz AD Choquet HFH LIER., Z D& & Araujo and Font [1] DFERD SIXA 925

EI 2 (Aarujo and Font) A, B %ML 35, S: A — B 225 EERLEHEH 4R 5
i£, ARG ¢: Ch(B) — Ch(A) 5 & MBI a: Ch(B) = {2 € C: |2| = 1} AFAELT

S(Hly) =ay)fley))  (f €A, yeCh(B))
NI RVASN
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& 2 A CEHEBEMGGHROERMIPIEIIREL, 50BN EICEbNn S, EEE, Banach
2] TREINT WD X D1, JIVAZEHEOMEORHEFRMEGERIIAENCERETH L. ZOFE
I& Mazur-Ulam OEH [8] & L THIONT WA, Viisila [13] 1% Mazur-Ulam O & B 0 i §1. 72 Gk
ZHATWS.

EIE 3 (Mazur-Ulam OEI) M, N % (FEfif & 13RS 00) I/ VAR e T 5. 2H5ER
HEER S: M — NIZH LT, S—S5(0)I3FEMETH 5.

S VPR ERMERZSIX, S — 50) bEREFEMEHRTHEILIBZHSNTHS. £oT
Mazur-Ulam OEH K D S — S(0) 3 &S EMMEEFHRM GG L 72 5. U2 o TR ERIEE
B OME % RIHT L, SFFEMEERE D P72 Litid. TOEEMEIZEED S 35
WERREEAIC B T 2158182 < XD, 728 Z X Ellis [3] 1XBIEERH 5 — kBT & 2 BIg2E i
NDOLPHERC G TR ORIE 2 RIA L T\W5. £72 M. [9], Hatori and M. [6] I, HAL7EDIF
HEERET T, BEEROMOLHNEFHMEGOL EZREL TVWD. Z DFERIE Koshimizu, M.,
Takagi and Takahasi [7] (2 & o> THEERS LT W 5. EHEMIE TR WESIEER# GG OH & LT

SU)y) - {CWM ver (fe ) )
a(y)f(o(y)) yeCh(B)\ K

DDEHEDNEZ NS, FEEE, BEEIROMOEFFEMLEFEMERILIZORDOEDIZES NS
ZENYIZEVWTRINT WS, 272U K & Ch(B) DN DHEATHS. Araujo and Font
1] DI EE AT & ¥, SHEEHIZ LOBOEDIESND L s FHENEA, 0BT
13RI Z L DHEBRWERHEREER# TGOS [T B VWTHEAohTWwWad. £ZT (1) D
R ERE SR EROEER L PR 22T UL, £ IR SRR L 15720 D
FMERERDBEDD B.

EE 1 BBCER OO R EMEFIREE AR S: A— BIZWLT
Si(m)(f) = Ren(S(f)) —iRen(S(if))  (ne B, feA)
IZ&D S, BF 5 A BEDD. ZOLES, FLHEMEEHMEGTH LI LR NN 5.
B 4 % ycCh(B)ITxLT
S.(0,) = a1y,  S.(i0,) = 0,

i

AT a0 € TEE G 21,2, € Ch(A) B—BIZFHET S, 727U T={2€C:|z|=1}T
H5.

FEER S, I3 EHNEHEHMEGBRTH L0 5 S.(By) = A; Thb. £7- 5, 3FEHE RO THRIIMRFES N
5. Ko TS(E(BY)) C E(AY) 725, (S,) L ICFHMOERZ#H L T (S,)"YE(AY) C BE(BY),
DED S(E(B})) = E(A}) 2185, ZH &0 S, 3Rzl 53 DT, ye Ch(B)IZXHLT
S.(6,) = 1y, ZHT2F a0y e TE LW 2y € Ch(A) BIFEET S, AVEREEA X Ol s
52805 o €T,zp € Ch(A) D—BMIRINS. FAKIZLU T S.(id,) = 0, A7 o €T
BX0r; € Ch(A) H—RI B lET 5 2 L b RSN, n

11



BES5 o = iy

1414

V2

SE8 y € Ch(B) L ¥ 5. 1\7;5QGE(B{)“C“§)%>#%, s*(

LUz € Ch(A) WFAET 3. S, RIHIBRDT

5y> — B, BAET AT S

V286, = S.(0,) + S.(i6,) = 164, + il

AR1ZETDTV2 =+, THEH S, MLOHNEEZZEZTI|1 + ooy = V2 %235,
laqa;| = 172D T ajoy; = i THRITNXR SRV, Ko T oy = +ia, THS. |

a3y € Ch(B) IZNUT—RIZEEY, o = tiag A9, £TITK = {y € Ch(B) :
a; =i} EBITIK

2'0415%. (VRS K

S*<5U) = aldm? S*(Zdu) =
—z’alézi Yy e Ch(B) \ K

MDD, TRTDye Ch(B) I LT =0 EIRETS. ZZTyeCh(B)DEZE
Reay f(z1) = Reaidy, (f) = Re 5.(6,)(f) = Re 8, (S(f)) = Re S(f)(y),

—Im oy f(21) = Reiady, (f) = Re S.(id,)(f) = Reid,(S(f)) = —Im S(f)(y)
Thb. £o5TS(f)y) =arf(r) %135, FRIZLTye Ch(B)\ KDL& S(f)(y) = arf(z1)
LRBIENDND. DEVTARTDy € Ch(B)IZHUTay =2, 251, EHEMPEHS
& S IR T B Z L AR Nz, I SHRMESAR S AL CHE, TRTD y e Ch(B)
LT o =2 MO IO 905, LAL [T THASHEHO LS, MERTRVE
WEMLEEM TR EGET S, TO LS REFHEHIE B ED XS ik Ihdonts
I L 720,

£5 3k
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A generalization of the Mazur-Ulam theorem for
gyrovector spaces

K

Wi RFEEHRRIEERE BIES #— (Toshikazu Abe)

Za— MO NFETIIEEREROESITIRITI—2 Uy FEBRITIG L. FIZDWTHE
ZRY, —H. RN TORELEROES (HU, HERUEX c 2R DIFFR<) X3k
L —2 Uy RZE/H] LD c DFIERRS = {u € R3 : ||u|| < c} TS U, KRN GRIZE 1T 53
JEDOFDEHE Op IZAH Tl <, MEEIEHZI v, LizhoT, (R @) 1& (A[#) BT
7220, UL, (R @p) i (gyrocommutative ) gyrogroup & IFIXN K& 2 Ff > TWdH Z &
Do TWbB, (Gyrocommutative ) gyrogroup (& (A[#) #¥% —#fbL72HDTH 5, A. Ungar
x50 gyrovector space &\ I &% FRIE L 7z, Gyrovector space (£ 17 A% gyrocommutative
gyrogroup TH 5 L5 7% (BT UEAHHETH 2 HEITRV) ENFEEMICHIGT 288 TH 5,
Gyrovector 22T ENFEM DO — AL TH 0, FENRZEM & BI7zbk% 2iE 2 R D, TITE 7=
FeskAH G C D E 2RO EE H HIRIZ gyrovector space D& Z KD,

Mazur-Ulam OEHIEE / )V L2/ 5 5 b 22~ O 2 5 E S G 1% B B 2 DR
MEERETAEVWIZ 2 FERLTWD, I T, 7 Id gyrovector space & 3/ )V L% %
FRFHZIRZ B K D IZHi 727225 GGV space” Z E€F 9 5, £ LT, GGV space [T Mazur-Ulam
DEH L FARDIERPEONIHIZODVWTHERS, ZORERIZA Y TV F )LD Mazur-Ulam D 7E H
Db e o T3,

