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exp A E® preserver problem [CDWT
(Preserver problems on exp A)

A RFZEAREESR B 3 (Osamu Hatori)

To the memory of Professor Junzo Wada

il

1. BE
HELZLL TR TH 5.

FIRE 1. A, B Z ¥4 FHH BanachBRE T 5. REMIEER ¢ - A — B DPSHLMN (6(1) = 1)
MOARYT FVEIRET S (pla) DARTZ MV =aDART ML Vaec A) LT3, ZDEE
(& Jordan ¥ (¢(a®) = ¢(a)?, a € A) D> ?

Z DORTEIE 1970 4712 Kaplansky 73 [25] TF & L TUE Kaplansky D & HIEEN S 2 &b H
503, MEEFRE L TREboEH o Ho7 k) TH S, 1960 0D Gleason [8], Kahane-
Zelazko [24], Zelazko [34] ZDHFZEIC X D Banach BT OBAITIIHENTH 2 2 L BHIs N
Tz, & 51Z Dieudonné [5] % Frobenius DL [7] ICE TI D DIXE I L TE S, ZORE
122> T Sourour IZ & % break through [33] 23 > 72 D% 1996 £ TdH O Banach Z2[H] Lo A FAE
U3 4K D Banach f)%b:’)b“(%ﬂﬁéf Nz, Z D% Aupetit [3] 13 von Neumann BROBH S HER
THHIEzmLT, % DEAEICK DD & 31T T Harris-Kadison [10] DWF%E D &

5P —ROBALH C-BDOGATT S RO F FERIN TS, AHEICEH L7205 b H %
(cf. [4]) %%, PWEDI DV E VI AL 201443 H 31 HORERTIX %0,

ARY P NVERRET 2RI WETL2RET 5. Lo TARY P VREFEERIZ—REIERE
(ALY 6 72 1) MOGG2HET 5, —RETER O OB EEIZ D Tld Kaplansky
DITEDIRDOFNH > TEB W TEI WX I I Bbisd (of. Harris-Kadison [9]) . 7z & A X5
BTG =IERE 2 DR 9 5548, 1ITOWTUE &) 22 ? Banach-Stone DEHLIZH F D, Kadison I X
% Z DI 22, 23] 1% 1950 FFERATHIC R I N T 5, #EHEEZ b DN ROFEHREGR O
FIFZDBAE CHEL TEHMONRICH L TH L ORIRZHTEELIIRESHEL Tw b
75, —MEIERER Z DI REE DRI OEFEHEEIC OV TOMEIRZH EF N LB LX) IZBbN g,
RNEEPHH L) IS BT DOWEZIRD 7T TL D 5.

2. —fRBIREDIE D EIHRES B

Kaplansky DREVPEFRICH 5 DT, GBI EORBIEZRET S5 2 LIF L7 kv,
TREFEGEDIREZ: L) 13RI D B A 072\02%, Mazur-Ulam OERE THREEREE > QB
BHDZDRY TlEZenwZ E3Th 5, FEERICRBREGE Z RES THEED A2 RFET 25/
WTHHREZ T, WL O DOFERZ A7, TRREEGS > ABHHSE ) OEAlIFSFonTous, iR
TERED M D EIFEEARIZ DWW T [11], [13] TV D2 DfE R %7223, %ﬂ%iBmwh%é@
D O FEIHEIREEGARICINE I D 2 L3 h o 72, —ERIEREDS S D54 12 13 Mankiewicz
D JEAT Mazur-Ulam € 27] 1IZ X D 302> Tl &ETH 5, *f&ﬁﬁ/ﬁ? i@f*k 3RS 2\
BETHLZI %D I EDHITaDo7. & 512 Banach BROSAHADIGE I IIARENIC LN TH %
EDTgDo T, JERHRDIGEIZOWT, Z O Jordan TEIZ DWW T C’* I“ﬂuﬂ“c s F S
LTy, PHfl 2 B4 Banach 32 A, B O— B #E%Z AL, B~ LT3,
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I 2. ¢: A - B 22 G HR E T4, FiCo(l)=1%613¢ 13 A5 BNDEHIE
Jordan SRR TE 50> ?

AfADG A X [11]) T, HAIR C-ER DG 13 Watanabe & DL [20] THENTH 5 2 & 278
L7,

3. =% Y —HDE O EREEER DG

BT C*ER D D S EHE BHE G4 T Banach Bt & L COMMEMN ZFRIEEMSRTH 5 (Banach-
Stone DERE) | BN AL CBRIZBIBERICE EHLZ 5 %5 2 & b Nagasawa DEELE L CHIG LT
V%, Kadison | Banach-Stone O &R 2 JER[Hfl, U 7 (FRAZHY CHER oD [ D 5 R R B 545
\¥ Jordan #-isomorphism (275> 5 unitary Z 217 72%2 L Tw3) [22,23]. L2LA&DS Dk
9 A HRAE M D Banach BRICKH L TIEHIRFTE v, AHOEATH | Banach 22 & L CIEH
ETH->THLILER L L IR ThHRWIREAYERAI A Banach BRD37% S SAH B, —J7 LibD
£ BRSSP RBIFHE ICE X T % L) K9 BRI I N 5 T, FEHFIZHEALH Banach
BROTETED & 72 2 FED ] 0 F B G413 Banach BRO O FHHEEFIEEARICIRETE % Z
L&A LT (11, 18], FHCHHRDIGER C-ERDGA T Jordan B 127 5 2 & 2R L 72 11, 20]. %
7= Mazur-Ulam OEBDIE AL 217V [15], Z DI & LT Hilbert 22[H ED 2= %8V —HED[H]
DEHHEER D% Molnar & DMZETYE L 72 [18]. BUNT H & Hilbert Z2[#, B(H) % H Lo
GREHFZE2MAED Banach B2 & L, U(H) TH Loax=%V)—#f (=% —FHEL2EH» 5 7%
2FE) L35, EHAZEBLOMHEIMEHAEZE/  LLAICIDED S, $7-113 H FoESEHEE
95,

EIE 3.1 ([18). ¢ B UH) S ZNHED EADOFEHMGRE T2, DL E H LD unitary ¥
721% antiunitary U D3EE L T

#(A) = $(1)UAU*, VA€ U(H)

ER RS
6(A) = UA*U*, VA€ U(H)
N A RVASS

AEBA X [15] T5 2 72 JE]HE Mazur-Ulam OEHEZ VT ¢(1)71é(:) 2% Jordan3 B Z 2/ HFT
5T lRL, TOIEXY TV T 1 GHEMOMBHER 2R FT 2 5 2E E, Wigner D unitary
or antiunitary theorem Z W TZDIEZIREL, Zhz ¢o(1) to ICKMI 5, GEHIZD R DK
D300 72 b DTH % H3[18] 2> 2010 FEDPIEBR DA I b HAFED T 2GEH2 S % [12] (B
22 DFLRDHFTYA € BH) ' LHDHDIEIVACcUH) THHDTIITRIIETS) DTSRI
Nz,

4. HEEERZE2E O O TuoMmpsoN ZHEEEG R (MOLNAR 12 X % Je1TH9E)

225 Y =R BH) ! H5\ I3 BH) DEIMEE L THEEZDLDDDEDTH 5208, IHH
etk B(H) " bIFFICEE MG (FETI3Aw2Y) TH 5, Molndr % (30, 31] IX1E(E
TERIZE 2R D D Thompson FHEEPRF G4 2 P5E L 72 [30, 31]. Thompson FEEE dr(-,-) 1352/ L
LZERD & 2 FOIEMHEIC N L CERINDD, B(H) ZI1E L0 L LT MBICHALN C*-BRoD IEfH
(AN#) JERRIT L Tid CPRBMICI 1T 2 HERE E 309 2 2 o TE D (cf. [2) K
Uit o—oTh 5. FEE

dr(A,B) =|[log A2 BA™2||, A, Be B(H);!

ThHEZo6n, —OBEAH C-BRIZOWTHFEKTH 5. Molndr 1FZ2 DFETH % Nagy £ & D
IcR %R L7 (30, 31],
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EE 4.1 ([30, 31]). ¢: B(H)™' — B(H)™' 2 28% Thompson Wit 5%& 95, ZOLEH I
D AL R ERIGAE R £ 713 LA R (conjugate linear) fEIZE T D3EAE L T

p(A) = TAT™, A€ B(H)}!
ER A

p(A) = TA'T™, A€ B(H);!
DK 3L,

CDEBDMNIEALT 5 Z LI TH 52025, 1Edld Thompson FFEEEGE 2 e L 72 & B
ThH5., HORILD3IULEDOHEL 2084 TIRRE 25HHNEG 2 6, 3XILU LOBEE
Molnar 12 & D PE I TV T [30], Z D% Nagy & D3 [31] T2 RILDHA S RIS L7,

J IOV Ih 6 E IS BEEEIC BT A S ERE SR IO W T Z DIFIE, Mankiewicz 12 & 2 & Mazur-
Ulam OEH L ETTICHIG N TV 5§ R 2flAGHE 5 LRI 5, 26 B(H) DEID*-[F
G- K IATEERDOHIRTH 5 2 £ 23705, RO AN O*-BRO IEE o ekt ¢
506, ZOHBEBEEED LT Jordan *[FAEEHRTH 5 2 L3505,

5. Iy C*-BRDEG G

B £ TT—RERE, =%V —#F, IHEFHFEEEOERICE T 2 FEHGEROEIZ O
TOFRERERBN L7203, ZNZNDEEIC adhoe BREHI G- 2 5N TWTE 71 B(H) ICRED
WEEZHOWIGEHPEZ N Tz, ITD 1 ~4DHEICE ) BN C-BRo1 =45 ) —#EP
EETC AR D ZEM D D Thompson ZERREEGARIC O WTH Tk ) 2 ET[EE L 2o 72, A¥
THIRZHNT 5.