1 GGV space

GGV space (ZDWTEHET DRI E T [1] 1I2&D W T (gyrocommutative )gyrogroup O 7€ & % Hfe
ABLTHL,
EH. (1| BTHRVWES G 20 Lo "IHEAE o O (G, @) PWROMWHE %79 & & gyrogroup
ThHHEWVD,
(Gl) Rz’ 0 e G (LEMBEAIG) PEAET D, Thbb,
0®a=0 VacdG.
(G2) (G1) Zi#i7-30eG D> 5, FED acG T L TREIZT 0a (a DEMWTT) HIFAET
5HLD0H 5,
eada=0.
(G3) fEED a,b,ceGITXH U T, R%&Hi727 gyr[a, blceG B —REITIFET 2,
a® (boc)=(adb)®gyr(a, blc.
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(G4) EED a,beGIZX LT, ¢+ gyrla,ble lZ&>TEX 55K gyrla,b] : G — GIEG o2
BHCHE op 2RIFT 5, ThbL,
gyrla, b](z ® y) = gyr[a, blx ® gyr[a,bly Ve,y € G
(G5) TR D a,beGiZxf U TIRDEILT 5,
gyra®b, b] = gyr[a, b].
FEDFHRIZED, a® (6b) Zaob &K,
EF. [1] Gyrogroup (G,®) PMEED a,beG IZH L TIR %723 & & gyrocommutative TH 5 &
W,
(G6) a ® b = gyr|a,b|(b® a)
GGV space IZDWTEHET 5,

E %K. Gyrocommutative gyroroup (G,®) 54 @ : R x G — GPIRORMEi-9 & &,
(G,®,®) 1E GGV space TH D &S, ZIT, GIRE/VLZEH (V.| -]|) DEDEE LT S,
Vo) [l gyr[u, v]a| = lla|  Vu,v,a€G.

V1) 1®a=a Vacd.

(
(V1)
(V2) (m+r)®a=(n®a)®(rnea) VYacG, r,reR.
(V3) (mr)®@a=rm®(rnea) YacG, r,reR.

I ® a
Ir@al~ llal

)
) gyrfu,v](r ® a) =r@gyrfu,vla Yu,v,a € G, reR
)

Va € G\ {0}, r e R\ {0}.

= =
(2 B

(V6) gyr[ri @ v,re @ v] =idg Yv € G, r,m €R
(VV) |G| ={%|la]] e R:a € G} EZF & & AN T —F @ T—IRuFERLERMZ R L. U %

729,
(V7)) [re@a| =r|®|al| VYaecG, reR.
(V8) [la@ bl < |lal| @ |Ib] Va,be G.

Gyrovector space & DXL RD 2 DTH 5, 1. Gyrovector space I ZNFEZEMIZIEDIAENT
WBDIZH LT, GGV space &/ IV AZEBIZHDIAA T WS, 2. Gyrovector space 135 (VO)
& UTgyru,v] PN EZ AT H I L2 ERLTWVWBDIZX LT, GGV space 1£5:4F (VO) & L
Toyrfu, v] B/ VAERGETHI L 2ERLTWD, &> T, &£ TOD gyrovector space &I & A
IZ GGV space & 725, 72, FE/IWVLZEBV IZZNEHEDO (@EOREKRTD) & AN T —FEIC
5T GGV space DA EG7-9 Z & DMEHICHERTE 5, LEX D, GGV space Z gyrovector
space &5 /L L ZEW O —fb & o> TW\Wa,

GGV space (2B 1T 27 FEEE &7 07 DI H 72 B gyrometric” &7 gyromidpoint” & LA D &
DIZEET Do
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EHE. LI TEHEINDS o % GGV space (G, D, ®) ED gyrometric &\ 5,
o(a,b) =|lacb| Va,bed.

E#:. GGV space (G, ®,®) LORa,blZ LT, ARTEHRIND G EDrim(a,b)Zal bd
gyromidpoint &\ 5,

m(a,b) = | © (a e gyrla, blb).

EEED 2 DU gyrovector space ETELKFIUIZERINTWVWEEDTHS, LzWoT, gy-
rovector space L TCOMER%Z ZTD X £ GGV space IZFiH EIF7-HDTH 5, GGV space & LT
Friz 7 VL ZER % % Z 7256, % O gyrometric i GAEDOEIRTD) IV LAHoENN S HHHE,
gyromidpoint (J#H DEERE TORBN PR E —HT 5, T40bb,

o(a,b) = |la - bl|,

a+b

m(a,b) = 5

TH b,

2 Mazur-Ulam @ EE
SEDOFEEMAEZBRARBSEHZA Y ¥V FILD Mazur-Ulam O EHIZ DOWTHRRTH L,

EIE. (Mazur-Ulam OEH) T %K/ )V LER A DS FE /v L%/ B ~NO2FEFF#HEHGRE T 5,
DL E, TRHPFRERET S, Thbb,

a+b, T(a)+T(b)
2)* 2
ZIMOELIZTIEEMEGERT, ZHNT T =T(0)+Ty) LRDLOELZ LhbN b, 20034
IZ Vaiséld 1& Z @ Mazur-Ulam OEBIZ & 0 Rt E 5 X 72 (4). ZOFEMIEK. /v A ZEH
EORz ZHUT, miz 2 UM A Y. (1) = 22 — 2 2RSS E B GHK ¢, HRF27 L0
MHEH ZRHLZEDTH 5,

T(

Ya,beA

3 IFEE
DLFERESEOEEHTH S,

EIE. (EEH) T % GGV space G; 7*5 GGV spaceGy /~ gyrometric Z 73T 22 &35, Z
D& &, T gyromidpoint Z 17T 5,

2 GGy E LT/ VAR ZZEZTZGENTEAY V)LD Mazur-Ulam DEMTH 5, Gt
B A ) ¥ F LD Mazur-Ulam D EFLD Viisala 12 & BEEHZ BT 5, /L AZEEO%5E DFERH
THWONZER Y, (v) =22 — 2 IR T H5HDE LT, GGV space EOEH ¢x(x) =220 x
EHWS, TD ¢y bFE" L WHEE 2D,
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%. T % GGV space G; 725 GGV space Gy D gyrometric ZRF T 225 &35, T IO
BA7-3 Ty #HWTT =T(0)eT, TERE 5,

To(a D b) = To(a)@To(b) Va, b e Gl

To(a®a)=a®Ty(a) VacG,acR

S 3 HR

[1] A. A. Unger, Analytic Hyperbolic Geometry and Albert Einstein’s Special Theory of Relativity,
World Scientific, (2008)

[2] Michael A. Carchidi, Generating exotic-looking vector spaces, College Math. J., 29(4) (1998),
304-308

[3] A. Vogt, Maps which preserve equality of distance, Studia Math., 45 (1973), 43-48

[4] J. Viisala, A Proof of the Mazur-Ulam Theorem, Amer. Math. Monthly, 110 (2003), 102303
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BRI 27 EOEKRIERFRICDWT

BIRRFRAHE TZE WA &4 (Michio Seto)

1 #E{E

G ABAAHEMEDIESRA 2275735, UTF, GOHEAOESE V =V(G), Bo%EL%
E=E(G) &&T. 72 G IZTIXRD 6 X% KNET 5.

1. BATAER (FEAPSHTWEUOHMER)

2. fEw

3. V—THEL

4. JEAE (EEO THRZ ARADUTHIZ L A A HE)

5. & KIEN B THA 0 DMEET 5.

6. G IZIZIRD (a), (b), (¢) &7z T EABEAMEZ ST\ 5.

(a) Coy >0 ({z,y} € E),

(b) Coy =0 ({z,y} & E),
(c) Coy = Cya.

CDESBTITEIEAMES T T, £/2idxy b -2 XiEhb.

BE 1L G & G 2EANELTTLT 5. Vi = V(G) 55 Vs = V(Ga) ~DEM o A
Coy < Ctp(:c)tp(y) (x,y € V1) iz EE, o z¥ERBEHAE LR 51, ¢ AN R0 pilhe) (,0_1
LELERMTHS L X, o HAMG&RE XI5,

Z 2 T HHERI BB 2 BT PRICTAR TR O WM R2RE T 5. 77 7HEROFT
LTI 7HARBRIZFEZDEOMREINTOVRVE S TH DA, BN < DO
BT DB INTWB LS IES. HIRIE, EAD{0,1} oz s, /57 EOIE
HIBEIZE Z Do WAt GBS 5135 %), WARMGEAEDERIE NEfE=11] &5 FE—HD
NTHEEEIHE AT ZeHkE DT, BRAMGHEZIEAGHEZZ LI LN TE L. WK
fRMTBEE T T 7RI EBZ Z K> TWEEHDE L TIE, Jorgensen-Pearse [2] 73 5.
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2 EINILNEE Heg
V EOFEBAERRE u, v 1ITRL, E(u,v) ZIRD KD IZEDS.