1. 526N FHEEEE o OREREE 250§ 2 G Jordan TEERFEIRTH 5 Z & ¢(abla) =
¢(a)p(b)~'d(a) ZRT) |

2. LICXD#EN% LRBIERTE, ZoME/NE (H A& DRIOZ f 2355
MEHRTH L 'R

3. Kadison @ C*-B2D H AT ORI D (H 5 WIFRIEICIE L TG T 3 22D D) S
BEEBUCBI 2R 2 T f ol z Rl T 5.

4. 3ORREMAL ¢ 23idh7T 5.

LIS d % fimd 2 FE Al Mazur-Ulam OEH & ESDS, WL ODOFMBH D T XTz2dH 5
WIT KRG B2 aFET 5 L) —BRNEDDITELEHELIN TR, F BB OGRS
BORBEEZ TR TE % X ) BIBDOIEAHE Mazur-Ulam DEMH D 727420, 206 I35 B OO0
I Z DR Z TRV, L ZATablaldaZFET20DONBREZETEEZOND, £V
¥ F D Mazur-Ulam OE I ERHEGERBIREIIT R Z2RET 2 2 L2 TFRT L EMEARS C
EWTE LD, A Mazur-Ulam OEBIINIFR 2 RFT 5 2 L2 FRT 2 EMTH 5. P
ZHETIEGZ 6N 2 RO RIT—EBNICEE 528, HCTEPRDBLZVWILEPHo7ELTHHE
BOZELHY, PRZRET HAIEOMEITED LV, WNFRAE—BICELD, ZNZ2RET S
Z &z FIET 2 DIEAHE Mazur-Ulam DEBLE W9 T L2 5. [15] D Corollary 3.9 & 3.10 I3
twisted subgroup (249 % JEAMHE Mazur-Ulam O EMTH 5. FHIZEMEIC R 2 DT 2 TldfT
b VO TEEIE [15] Z 2 S 7\, Corollary 3.9 2> 6 X DI Mazur-Ulam D EBEDE ) .

EIE 5.1. B; % Banach% & L, G; % B; 706 ZNHE~ORFERFEEE (2 L I3RS %)
DoBLMETS (j=1,2). ¢:G) — Gy Z2REHHEHR LTS, ZOLE|U-V||<1/2
THHEIBEEDOU,V e G ITHLT

S(UVTU) = ¢(U)d(V) ' o(U)
AP ARACH



[18, Theorem 6] Tl& By = By DA DEM EFEDELAR I TV 503, o LRI LoE
HASGEETE %,

FEHS1LICBCT|U-V| <12 3KENLEZMETDHY, |U—-V| 231/2 M ELOGEITIIHE G
DL SETzTe v, L3> T OB CIRRATIN 4 FIRMIRA TH 5. @B 5.2 % £ OFEHNIIGH
T 556037 28O " (18, Lemma 7)) THRRIZHII Z L%k s, 228 —FICRS T,
NRDOEEGD exp DI TH 5 & 7 Floskim ™ 1ZHEBET 5. von Neumann RO =% V) —H#D
MOERESEICBI L TIE, Molndr & O3L35% [19] TEH 5.1 2 W TR DFGIR 21572,

T 5.2. M; (j =1,2) % von NeumannBE 5%, ¢: M — My #2525, ¢ Fg
(/ VAHEEICBE S %) BRTH B 2 L ERIZFAGETH % 2 My 225 My D_EAD Jordan *FAFE
B J & My DFULEE p DIEFELEL T

4a) = (I (@) + (1 = p)J(@)),  ae M,
Rl ¢(1)—1¢ & M, 25 My ~O Jordan *EFRWEGRIC—ENICIEETE 2.

AEBHTIE von Neumann BR M D2 =% Y —#fDSexpiMg & —ET 5 Z EBAENICH 51T
W5, 2T Mg ld MOHCHKEDTH S, MORNI C-BROGEICIE L =5 ) —Ffdi
fii £ 1ZPR S Z2\>, von Neumann BRDEG G & 57 D ¢(1)71¢ 23 Jordan *-FEFRIEGARICILR T E 7%
VWK ) REIRRESR ¢ DFEET 5. I, BN C-BROGAEICH 225 ) —HED RO RS
B3 [14) THRICREI N, Jordan *-EFTEEERITIIR S N5 720 O35 bEld S 7z
DTHAMIZ [14] Z SRS N0,

[15] @ Corollary 3.10 Z Hl\» % L XDMGF o4 5, Z#id [18] D Theorem 9 TH 5,

EE53. 4; (j=1,2) ZHENNCBRET S, ¢: ALl — Al 228 8§25, ¢ 2% Thompson ™5
FREEERCTH % &,

¢lab~'a) = d(a)o(b)'d(a),  abe A}
AP WRVASH

NP LERD 1ILH75Dy, 6122, 3, 42FETTE T Molndr & D3 [19, Theorem 9|
TRZMNL T,

EE 54 A; (j=1,2) ZHENNCBET S, ¢: ALl — Al 228§ 2. ¢ 2% Thompson ™
FEEEMRTH S 2 & EXRIZFEETH % + AL 225 Ay D_EAD Jordan *FEER J & Ay DS
2 pAEL T

1

6(a) = (1)} (pJ(a) + (1= p)J (@) " )o(1)F, @€ A,

EREDHALN C*-BE A 12DV T AL = exp Ag, As 13 A; DTy, TH2 I 07 5l
D" DHERET 2R LFEHTORA Y F DV EDTH S,

6. fJ&k : 5 HDITIEDIGH]

JETTHA Mazur-Ulam OEBL & 1 REGE % H\ 2 5751F, FRREARRE O FHEE SR DL Lips-
chitz BIZRS 2 IFFRIC 2 0V A 2 RE T 2 FAR DB NDIGH DI H 5. ZOFETIEZ I NS 2/
95,

T PRIRIERHE (RIRIE T 2RO RE) OO FEHREEHICOWT (1] DFEEEZHENT 5.
>0 De>c> >0, >0THD L) BREEINTL T RIEFTITHNADc-AXT FL
VN

1Alle = cioi(A)
i=1
& D525, 72120, 01(A) > 03(A) > - > 0,(A) IFADRRETH S, ¢ = =¢. =1,
Chop1 ==, =0 DA Ky Fan k-/ VA TH Y, FRZ k=1 DEEVBEHZE/ VLA TH 5,
4



- A7 bV /)b i unitarily invariant norm Td %232 DX TTIE Vv, FRIRIESHEE SO(n)
LD e ART PV 2V aH 6 E DN B R T 5 ERREEG BRI DOV T Abe, Akiyama & DL
[ TUTERLE. n=40D&ERTRRLTBOERMGERIBIND 2 Lot A% AR
DEENRITHET S, ATk AD (1,4) 857 & (2,3) 5, (4,1) BT E (3,2) Rz 202
AN Z TEHONEENRITINEZERT, DU TIE B, 1d n REMITHITH H K(n) IFEERNRTS
2RO REME TS, K(n) X SO(n) D Lie B THYH SO(n) =exp K(n) TH 5.

EI 6.1. ¢ ZRRESHESO(n) 6 ZNHHNDFRET S, |||, Z—D2Dc-AXT PV /L
LETZH, ZOLEERD() & (ii) IZFAMETDH 5.
(1) @& || - || 2> & E N2 HEHECB T 2 SIS SR TH 5.
(i) TEARFTH O DIFAE L TRD (a), (b), (c), (d) D ENDDIER Y VLD -
a) 9(X) = ¢(E,)0XO™!, X € SO(n),
b) $(X) = ¢(E,)0X'0™", X € SO(n),

A)n=4THH, ¢(X)=¢(E,)O(exp A0, X =expATAcK(n),
Dn=4THbH, ¢(X)=0¢(E,)O0(exp A0, X =expATAcK(n).
ZDLEEQIEFHBINCEHTH D, Fh(E,)=E, Lt T2, ¢lF, (a) DEAICIEBEREEGSR
127220, (b) DHAICEEIRIFIZERIZED, () & (d) DEAIIERFIZEARIC S FEX R G I
b7 5 2\0D%, i Jordan i (XY 1X) Z{-FET 5.

(1) 225 (i) ZESBRCSHD 1 26 4 DHGEZBEMNT 5, ¢ WERBEHRZ L5, —MKkica
Yo7 N EEEZE D & 2 A SO EHREE AR HEINIC RN A DT, O848 ¢ bRHTH
%. 9% &IENHE Mazur-Ulam OEE [15, Corollary 3.9] & 7 3#l DG " 12X D o(XY1X) =
S(X)B(Y)p(X) BHEIED X, Y € SOn) 1h LTHALT 2 2 L0 s, LIREBED 51T K (n)
B D WP IR GARHDE L 2 A3 Li and Tsing [26] ICX D Z DR E>T0E, ZDI LD S
o 13 (i) D (a), (b), (), (A) DENPITH DL T EDBTD 5.