0)=5 3 Colule) ~ uly) (o(z) — o))

z,yeVv

EIE 2.1.
Ho = {u: E(u,u) < +oo and u(0g) =0} and |ul, = E(u,u).
LEDDE He FHEEEE L)L NERTHS.
IZ&D He OIHR z (I 2HEKELRT. 4205,
(u, ka)pe = u(@) (u € Hg)

DD ID., ZOFHEKE LV NER He 7V —20HmE DOEEZ Z 2 THRRTEZ
foy = \/Cuylks — k) (x,y € V) B E, non-zero 75 f,, DEK%E F LB, 72720, fu, fyx
ELoN—HIE F PSR Z&IZTSH. EFED ue He 1T,

0l = 5 3 Colute) —u@)P = 3 1, fe (1)

z,yceV fey€F

DD NLDH, T F A tight THDEZLZ2EKRTS. 22 THWAHGEIZ DWTIX Chris-
tensen [1] @ Chapter 5 ZZ#&IZ L7z, MUK [1] ® Theorem 5.1.6 IZX D, FED u € Hg 1FIX
DEIITEATNG.

W= 37U, fuho foy  (/IV GIHET ISR )

fey€F

Rz, TIVRBEE 0, 1%
0y = Z <5a:7fxy Hgfry Z CIU
y:fay€F y{z,y}ek

CEINSG (G o8 FEb I T7I7AEAHZEE2 A ed52E, ZHIE Ak, =6, LECARTH
5). ZDEIIT Hg 2HHOBIE, EHEREELLD, HEK, S6ICE7V—0%2F>724
NHARTH 5.

3 BNRIERZR

G1 b G2 %%J}{Tj‘%7573b, (,OZG1 —>G2 %ﬁﬁﬁﬂg{%tj—é f:f:b, }?\A)\ﬁ\;%{%ﬁj—é
:K%ﬁﬂiﬁj—é ‘a—tﬁ;‘b%, QO(OGI)ZOGQ %ﬁiﬁj—é :0)92%, CSOUZUO()O(UEHGQ) 12 &
D KRR 3R Ccp He, = Hey NEXS.
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FI 3.1. ¢ : Gy — Gy DHEHL ST O, < 1.

T 3.2. p: G — Gy ZHRPHERBGHRE TS, 0L E, O, WEFMEHRTHLIILL o B
AMEHETHS L AT S, 51T, ZDEE C,05 = [y, MY LD.

FITHED TV —=L% 5L CF ZIRD LS ITRHTES.
EIE 3.3. ¢: Gy — Gy ZHGHERBIEHETSH. ZDL &,

. Criy
Cwu - Z A (u, f$1y1>7'lcl fewewn (v € Hay)

{‘xlvyl}:leyl e Cw(zl)w(yl)

WD NLD.

4 de Branges-Rovnyak spaces

Z ZCld Sarason [3] DFLFEZHAWVDS. ¢: Gy — Gy ZRPERBEH L L (72720, FUE
BRIZERS) . CF DIEIK EIZIRONEHE AN S,

<C:;u, CZU>M(C§;) = <P(kerC:;)¢u7 P(kerC’:;)LU>Hcl (u, NS HGl)-

ZZT Prarcs)t 1E ker O @ (Hg, OWBUCET %) ERMHZER EAOHPTHL. 0L F,
EIL OV R[] (ran CF, (-, ) meos)) & M(Cp) £RT Z 22T D, FRKIC H(C)) = M((Ing, —
CiC)2) DB, & 512, M(C,), H(C,) bRAKKTS .

EH 4.1. BHHERIBIEL o G — Gy ITXL,

E(o(Gr)) = {{o(@1),0(y1)} € Bz 21,51 € Vil
(G1) = (p(V1), E(p(G1))),
DyEy = {{z1,11} € B : Coyyy < Coptay)p(n) }-

LEDD.

EIE 4.1, 0: G — Gy HHEFRMEGR LT 5. B U |DE| & B\ E(p(Gy))| HEHIza R
ANSE e

H(CY) = span{ky(a,) — Ko@) {71, 01} € DpEn} + span{ky, — ky, : {22, 92} € Ea \ E(p(G1))}.
—f® de Branges-Rovnyak ZEFERIZ & D, He, ZIRD LD IZHRTHILINTES
Ha, = M(Cy) +H(C),  lullsy,, = min{|[vo[yes) + vl 1 u=v+w).

COMFEMTIRIBRNT LIZHERT 5. M(C;) NH(CS) 1 overlapping space & £iF 5 Z &
H5.
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R 4.1 p: G > Gy ZREERIREGE TS, B U |DLE| & B\ E(p(Gy))| P& HITHRZ
Yz
span{ky(z,) — ko) © {71, 01} € DyEr1} € M(CY) NH(CT).

R 4.2 ¢: Gy — Gy ZHHIERIBIBRE TS, Gy = ¢(Gy) D |D,E| DA SIX
H(C,) C span{ky, — ky, : {2,y} € DB} + ker C-.
R 4.1. dimH(C) & dimH(Cy) e BITARZSIE, Cp 137V RFNVLEHERTH 5.
M 41 25 LI LT, BEERMERIZNTE DD T AZRDLIIZED 5.

B 4.2. p: G — G, ZRHFEAMNGHET5. dimH(C)) & dimH(C,) BEHITARTH S
L&, o sARME XX,

RE4.1. 0 : G = Gy & Y : Gy — Gy ARG SIXYop: Gy — Gy HAR.
indA %2 AD7V FRILVAEERETS.

I 4.2, ¢ PERMAD ker O & ker O, ON—SAHWZ S IX

dimker C,, if ker C; = {0}

indC, =dimH(C?) —dimH(C,) =
7 () () {—dimkerq; if ker C, = {0}.

B

REFE—%te (HATHEA), MAELSE EHAERED #5207 —< Il 551 A
Hya Y OMAREITT L EBHLET.

£ S Hk
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WEIGHTED COMPOSITION OPERATORS WHOSE
RANGES CONTAIN THE DISK ALGEBRA

SRt HCE] HRRY: - BABFR - 7o —

1. INTRODUCTION

Let H(ID) be the family of all analytic functions on the open unit disk
D. Let S(D) be the set of analytic self-maps of D. For ¢ € S(D) and
u € H(D), we have the weighted composition operator M,C, on H(D)
defined by M, C,f = u- (f o) for every f € H(D). For u € H(D),
let Z(u) = {z € D : u(z) = 0}. We denote by Aut(D) the set of
automorphisms of D. Let A(D) be the disk algebra, that is, A(D) is the
space of analytic functions on D which may be extended continuously
on D. For a sequence {2, },>1 in D satisfying > > (1 — |2,|) < oo, the
function

—Zn Z— zn
H ] 1= %2 zeD
is called the Blaschke product with zeros {z,}n>1. If {z,}n>1 is a
finite set, then b is called a finite Blaschke product. It is known that
v € Aut(D) if and only if
0 2 —
1—az’
for some @ € D and 6 € R (see [2, 3]). We denote by ¢~ € Aut(D)
the inverse of ¢.

For ¢ € S(D) satisfying ¢ € Aut(D), we have A(D) Cc H(D) =
C,(H(D)). For ¢ ¢ Aut(D) and v € H(DD), one may guess that
(M,C,)(H(D)) N A(D) is a fairly small subset of A(D). In this paper,
we shall study weighted composition operators for which the union set
of the ranges of these operators contains the disk algebra A(D).

zeD

p(z)=e

2. RANGES OF COMPOSITION OPERATORS

Let ¢ € S(D) satisfying ¢ ¢ Aut(D). Under the condition that
z € C,(H(D)), we shall study a function f in A(D) such that f ¢
Co(H(D)).