(ii) D (a) 2 (b) 225 (1) ZEHK DIXEHTH 5. (ii) D (c) ¥ 7213 (d) DIBDOER D ERRREGARIC 72
52 L RRTDITIFL DY DT RPMEETH 5. Fujii and Suzuki [6] 12 & % Baker-Cambel-Hausdorff
DAz 5, Gl (1) 220 2 &,

(i) D (a) 72 1% (b) 23 D V2 TXREHRAFIRIC K D ¢ (ZEFED unitarily invariant norm 2> 5 &>
NBHEEICBI L CHEMER TH L 2 L0005, FIERED A B e K(n) WL Texp Aexp B
DEASIER & exp Aexp B DEALERDS—HT 2DT (1, Lemma 8]), O E2M\v23 &
(i) D (c) £721F (d) £ D ¢ DML D unitarily invariant norm 2> 5541 % FREEICEY U CERREES
BRTHDZ DD, DALY 2033700 Tk,

fIRE 3. unirarily invariant norm ZAERICG 2, Z0 682N 5 HEEEICEI T 2 S HEEE S ¢ -
SO(n) — SO(n) 1% (i) D END DI T 5 D>

ZD &) BEHIZOWTD K(n) 6 2 HE~DOEREGER T D USERIZO 2035 K 9
IEbinnsg,

FIRE 4. K(4) TOZLM A — A, $ 2312 SO4) TOZHhexp A — exp A DAY 75 KD 1,
b LdH D% SYHANZRER DT 13D ?

Z DZEAIZ T TIT Morita [32] ICH 5 ONEZEHATH 2708, ZDARENLERDFEEZ ITIEZ DD
TV,

Molnar OB 725 [29] 12 K 2 FEENIC AR 7 MV EREET 2 BROWI%E %2321 T, FJERFR
2/ VA BT B EROMEN [17) D SR E o 72, FERFRICHED /L &% RFET 2 GO
l3 Miura, Honma and shindo [28] 2S#ID D EHbN s, b &b EBART FVICBRT 20t
FDID /L E LTIARY FIVERDPER SN TE o CERMAE Banach BITIZF A X7 L

FIE GEEIRRS ev) Lol ) Vo k52 3) . Lieho CIERNFRIC, VA 2RET 2E
5

)
(
(
(
(



BRTHNIN DN T v ABRICOWTEIICIZZ IR E LTHETH 2 2 LU EOTRIF TS %
W, = VEBF VL F I IV ADBEITOWTEET S &£ %40 Banach Bild Banach B2 & L
THEMARCtH 2 2 & T TPRINT /DY, Lipschitz BRIZKTT 2 #5HE B 5 17z [16) DT 2
TTHNT S, X Zav %7 MEEEZERIE T4, Lip(X) 1& X _EO#FEELA Lipschitz BI#a k7>
5RB5% BT/ VA% ||| = |lo+ ]Iz (T ZTI&Lipschitz / VA EMRI EICTE) &
T2 2 LTI AL Banach 2R (Lipschitz B E W 9) 8% 5. 22T - ||o tdsup / WV
I, |- ||z (& Lipschitz E#(% 29, exp Lip(X) 13 Lip(X) O Al#na2{d0> 6 7 2 2 HEE Lip(X) !
DAL 5r (principal component ¥ 7z 1% identity component) T®H 5,

EIE 6.2. X; 2387 MEEEZERI E U Lip(X;) % Lipschitz32 &35 (j=1,2) . Lipschitz / )V
LIF | - |]; TET. P :expLip(X;) —» expLip(Xs) £ 5., ZOEERD (i) & (ii) FFMETD 5.
(i) &
g ®(g)
I )| =29 4
|71, -5
IR 3L,

(ii) HFEREESR ¢ - Xy — Xy DFIEL T,
O(f)(y) = 2(L) (W) f(d(y), [ €expLip(Xy), y € Xy,

, f.g9 € expLip(X;)
2

F 7213

O(f)(y) =2(1)(y) f(o(y)), [ e€expLip(X1), y € Xo,
N AVRYASR
L7235 T (i) 724 (i) 2SR D 32272 518, &(1)7'® 1& Lip(X,) 2> 5 Lip(X,) O _LOEEMEE
Bt BRI G & 72\ 3 SOE TR SRR U AP 58Ik S 415, KR, Lip(X1) & Lip(Xy)
12 Banach B2 & L CHIEZTH 5.