Theorem 2.1. Let ¢ € S(D) satisfy ¢ ¢ Aut(D). If z € C,(H(D)),

then 1/(z — ) ¢ C,(H(D)) for some o € C with |a| > 1.
22



WEIGHTED COMPOSITION OPERATORS 23

Proof. By the assumption, there is ¢ € H(D) such that g(¢(z)) = =
for every z € D. Then ¢ is a univalent function. If (D) = D, then
¢ € Aut(D), so we have p(ID) & D. Then there is a sequence {z,}, in
D such that ¢(z,) = a € DNIp(D) as n — oco. We note that |z,| — 1.
So we may assume that z, — A for some A € 0D. Then

g9(a) = lim g(p(z,)) = lim 2, = .
n—00 n—o00

Hence |g(a)| = 1. By the maximal modulus principle, we have g(D) ¢
D. Then there is ¢ € D such that |g(c)| > 1.

Assume that there is h € H(D) such that h(p(z)) = 1/(z — g(c)).
We have

1 1 1
2=g(0)  glp() —glo) (g(z) - g(c)>(<ﬂ(2))-
Hence 1
EEY CR

for every z € ¢(D), so (g — g(c))h =1 on p(D). Since (g — g(c))h €
H(DD), by the uniqueness theorem we have (g — g(c))h = 1 on D. Since
ceD, 0= (g(c) —g(c))h(c) = 1. This is a contradiction.

Put o = g(c). Then |o| > 1 and 1/(z — «) ¢ C,(H(ID)). O

3. RANGES OF WEIGHTED COMPOSITION OPERATORS

Theorem 3.1. Let 1,0, ,pr € S(D) and uy, ug, - - - , ug be nonzero
functions in H(D). If

AD) C

=

(M, Cy,)(H(D)),

j=1
then there is jo with 1 < jo < k such that ;, € Aut(D) and Z(uj,) = 0.
Proof. Let 39 = {1,2,--- ,k},

Sy = {j €S Z(uy) #0},

Yo = {j € Yo : pj is constant},

Yy = {j € Yo : ¢; is neither constant nor a finite
Blaschke product},
and
Yy = {j € X : @; is a finite Blaschke product
and ¢; ¢ Aut(D)}.



24 WEIGHTED COMPOSITION OPERATORS

Note that some of ¥; may be empty. To prove our assertion, suppose
that either p; ¢ Aut(D) or Z(u;) # 0 for any j € Xy. Then we
have ¥y = Ji_; % We shall find a function F € A(D) such that
F # M,,C,,g for any i € Xy and any g € H(D).

For each j € ¥y, there is (; € D such that

(3.1) u;(¢;) = 0.
Associated with the set 3, we shall define a function p; € A(D).

First, suppose that X3 # (. For each j € Y3, there is a sequence
{%jn}n>1 in D such that

(3.2) Zin — A;j asn — oo for some \; € 9D,
(3.3) ©0i(zjn) = o asn — oo for some a; € D
and

(3.4) ©i(2zjn) # ¢j(2jm) for every n # m.

By (3.2), we may assume that > > (1 — |z;,]) < oo. Since u; is a
nonzero function, moreover we may assume that

(3.5) ui(zjn) #0 for every i € ¥y and n > 1.
Let b; be the Blaschke product with zeros {z;,},>1. Let
(3.6) ps(z) = [ bi(2)(z = ).

JEXs3

Then by (3.2), p3 € A(D) (see [3, p. 84]). By (3.1) and (3.5), we have
that

(3.7) p3(G) #0  for every i € X.

If 23 = @, then let P3 = 1.

Associated with the set ¥, we shall define a function ¢4 € A(D).
Suppose that ¥4 # (. For each j € ¥4, it is not difficult to find some
v; and &; in D such that ~; # &,

(3.8) ©i(15) = »;(&)

and

(3.9) wi(y;)ui(&5) #0  for every i € .
Moreover we may assume that

(3.10) Pa(€) #0

and {7;,&; : j € 34} is a set of distinct points. Let

(3.11) a(z) = [T (= =)

JEXs
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Then ¢4, € A(D) and

(3.12) qa(§;) #0  for every j € ¥y,

If ¥4 =0, then let ¢4 = 1. B
Finally, we may take hy € A(D) such that

(3.13) Z(hy) =10
and
(3.14) hap3qs # cu; for any i € 3y and any ¢ € C.

Then let F' = hopsqs € A(D).
By the assumption, there exist j € ¥y and g € H(ID) such that

(3.15) M,,Cp g = F = hopsqs, z€D.

Since hopsqs # 0, we have g # 0. To lead a contradiction, we consider
it to divide four cases.

Case 1. Suppose that j € 3;. By (3.1) and (3.15), we have

ha(C)p3(G)aa(GG) = w;(¢5)a(;(¢5)) = 0.

By (3.7) and (3.13), we have ¢4(¢;) = 0. Hence by (3.11), ¢; = ; for
some i € ¥y. By (3.1) and (3.9), 0 = u;(¢;) = u;j(v) # 0. This is a
contradiction.

Case 2. Suppose that j € ¥9. Let ¢;(2) = a € D. Then by (3.15)
we have g(a)u; = hopsqs. This contradicts with (3.14).

Case 3. Suppose that j € 3. Since b(z;,,) = 0, by (3.6) we have
that ps(z;,) = 0 for every n > 1. Hence by (3.15), w;(2,)9(;(2n)) =
0 for every n > 1. By (3.5), we have u;(z;,) # 0. Hence g(¢;(2;,)) = 0.
Since (3.3) and (3.4) hold, by the uniqueness theorem we have g = 0.
But this is a contradiction.

Case 4. Suppose that j € 4. By (3.11) and (3.15), u;(v;)g9(¢; (7)) =
0. By (3.9), we have w;(v;) # 0. Hence we have g(y;(7;)) = 0. There-
fore by (3.8), g(¢;(§;)) = 0. By (3.15), we have ha(&;)ps(&;)qa(&;) = 0.
But by (3.10), (3.12) and (3.13), ha(&;)ps(&5)qa(&;) # 0. This is a
contradiction.

As a result, we get the assertion. O

By Theorem 3.1, if A(D) C U;C:l(MLj Cy,)(H(ID)), then p; € Aut(D)
for some 7. One may ask that the same conclusion holds if we replace
the union sign by the sum sign. We have the following counter-example.
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Example 3.2. Let o1 = o = 2%, u; = 1 and uy = z. Then 1, @y ¢
Aut(D). For f € A(D), we may write

oo oo
_ 2n 2n+1
[ = E Q2n 2" + E A2n+12 .

Put fi = > 07 jag,2" and fo = Y 7 as,+12". Then fi, o € H(D).
We have f = f1(2%) + zf2(2%). Hence

A(D) C (M, Cy, )(H(D)) + (Mo, Cp, ) (H (D))
O

Since C,(A(D)) = A(D) for every ¢ € Aut(D), the following is a
direct corollary of Theorem 3.1.

Corollary 3.3. Let X be a subset of H(D), ¢ € S(D) and v € H(D

).
If AD) C (M,C,)(X), then p € Aut(D), Z(u) = 0 and A(D) C
(uop™h)X.

Proof. By Theorem 3.1, ¢ € Aut(D) and Z(u) = (). We have A(D) C

u{hop:he X} Since A(D) is Mobius invariant, we have
AD) = AD)oyp™ C (uop Jhopop™ the X} =(uop™)X.
O
When v = 1 in Corollary 3.3, we get the following.
Corollary 3.4. Let X be a subset of H(D) and ¢ € S(D). If A(D) C

C,(X), then p € Aut(D) and A(D) C X.
One may ask also the following: If A(D) C Ule Cy,(X), is AD) C
X7 We have the following counter-example.

Example 3.5. Let ¢; = 2?2 and ¢y = 2. Let
X =(AD)\ {f(z*) : f € AD)}) U{f(z"): f € AD)}.
We have X C A(D) and 2* ¢ X. Hence X S A(D). We have C, (X)U

Cy,(X) C A(D). To show the reverse inclusion, let g € A(D). If g € X,
then g € Cy,(X). B
Suppose that g ¢ X. Then g = h(2?) for some h € A(D). If

he AD)\{f(z"): f € AD)} C X,

then ¢ = C, h € Cp, (X). If h = f(2%) for some f € A(D), then
g = f(2*) € X. This is a contradiction. Thus we get A(D) C C,, (X)U
C,,(X). O

®2
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4. A GENERALIZATION

Let ¢1,09, g, -+ € S(D) and wuy,us, -+ ,ug,--- be nonzero
functions in H (D). Suppose that
AD) (M, (HD).
j=1

The authors think that in this case there is jo > 1 such that ¢;, €
Aut(D) and Z(uj,) = 0, but we can not prove it. Let H*(ID) be the
space of bounded analytic functions on . In the same way as the one
in the proof of Theorem 3.1, we may prove the following.