AHIZ 5D 1 ~4 DFFEZREL TT). FiC 3122w TE Kadison DEB DD D 1T Jarosz
DEH [21, Theorem] Z QA L 72 H @ [16, Proposition 7] Z > 5,

Lipschitz BRUANATH RIBRONE Z FHTE 205, LA S5oTIHL L9 53 &£ 3D
BN 2 BAR DTSRIV D 3772 72> (Banach-Stone BUE B3 D 37D Banach B 132272
DIRSGNTWVDS (of. [21]) TEWRY 7B T0S, TATATHBETH S,

ROREIZEHEL vt b s,

FIRE 5. @ : Lip(X,)™! — Lip(Xy) ' DEHIFE I 0 ?
RH1E 27 OMETIE R E bz,
FIRE 6. @ : Lip(X,) — Lip(Xo) 32 L 7%, &
1fg =1 =[2(f)P(9) — 1|2, f,g € Lip(X1)
gﬁ??&%¢m4®u@%ﬁ%%%%%ﬁ%ﬁ@gﬁik@ﬁ@%ﬁ%%ﬁ%%ﬁ%ﬁ%?

FE2ODRIEIZ ) VL HE ARY PV E LA Z— R O AN [ A2 Banach B2l
AU T (RIEGICBIL Tlidd - & —MINARED D & THEmIZ D B A AFEMIEL iR A E
) T3 (28, 17).
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Gyrovector ZE[d LD Mazur-Ulam DEE

i R E H ARBFAIT LR B[ f#— (Toshikazu Abe)

Za— b UETITHEEREOESIE 3 XL —7 Y v FEBR3IHIG L, AU DWTHEZ K
T —J7. R COMEREROEA (HL, HEFUES c 2FF2 b DIFFRS) 133Xt —
79y FZEELEOFRE cDFRRS = {u e R3 : ||u|| < c} TG L., FEERHEXNGRICE T 23 EDR
DWHE Op FFENZ R 2w, L2 LAEDS, (R op) I3 (gyrocommutative) gyrogroup @
FHE 2 Ff> 2 LIS B D, Einstein gyrogroup & ML T %, (Gyrocommutative) gyrogroup
() L L 2 b DTH B, —H D gyrocommutative gyrogroup 1F A A 7 — 15 %> T
Gyrovector 22l & L COREIGEZE A 5 Z 3RS, FEE R, @p) 3AA 7 —Hep 2o T
gyrovector Z%[f] & 7 D | Einstein gyrovector space £ "EIXL 5, 22 TlE, 2D K wKFELHI%
& gyrovector ZZRIICDOWTHE Z %, Gyrovector 221X FEANREZERI DAL TH H . FNREZEM
ERL7- Rk &4 e 2 FfD, Gyrometric 3 gyrovector Z2[_EORHE T, B & 9 EFENREZERTD /
VLD EPNLEHHHICNET 25D TH S,

Mazur-Ulam D EHIZHE /)L L% RD> & 5 7 b L ZERIA~ O S5 BHEEGR 13 H BN 2 DK
WEEZREFETEEW) T ERFRLTWS, 2 2 Tl. gyrovector Z2ff]A> & gyrovector Z2fH~
D gyrometric & PRFET 5 BARIZ D WTH 2 7z, Gyrovector 222> 5 Gyrovector 2D 25T
gyrometric ZPR17FT 5 b DIXHBINIC Z ORBIEEZRETT 5 Z L35,

1 Gyrovector ZEfH]
[1] IZHD T, Gyrovector Z2[H RN Z 1UCBHE S 2 ER 2R 5,

ERE. (1| S2HTHRVES, +:SxS—=S%2 S FOIHEHE L T 5, (5,+) % groupoid &\ 9,
RS ¢ SIS IMERED 2,yeS To(z +y) = d(x) + ¢(y) ZWitzT & ZE, ¢1F (S, +) DHARE
FRTH D EV), (9,+) DHCRABEGEHR2MENS & 2HEE6% Aut(S, +) L2 <,

EE. [1] Groupoid (G,®) X DMWE %272 § & & gyrogroup TH 5 L),

(G1) KEM-T0 e G JEMMEEITT) DEET 5,
0Pa=0 VaeG

(G2) (G1) 27z 3 0eGDH B, TED acG IR L TRZi7T 0a (a DIEMFTT) DFEET
250055,
cada=0

(G3) fEED a,b,ceG IR LT, RZiii7 T gyr|a, blceG@ B—RIHIET 5,
a® (bdc)=(adb)®gyrla,blc



(G4) fEED a,beG T LT, cw gyr[a,blciZ &> TEE 25 H gyr[a,b] : G — G 1%
gyrla,b] € Aut(G, ®) Z2iii7- 7,

(G5) LD a,beG I L TRPEILT 5,
gyrla®b, b] = gyr[a, b]

MEOREICE W, a® (6b) Zacb LT,

EE. [1] Gyrogroup(G,®) DMEED a,beG ITH L TR 2 i/ § & & gyrocommutative TH % &
VI,