Theorem 4.1. Let p1,p9,--- € S(D) and uy,uy, - -+ be nonzero func-
tions in H(D). If

H>*(D) € (J(My; Cy; ) (H(D)),

s

7j=1

then there is jo > 1 such that ¢;, € Aut(D) and Z(u;,) = 0.
Sketch of proof. In the proof of Theorem 3.1, we may take {z;, tn>1,7 €

Y3, as
DD (= lzal) < oo

je¥3 n=1

and {v;: 7 € X4} as

> (1= |yl) < o

JES,
Let ps,qq be the Blaschke products with zeros {z;, : j € ¥3,n > 1}
and {v; : 7 € X4}, respectively. Then p3, q4(z) € H*°(D) and the proof

of Theorem 3.1 works if A(ID) is replaced by H*(D). O
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SO4) LEDHBERICDOWT
(A map on SO(4))

R R BHRBF R (REEBARREEHER Me H
(Osamu Hatori)

KRR RED EDSFREEEMRIZ D \WT [1] TN, 4RITDHEIZIR > THN 2 B4 DRI
IR ARIZ D WTRRZ, TR DD > TOWR W28 Z DERDIFLEDHER IR T DY
EEED—BRDOBEFICH LU TEDLIIITHETLIDON? DI BRILEPEID S 5DHn?
5 HOFEE Bb b, 4 ROFFREREEX

SOM4)={Ae M(4,R): A"A=E,det A =1}

THod, $5& LiekriZ
s0(4) = {r € M(4,R) : z + 2" = 0}

THY
SO(4) = expso(4),
Thd, G§
¢:S0(4) — SO(4)
%
plexpx) =expZ, x € s0(4)
TEDD, 2721,
0 a b c 0 a b d
so@sr— |4 0 Dol a0 ¢ | 513 well defined TH D
Tl =b —=d o f| S [ VI '
—c —e —f O —d —e —f 0

SO4) o ZNHH D RHEG %2 5 Z RO XA D 2D,

SO(4) —2— SO(4)

exp T Texp

s0(4) — s0(4)
BARFEICLD 2 & 7 OFHEZIHAN -T2 W3 2DT, LD >Ta Tldso(4)
L OMEERRE R E 5 X5, x> 713 Morita [4] IZBIN {(ERBUS D178 Z2HFk->T\W5), Li
and Tsing 3| IZBHND (FEHESDOLEELILEINT VWD), EOAHHKXIZENT ¢ D
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- AR
- SEEREEME
© AT MOVERENE
[CHIRD S 72N D, ART PIVEBREB L (%) = o(z), v €s0(4) £
0(¢(A)) = o(exp ) = exp(o(Z)) = exp(o(r)) = 0(A), A=expz
W5,
i : o(¢(A)p(B)) = o(AB), A, Be€ SO(4)?

HEHET L olexplexpy) =o(exprexpy), r,y € s0(4)? HEEL L5, exprexpy DD
JEHE S AEZHE L < L TW5, Baker-Cambell-Hausdorff formula 2 15T W5, T48b5 ¢
B Le fBEGIZHULT, gaZDLiekRe g5 &

exp zexpy = exp BCH(z, y)

(_1)7171 (Z:L:l(rz + Si))71 T1,,51 Tn,,Sn
BCH(SL’,ZDZZT ) e pomen par e SRRSO
n>0 ridsi>0,1<i<n 1oL non:
THD, SOM)ITHLTIRZAr NI Mg BRI SN T WS (2] 234 ) U FILT, [1] TRER
ERRRSNTND),
Fujii-Suzuki’s Baker-Cambell-Hausdorff formula for SO(4)

BCH(z,y) = iR fs(x,y)R

exprexpy =expiR" fs(z,y)R

X3(z,y) + Y3(z,y) Yi(z,y) —iYa(z,y) Xi(z,y) —iX2(z,y) 0
Yi(z,y) +iYa(z,y) X3(z,y) — Ya(z,y) 0 Xi(z,y) —iXa(z,y)
Xi(z,y) + iX2(z,y) 0 —X3(z,y) + Ya(z,y)  Yi(z,y) — iYa(z,y)
X1(z,y) +iXa(z,y)  Yi(z,y) +iYa(z,y) —Xz(z,y) — Yz(z,y)
1 0 0 -
R= \@ ot : Makhlin’s magic matrix
10 0 i

fs(z,y) ICBNWT
X1 (z,y) =ai(z, y)e1(z) + B1(z, v)e1(y) — 71(@, ) (p2(2)e3(y) — e3(@)p2(y)),
Xo(z,y) =a1(z, y)e2(x) + B1(z, y)e2(y) — v1(z, y)(e3(x)p1(y) — v1(2)e3(y)),
X3(z,y) =a1(z, y)es(x) + B1(z, y)e3(y) — v1(z, y)(e1(x)p2(y) — p2(2)e1(y)),
Yi(z,y) =az(z, y)v1(z) + B2(z, y)¥1(y) — v2(z, v) (P2 (x) Y3 (y) — va(z)P2(y)),
Ya(z,y) =az(z, y)a2(z) + B2(z, y)v2(y) — v2(z, y) (¥3(x)¥1(y) — ¥1(2)¥3(y)),
Y3(z,y) =az(z, y)¥3() + B2(z, y)¥3(y) — v2(z, ) (1 (2)2(y) — P2 (@)1 (y)).
a12 +asq a1z — a4 aiq +a23 a2 — aszq o) = 13 +a24 o(z) = alq — azj

p1(2) = T2 pa(e) = R p(a) = B (@) = 2 ——, -

z =x101 + 2302 + 2303 = (21, x2,23),
®(x) = p1(x)or + p2(x)o2 + p3(x)oz = (v1(2), p2(2), p3(x)),
W(z) = P1(z)or + 2 (x)oz + Ya(z)oz = (Y1(x), ¥2(x), ¥3(z)), o1,0203:5pin matrices of Pauli
ay(z,y) = a(®(z), ®(y)), f1(x, y) = B(2(z), 2(¥)), v1(z, y) = 7(2(x), 2(y)),
az(z,y) = a(¥(z), ¥(y)), B2(z, y) = B(¥(z), T(y)), v2(z,y) = (¥ (z), ¥(y)),

sin™! p sin |z cos |y| sinflpcos|m\sin\y| sinflpsin|m|sin\y|
a=almy) = o PEREICOST g gy = S PERIEIIRIL L o e,y = snleiem vl
P || P [yl P ]yl
.2 .2 . . 1
_ L2 2 .2 sin® |z| sin” |y| 2 2 sin |z| cos |z sin |y| cos |y| 1
P = p(w,y) = {sin? |z] cos? |y| + sin® |y — o 1ALl () (@-v)}?
[yl B
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sin |z|sin |y|

0 <sin~!p < 7, cos(sin™! p) = cos |z cos |y| — 2Ilo] (z-y).
THBZEDS fs(x,y) DRELIHA Py, 1%
3 3 3 3 2
Pfs(z,y) = t4 -2 {ZXJ(‘rvy)Q + Zn<x>y)2} t2 + {ZX](x’y)z - Z}/;('xvy)Z}
j=1 j=1 j=1 j=1
3 3 3 3
DX y)® =D X397 ) Yiww)® = Y V(@0
j=1 j=1 j=1 j=1

EIRBEDS
Prs@y) = Prsa.g)
Thbd, UiEDoTIRDODH 5,

EE 1. fEED A B € SOA4) T UTo(p(A)p(B)) = 0(AB) & s(¢(A) — ¢(B)) = s(A— B) »*
DD, TIZTs() dREEEZRT, LN oT, ¢ FMERED unitarily invariant norm 7* 534
PNBEEREEHZE L TeRNERH SR TH 5,

Proof. fs(z,y) DFMELIEA L, fs(z,y) DRMEZEANEL VDT,

olexpZexpy) = o(expiR"fs(Z,7)R)
= expi(a(fs(Z,9))) = expi(o(fs(z,y))) = o(exprexpy)

Thd, 5L,

s(expZ —expy) = s(expzexp(—y) — 1) = s(exprexp(—y) — 1) = s(expx — expy)

TH%, %7 BCH(ij) £ BCH(z,y) THBZ L&D L

EHE 2. ¢ & multiplicative(p(AB) = ¢(A)p(B)) THRL, anitimultiplicative(p(AB) = ¢(B)¢p(A))
TH7RW,

Band, —HXANHEZREST 5EHRTH 5,

] 3. EED, A BeSOMU)IZRHUTHABA) = ¢(A)p(B)tp(A) TH B, 7z, inverse
preserving 72 DT, Jordan triple preserving (i.e., 9(ABA) = ¢(A)p(B)p(A)) TH 5,

AEHEIE AT Mazur-Ulam D@ %2 W5, BT 5D T [1] 22T iz,

B 1. DLED & 52 g 2D WTREAFEE L ARY FVEAFENE, FEEEEMER DD o 72 hy, T D%
PR MEE QAR IL?
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Reducing subspaces of weighted Hardy spaces
on polydisks

FLIREHE &5 2 & B (Shuhei Kuwahara)

Stessin & Zhu i%, 1ZHEAN Z Hardy ZEHICB T 2EHEN 2 ETHE Y 7 MEHED
reducing subspace %H&Ebf: 2], [2] DFERED &I, HLEHEAN E Hardy ZEFALER U 7216
RoBETH 5 [1).

1 1 EHDOBEDHER

—#iZ, Hilbert 2EfA] H EDIEHR T LMD ER MIZH LT, MBT THAETH D LI
TMCMThHbEZEEND, £72, MDT D reducing subspace TH 5 & 1%, M BT TRED
DT TAETHH I Lz,

2002 4E D Stessin & Zhu OFwX [2] TlX, Hilbert 2] & U T, HAIHMR EOMHEIE f(2) =
Yo g 2" T

£ =D lan|*wn < oo
n=0
7= 4 Bk & Hardy 220 H2(D) 120 WTHEELTWS, 22T {w) RIERSITH Y, HERE

B XD FEMEHEZE M, PERIZREE51ZH0nUDEELTHEL, 56122 2T, [FHE
UZEHARBN > 1IZHLT, 0<m,n<N—-1»

Wm+kN ” Wn+kN For Yk > 0 (1)

Wm Wn

2723 KO BEAEFZZD, HIZAX, w, =n+1&BIFIE, Dirichlet ZZHTH Y, w, = (n+1)7!
EBIFIE, Bergman ZEMTH O, ZOFMEZT, EH1IX )2 OHETDH 5,

EE 1. T = Mév ® minimal reducing subspace |&,
X, = Span{z""™: £ =0,1,2,...} (n=0,1,2,...,N — 1)

TH5Z6NM3%, T TSpanldclosed linear span DEKTH 5, 7z, reducing subspace &
X, DEFMICKE > TEHINS,

HANGERM: (1) Z 7= T RWHETE, minimal reducing subspace M EEBUZFAEL, reducing sub-
space IFZFN L DEFTEIND Z L DDA > TS [2],
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2 FEiE

2 B EAN E Hardy ERIIZOWTERT 3, ~BOSEROBEIZOWTIE, 2EHDEBE
EFRIBRIZEEBHTE M5 TH 5,

o= (o, a0) REEIEE T 5, SEBOESITH LT, HBRTIEF 2 AND, {w.)l2a
ARATETHEDHROEL LTS, 2LMEAN X Hardy 2271 H2(D?) 1%, D? L OffAT B
f(z)=>,a,2*T

1P =D laalPwa < 0o

«

Z7- TSN SR E/HTHSE, ZDLE, HX(D)IZZID/IVAIZEDEEDNE
<fﬂg> :Zaaawa

[e%

IZ& D, Hilbert Zl & 785, TIT f(z,w) =), aa(z, w)* g(z,w) =3, balz,w)* € H2(D?) T
H5,

AR N > 1, N, > 1 2EET 5, ARETIE, EEEK 2, w O EAEHASE M, M, 123U
T, Sy = MM Sy = MY O reducing subspace DIREIZDVWTHER D, £9, LEEMOEA

I:{(Oél,ag);OSOQ SNl_].,OSaQSNQ_l}

EEZD, ZOERSIZEMER~ %, (m1,mg) ~ (n1,ns) <=

w k1N k2 N W4k N ko N.
mi1+k1 N1 ma+ko 2 _ n1+k1 N1 na+k2 2f07“Vk1,]€2:0,1,2,

Wmy ma Wni ng

TERTE S, ZORMERBKIZED T ZAEFEFIZOETE 5,
ZIHA p(z,w) = Z Ulaya0)2 W DY transparent TH B L1, 0 TENMEEEH an, my), Any )

(a1,00)€l
&:OL\VC, (ml,mz) ~ (nl,’l’bg) 75352 D TJL:O: b %11\50

R 2. £IH p(z, w) D transparent 8 5, p = FV &/ D reducing subspaceX,, &
Span{p(z, w)z"Mwk N by ky =0,1,2,...}

‘:_ﬁjéo

%8 3. X % reducing subspace & § %, X DT g(z,w) ICDWT, ¢l@22)(0,0) # 0 &iHRE
?5*5@[ (Oél,OZQ) TERNMNDED%= (ml,mg) &9 %, MEME

sup{Ref"™2)(0,0); f € X, ||f|| < 1}

‘i_iﬁg%tg, %@ﬁ@ti%lﬁﬁ G(Z,U]) — Zae] aa(z7w)a TH o,
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8 4. X % reducing subspace &9 %, @i 3 ICH T HBIEFEDRER L transparent TH
%,

i 5. ZIARN p »¥ transparent T#H Y, reducing subspaceY 'Y C X, Zid/- 9725,
Y ={0} £&RY =X, TH 3,
I 6. reducing subspace (& NN, {E % #8 2 72 L) transparent ‘RS HEANSER SN 5,
(GEFHO#ENE) X % reducing subspace &9 5%, 3 k0, #EMEOMHE G W FIET 5, M4
IZ& D, GlEtransparent Th b, G THERK I 15 reducing subspaceXq 1ZAE 5 (2 & D, minimal
TH b, H7l=7 reducing subspaceX © Xg 2E A5, Ih%E X; LB, X Ditg(z,w) T2V
T, gl@12)(0,0) # 0 2L T 2 (o, ) TRADEDZE (my,my) £ T 5, 2Mw™ 1E X O
TETHBED, X1 = X0 Xe DAETHENI EICHEET 2, X) = X & Xg DT g(z,0) E2WT,
gl@122)(0,0) # 0 %2 T DI (1, ap) TRNDBH D% (m),my) L UIZE &, (my,my) < (m), m})
ThHhdZeWbhrd, RIZX, DIBEMEEZEZZ, TOM%E G, 295, £UT, H7z% reducing
subspaceXy, = X 6 Xg, 252 5, ZDKSIT TBEREDME TH RS #15 reducing subspace D
BERZEM % #Z 2 5 H0E] ZERMZEMD {0} 12725 £ THEOIRY, MfEfHEO A

G(z,w) = Z Ao (2, w)"

ael
DIKLDLZHATH Y,
I'={(a1,9);0<a; <Ny —1,0< s < Ny — 1}
ThHBI s, Z0O MHE] ZNN,BZ2BRXBENZERDN5, HoT X I
X = ®{X¢|G & transparent 782 HX }

EML TN TE S,
% 7. M, & M, T®D reducing subspace [dBBREDIZR S,

5 8. M? & M?2 T® reducing subspaceX, , 2% Z 5, —1 < < oo &7z EH LITH LT

_ nll(2+p)
T T2+ B +n)