(G6) a @ b=gyrla,b|(bd a)

(") # G I3MERED a,beG TR LT gyr(a, b] 28 G LOEFEEERTH % L 9 7 (gyrocommu-
tative) gyrogroup TdH 5,

EE. (1] G ZENHEERV OE7%EAE LT 5, Gyrocommutative gyrogroup (G, ®) £ Z D LD A
A7 RxG— GBIz d L E, (G,0,R) 13 gyrovector Z2[H]TH % L\ 9,

(VO) fEED u,v,a,b e GIZHL T, (gyru,v]a, gyr[u,v|b) = (a,b) DKL T %,

(V1) fEED acG TR LT, 1®a=aDR LT 5,

(V2) EBDac G, ri,m eRINLT, (rn+rmn)a=(®a)®(r,®a) BT 5,
(V3) fEED a € G\, 11,1 ERIZH LT, (rr) ®a=r® (r, @ a) LT 5,

" ® a a
lr@all o

(V5) fEED u,v,a € G, r e RICHL T, gyr[u,v](r ® a) =r @ gyr[u,vla 2ELT %,

(V4) fE5D a € G\ {0}, r e R\ {0} I L T, WAL %,

(V6) fEED v e G, r,ry e RICHL T, gyr[r @ v,y @ 0] 13 G LOEEFEFGHRTH %,

(VV) |Gl = {*]al] €R} :a e G} ix @ %R, @ 2AHT—RiE L, UFZMET LI %1 X0
TR TH 5.,

(V) EED ac G, re RIZHLT, |r®al =|rl®|a| 23,
(V8) tEED a,bec GIZNL T, [la®b| < |a| & ||b|| 27T,
Gyrovector Z2fH_L® gyrometric o ZXTHZ 515,
o(a,b) =| ©a®b|| Va,beG

Gyrogroup (G, ®) Z# 9 T, G LT gyrocoaddition EMFIFN BHHE B 2% 2 % L TH 5,
(G, ®) D gyrocoaddition B IZRD X ) ICEEI N5,

aBb=a®gyrla,cblb
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Gyrovector 22 (G, @, ®) LD K a,beGITH LT
M(a,b)= 5 @ (afib)

% a & b®d gyromidpoint &9,

FNTEZEM V 1ZZ 1L H & 2% gyrovector Bl & 72 D) Z D & & D gyrometric (& V ONREIZ & -
TEXA/ VL oEPNLHRHE 5, 7, gyromidpoint |3 DFIE2EH D ERTOHR
(a+b)/2 £—FT 5,

2 Mazur-Ulam O EH

EE. (Mazur-Ulam OEH) T 259 /) )V L %EH A 597 )V L 2%8[H B ~O2RERHEGHR L T 5,
CDEE, TRHRZEGETZ, Thbb,

a+b,  T(a)+T(b)
2 )= 2
CIDoELICT EEREEHRT, ZHTT =T0)+T) L£DE L Z Db 5, 2003 4F
IC Viisald (& 2 @D Mazur-Ulam OEMIC X O RG22 527 (4]). ZOREHIZ, /v A2%2H
EDR 2z iTHLT, Rz &b e LIHMR A Y. (2) = 22 — 2 ERIGIE 25/ ¢, HHFO7 L
WE ZFHALZbDTH S,

T( Va,beA

3 Gyrovector Z_E® Mazur-Ulam QFEIE
KDL S N R B

EM. T % gyrovector 22[H] G| 7> & gyrovector Z2[E] Gy D gyrometric ZIR{FT 5 2H E T 5,
Dt E, T E gyromidpoint 2R 7ET %, Thbb,

T%@Ma&@)z%@(ﬂ@%T@D Va, beG,

AEEHDOBERE. Gyrovector Z2[H] G LD 2 ITN L T, G LOBEB ¢ (x) =2z20x 2EZ 5, ¢z B}
DT ROWHEZFf>T0wb 2 2P 5,

(p1) ¢z' = ¢z

(p2) [[pz(z) © dz(y)| = [z © Y|

(p3) ¢z(z) =z z=2

(p4) z = M(z,y) S dz(z) =y 22 dz(y) = x

(p3) lloz(z) S| =2® [l o 2|
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ZD gy D3/ IIVAZRBBIDGED o, ITHINT 258 L 7% 5, & LiF Viaisila I X 5 Mazur-Ulam D
EMDOFEH & FkDEwm TRt 5, O
LOERPOSRDZ EDDH»D

%. T % gyrovector Z2[t] Gy 2> 5 gyrovector Z22[H] Gy D gyrometric ZR{FT 22 & T 5, T Ik
ROMWE %W Ty # T T = T(0)eT, THEE S,