B &, HAMNE Bergman ZEH] A3(D?) I&EHA

Way as = Vaig VYoo

2bo. EEIHNT 2 210L0,
wWso w1

W10 Wo 1

THDHIebrb, LEEK(0,1) & (1,0) FRETRNZ L3025, 5T, X, = X.0X,
LT E D,
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BEZEE M (p> 1) ICBIFBFENERBEKRICOWVWT

aFERRTE BAEXAET L Z— fHEHZLRK (Yasuo [IDA)
A H—1% (Kazuhiro KASUGA)

Abstract. [4] IZEWT, FHEHE I p 2 HARBUTRE U 72356 CRIBZER MP(X) 1I285 (@
T U BRI ZBE L7aw) RIEN EHERGEROMEEZRE LT, ZO/NXTIE (p ZHRK
WZRRELRWT) p> 1 IZBIT5#RE2MET 5, TN [2, 3, 4] THSNTWVWS Smirnov class,
Privalov class, MP(X) (p e N) IZB I 2FER L -7 HALUTH 5,

1. i

n>1%&9%, C" 2% n Rt Euclid ZEflie U, TORERTEEE 2 = (21,...,2,) £ES
Z&IZ9 %, unit polydisk Z U ={2€ C": |z <1, 1<j<n}, unit ball & B, ={z¢€ C":
> i 2P <1} &L TP ={2€C":|z| =1, 1<j<n} S, ={2€C": 37 |5?=1} &F
5, AT, XI3U"» B, 2&L., 0X ldT" S, 2EKTEDET 5, £/~ 0X LD normalized
Lebesgue measure % do T,

X EOERIBE f 2% sup / log(1+ |f(r2)]) do(z) < 0o %723 & ¥ f I Nevanlinna class
X

0<r<1

N(X) ZJE@T 2L, fe N(X) [ZIFERZ nontangential limit A% a.e. 2 € X THIET S T
EDRHONTED, INEWDT f(z) TRIEDLT D, £/ f e NX) BEATNDOGM %7
& Z f 1 Smirnov class N.(X) IZ@T D&\ @

SW)Abe1+V@@D@@)=L;bg1+ﬁ@mdd@-

0<r<1

l<p<ool&dd, X LOEHEE f A sup / (log(1+ |f(rz2)]))’ do(z) < 0o Zii7=d &
ox

0<r<1

& f & Privalov class NP(X) IZJ@ 92 & WD, BT, D721 NY(X) =N (X) &£RFTZ &
295, NP(X) (p>1) LM%

Ao (f ) = ( [ togta+16:) - g<z>|>>wo<z>)" (f.g € N7(X))

TEHT DL, NP(X) IZZ OHHEEZE L T F-algebra (FICBL Tl TH 5. KB e fifHEE4e
M) THHZERHSNTWES,

WU BABZE MP(X) 2EHEL XD, 0<p<oo lZRL, UF2H7ZT X EOEAIRE f ©
2h% MP(X) TRITZLIZT S

N (log (1 * o If “”Z)l))p do(z) < oo.
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MP(X) L%

o (F0) = { [ (1o (14 s 1102 —g(rzn))pda(z)}app (.9 € MP(X))

0<r<1

£95 (272U oy =min(1,p) BL) &, MP(X) IZZDFEREIZEL T F-algebra TH 5 Z &Y
HiroTWS ([10]),
IN607 7 AL, DTOAGEFRBK D LD EARENTNS

HI(X) € NP(X) = MP(X) © MY(X) © N.(X) (0<q<+oo,p>1).

Z Z T Hardy space & HY(X) THRUL. ZD /AL ||, £&RKiLT 2 I LT 5, K2 Hardy
algebra H*>°(X) 1% N,(X) % NP(X), MP(X) IZBEWTHETH 5,

2. N(X), NP(X) ICBTBFERFHEDINETTOHERICOWVT

Smirnov class N,(X) (285 1F 2 #IEFEEEGOR R Stephenson fliZL->TRONTHY, &
7= Privalov class NP(X) 128 2AEHFEEGHIZOVWTIX, 1 ZHOEE 1 lida-Mochizuki [6] (2
LBMERBDH . ZEBDYE 1 Subbotin [9,10] @%ﬁ%fﬁ%ﬂ 5N TV éo R DIGEITDOWTEL

LOWHREELDEZEDPIRDEMTH S :

EIE 2-1

Let p>1. T: N?(X) — NP(X) is a surjective linear isometry. Then there exists a holomorphic
automorphism ® on X with ®(0) = 0 such that T(f) = af o ® for all f € NP(X) where
aeC ol =1

TT.p>1UITHUL T: NP(X) — NP(X)DXT(fg) =T(f)T(g) (f, g€ NP(X)) Zhil=d &
&, T IFFEM (multiplicative) T®H % LI, Smirnov class N.(X) (8125 (4T LHHHE
TiE7\W) FEAEHEREG O RIF Hatori-lida [2] IZX > TR ONTE D, F7z Privalov class

NP(X) 28T 25 (BT LEMETIER) FENEHEREHIZ DWW TIE Hatori-lida- Stevié-Ueki

ZEoTHEONTWSE, UFBRZFONRTH S :

fhRE 2-2

Let n be a positive integer and let X be either B, or U". Let p > 1 and suppose that T :
NP(X) — NP(X) is a surjective isometry. If 7" is 2-homogeneous in the sense that T'(2f) = 27(f)
holds for every f € N?(X), then either

T(f) = af o® for every f € N*(X) or T(f)=afo® forevery f € NP(X),

where « is a complex number with the unit modulus and for X = B,,, ® is a unitary transformation;
for X =U", ®(z1,...,2,) = (M2iy,- .-, \n2,), where [\;| =1, 1 < j <nand (i,...,1,) is some
permutation of the integers from 1 through n.
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EHE 2-3
Let n be a positive integer and let X be either B, or U". Let T be a multiplicative (not
necessarily linear) isometry from N?(X) (p > 1) onto itself. Then there exists a holomorphic

automorphism ® on X such that either of the following holds:

T(f) = fo® for every f € NP/(X) or T(f)=fo® forevery f € NP(X),

where @ is a unitary transformation for X = B,; ®(2z1,...,2,) = (M 2y, ..., A\nz,) for X = U,
where |\j| =1 for every 1 < j < n and (iy,...,1,) is some permutation of the integers from 1
through n.

PAEDm@E 2-2 & EH 2-3 DI B W T K EREE 2R L TWBHDH, RO Mazur-Ulam
DEH | LIFENDEDTHS (7)),

A 2-4
Let X and Y be normed vector spaces and U : X — Y be surjective isometry which satisfies
U(0) = 0. Then U is real-linear.

3. MP(X) ICBIT3 (FEN) ERFRERICOVT

BAEZEE] MP(X) (p > 0) 28T 2L RHERGHOKE R Subbotin [9, 10, 11] 12 & > TH
S5NTVWS, TOWNEIX NP(X) (p>1) DF—ALE-7-LFALTH 3,

EHE 3-1

Letp > 0. T : MP(X) — MP(X) is a surjective linear isometry. Then there exists a holomorphic
automorphism ® on X with ®(0) = 0 such that T(f) = af o ® for all f € MP(X) where
aeC lal =1

72 MP(X) (peN)IZBIF25 (BT UBHMETIER) FENR2HERGEOR R IXGHES
IZEoTmEINTVS ([4) ZTONED NP(X) (p>1) DTF—AtE-o7<FAULUTH 5,

i 3-2

Let n be a positive integer and let X be either B, or U". Let p € N and suppose that T :
MP(X) — MP(X) is a surjective isometry. If T is 2-homogeneous in the sense that T'(2f) = 27(f)
holds for every f € MP?(X), then either

T(f) =afo® forevery f € MP(X) or T(f)=afo® forevery f € MP(X),

where « is a complex number with the unit modulus and for X = B,,, ® is a unitary transformation;
for X =U", ®(z1,...,2,) = (MZiy, ..., \2,), where [\;| =1, 1 < j <nand (,...,1,) is some
permutation of the integers from 1 through n.
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EIE 3-3

Let n be a positive integer and let X be either B, or U". Let T be a multiplicative (not
necessarily linear) isometry from MP(X) (p € N) onto itself. Then there exists a holomorphic
automorphism ® on X such that either of the following holds:

T(f) = fo® forevery f € MP(X) or T(f)=fo® forevery f € MP(X),

where @ is a unitary transformation for X = B,; ®(z1,...,2,) = (M 2y, ..., A\nz,) for X = U,
where |\j| =1 for every 1 < j < n and (iy,...,1,) is some permutation of the integers from 1
through n.

ZONKTE (p ZARBIZIELARWT) p > 1 KB AMEEZEET S, 2hE Lk
NP(X) (p>1), MP(X) (peN) TOWEL E-57<ALTH S,

fred 3-4([5])

Let n be a positive integer and let X be either B, or U". Let p > 1 and suppose that
T: MP(X)— MP(X) is a surjective isometry. If 7" is 2-homogeneous in the sense that T'(2f) =
27(f) holds for every f € MP(X), then either

T(f)=af od for every f € MP(X) or T(f)= af o ® for every f € MP(X),

where « is a complex number with the unit modulus and for X = B,,, ® is a unitary transformation;
for X =U", ®(z1,...,2,) = (M2, ..., Anzi,), where [N;| =1, 1 <j <nand (i,...,4,) is some
permutation of the integers from 1 through n.

ZDMEDFEIIZEWT, LFOMiEZFHT 5 -

78 3-5([9])

Let f € HP(X), p > 1. Then the norm || f||gr = {/ sup |f(rz)|? da(z)}p is equivalent to
B)

X 0<r<1
the standard norm in H?(X).

T (0,400) DAL p(x) Y completely monotone TH 5 L&, p(x) (0, +00) kL THER
B TTEET (—1)"e™(2) >0 (>0, ne€Z,) BVKHIDEEE VI,

™8 3-6([11])

log(1 P
The functions (CM) are completely monotone for all p > 0.

X
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fiRE 3-7([11])

If a completely monotone function ¢(z) on (0, +00) can be continued to an infinitely differen-
tiable function on [0, 400), then the inequality

_1\n , (n—1)
R U e U )

holds for any n € N and ¢(™(0) # 0 if only ¢ is not constant.

& 3-8

Let C be a cone of measurable functions on a measurable space with a measure (G, 1), and let
A be a mapping from C' to the set of measurable functions. Suppose that A is homogeneous with
positive coefficients and

/ (log(1 + |Af(x)]))" pu(dz) = / (log(1 + | f(@))) u(dz), feC, 1)
G G

for some p > 0. Then

/ |AF ()| p(dr) = / @) uldz), feC, 2)
G G

for all ¢ = p+ 1, where l € Z,.

(GERA)
[10, Lemma 2] ZfH 9 5, A IZEDFREIZDWT homogeneous DT, (1) ZHWNWT

/ (log(1 + t|Af(2)]))” (dx) :/ (log(1 + 1 f(z)]))" p(dzx), fed,
G G

tP tp
PMEZED ¢t >0 IZRHUTHNET S, t 07 ELTUTNERES :

jQL&ﬂxMPMQM)ziAquowu@mm fec.

RIZWNEEZ WS, keN &L, )2 gq=p+1,p+2,--- ,p+k—1THOIEDEET
5, ZOLEMLEDt>0 2ERED feCIlzxfLT

1 k—1
/ pravy {(bg(l +HHAS @) =) alt|Af(x p”} pu(dx) (3)
=0
k—1
tp+k { log(1 +t|f(x ch (t|f(x p+l} p(dx)
MK D LD, T ZT o i B (e DIz B B Taylor B8 L T 5,

BANZ f € LPYR(G, p) EAIRET B, (3) DELOWRETBED, t — 07 D& & | f(2)[PTF TR
TEZEDRNND, ZOWEIBEBIIKGEN—ETHE I EDMES-6 LME3-TX v ohb., B
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Cil f(2)PHE (O 13D 12 k> THIZ 2 515, Lebesgue DU L b (3) DAL ¢ f(z) [P
DEDFDIZINEKT 2, o T (3) DALOMRIZAR L 722 0, Fatou DFED S cp|Af (x)[PTF 1%
AETH D, ME36LMEITLS, FROEIZBWT ¢, £0 TH Y, Af € LPTH(G, p) Boh
%, ABOBIEEEZ DI LIZED 3)DELIFt — 07 DL E o Af(z) P OB OIIRT
L5ZEMRNB, PDRITB)ITBVWT t— 0" OMifRZZ X, ZOFR%Z ¢, #0 THISBZ £ T(2)
Mag=p+kiZBWVWTHEOND, Af € LPMF(G, p) DHELFRRISRING, fAf ¢ LPHG, p)
IZDOWT (2)2 g=p+k THOIMLDDIFHS N TH 2,

(REHR&)

(i 3-4 DFEHI D]
f,g € H/(X) &3 5, filifd3-5 & Mazur-Ulam OEH ([7]) Z{f> Z & T, [4, Proposition 1]
DSIEE R T\ pox) WEBIEEFERGHRTH D Z L DR TE D,
RIHEED fe MP(X) &, fDoERIND cone Cp = {AMf(()|A>0} 2FAD, ZIT
Mf(¢) = sup |f(r¢)] & f 12X % radial maximal function TH D, S 52D cone IZD2WT
0<r<1

WD &S EMEERD
T AMf(C) = AM(Tf)(C) = M(TAf)(), ¢€dX, A>0.

T PR dy (ICBAL CHEREARD T, fliE 3-8 DIRED cone Cp IZHEWTHE D LD,
T:MP(X)— MP(X) Z2HEREGMHLRDT,

/{)X <log (1 + OSSI:EI |f(rz)’))p do(z) = /ax <log <1 + osgg& |(Tf)(rz)|>>p do(z)

BERDANTRCD 1 € Z, THO LD :

/a . (oilii’l |/ (rz)l)pH do(z) = /a . <O§i§1 |(Tf)(rz)])p+l do(z).

koTT /v HFY (p>0,1=0,1,2,--+) TDOWTHERETH 5,

do ciﬁﬁﬁi,ﬁ\urg@@@llggo||fuwl = || f||re PMERED f € H®(X) THRONLD, 5| f||pe =
[flleec THEZEIFHONTH S, MATERED f € H(X) T ||fll, = IT(f)ll, B’EYLH
lin [T(F)l, = [Tl BT, D f € H¥(X) T T(f) € H¥(X) %506 |fl =
IT(f)loo BB, FRIZT(f) A H®(X) BT 225 fe H(X) THD, DA T|pe(x)
F | oo CBAL T, HX(X) IZBIT 2 2HERGHETH S, HO(X) IZZDMKA T 7 IVZ4ER LD
uniform algebra TH O, F DMK F 7 ILZ2[IE [Silov idempotent theorem] (2 & » Tk T
HBHLLTEW, 5Tl Theorem| & U T|geo(x) I& complex-linear X7zl conjugate linear T
HBIENNWR D, PANIE[4, Proposition 1] DREIAHGIEIZHREZIX E W,

(REAA#E)
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X

B#IZ MP(X) (p>1) 128325 (BT LHFETIERY) FENEHNEREHROFMEITATD
SITRINDG, ZOFEE N2(X) (p>1), MP(X) (peN) Dr—2L £-7=<ALTH S,
Z 43 [4, Theorem 2] L [FABRIZ/RINE DT, T I TIRIEHZITDLW,

EIE 3-9([5))

Let n be a positive integer and let X be either B, or U". Let T be a multiplicative (not
necessarily linear) isometry from MP(X) (p > 1) onto itself. Then there exists a holomorphic
automorphism ® on X such that either of the following holds:

T(f)=fo® forevery f € MP(X) or T(f)=fo® forevery f € MP(X),

where ® is a unitary transformation for X = B,; ®(z1,...,2,) = (M ziy, ..., A\nzi,) for X = U,
where |\j| =1 for every 1 < j < n and (i1, ...,1,) is some permutation of the integers from 1
through n.

(FRE] SR MP(X) OFERZ 0<p <1 THROMDDE I DX EEDD > TR,

& 3k
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