To(a D b) = T()(G)@T()(b) VCL, be G1

Tola®a)=a®Ty(a) Va e G,aeR

& 3R

[1] A. A. Unger, Analytic Hyperbolic Geometry and Albert Einstein’s Special Theory of Relativity,
World Scientific, (2008)

2] Michael A. Carchidi, Generating exotic-looking vector spaces, College Math. J., 29(4) (1998),
304-308

3] A. Vogt, Maps which preserve equality of distance, Studia Math., 45 (1973), 43-48

[4] J. Véiséla, A Proof of the Mazur-Ulam Theorem, Amer. Math. Monthly, 110 (2003), 102303
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HEIRLEDHBIEDARY MLVRFERODEE, 11

Hrim Ry =i % (Takeshi Miura)

1 MHFRENGE

Molnér [7) 1T &k > THAIC > 7 L BbNZFENARY P VREGHROVEIX, REDFERE
ZBRGFIEEE T 2 FW L % 5 O THMIEEIZE L, Wxiﬁﬁﬁ@%ﬁ%ﬁ%%%ﬁmmmﬂ5w
Z CZHIHE 72\, AR OUMEEIR 2 fi IR N U, W O K AU IFEE] O By 7¢
FIED 7z O RN THRWREZR MBI L L7z, ZOREZID RV & L THHYUDRERLES
NDEDTI VD, &) MEERRICH 5. FEEEOUERIR 2 FHEET 2 7 0 IS 72 e 2
ER2N

Co(K) \C & D JGATa v 87 + Hausdorff 24 K _bCE % S (- R B EGRSCT, MR N

0% 2bDREZ2ET, Co(K) BHFRTON -8« AA 7 —15L ||fllo = supgex | f (k)] 1ICBH
L CHa Banach B & 2 5. Co(K) DPHE T %GB A SBIEIR L 1Z, Vi, ks € K: ki # ko ISR L
TO# f(k) # flho) ZATcT f e ADHET BT ETHL FFICK D2y 7 P THD EEIC
i, ABISICEBBBZEL I L2RET S, fe AITXL f D periphral spectrum o, (f) % LA
TTERT S :

ox(f) ={rea(f) [\l =[fll}
ELo()IZfDARZ PLTH B,
DLEDMEfD S &, WEFEERE L kiR 2 T 5.

FE 1 F, A BZN0WZWara v 87 b Hausdorff 2 EOBIEIRE T2, &2 S, F — AKX
QRT,: F— B (n=12)7

[Sn(F)llee = I Ta(Fllee (f €F, n=1,2) (1)
363

ox(51(f)52(9)) C ox(Ta(N)T2(9))  (frg€F)

Z AT, HHEGHR a: Ch(B) — {2 € C: 2| = 1} KOHIHE ¢: Ch(B) — Ch(A) 23FHE
LT
Ti(f)y) = aly)S:i(Nely)  (f € F, yeCh(B))
)=

()
T(f)(y) = ay)Sa(f)(é(y)  (f € F. y € Ch(B))
DI D LD, 7272 L Ch(A),Ch(B) 1ZZNZF N A, B D Choquet 5i5iTH 5.
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2 FTFEIE

HIICIB R 72 TEEFH O MY 2 RIRED 72 DI bh B & U 72K E s 25EH 1 D4tk (1) Th 5. IKE
(1) ZH D B\ 7 & L CHEBOFERBE O NS Z L 3EZICRBRIND D, ZhzWiit T3
DDPENRDHETH 5.

#RE 2 F,A,B%ZlRray 87 & Hausdorff 2% LOBIEIRE L, &% S,: F — A, T,,: F — B
(n=1,2) 8

151(F)S2(9 e = T2 (/) T2(Dllec  (Vfig € F)
ZRITETS, a,be F,ne {1,241 L T|S,(a)(z)] < |S.(b)(z)] (Vz € Ch(A)) 23K Y 32T
T (a)(y)| < |T.(0)(y)| (Vy € Ch(B)) €% %,

T 1 OZME (1) ZREL B FIUE, —RIZ S, (f) & To(f) D2 A LIERED, Ti(f)y) =
a(y)S1() (@) DIRD 757 LTH |a(y)| =1 & 72 2 L3RRV, B, & (1) %
RE L WG S EM 1 EHPDORERIE D LD Z 235500, RRI T,

M 3 F, A, BZZNFWRETa %7 b Hausdorff 22 LOBEBER L T2, 25 S,: F — AK
UIT,: F—- B (n=1,2)2

ox(S1(f)S2(9)) C ox(T1(f)T2(9))  (f,g €F)
ZHTER, HHGHR o Ch(B) — C\ {0} LRGSR ¢: Ch(B) — Ch(A) 23FEL T

L(N)y) = a)Si()(ely))  (f € F, yeCh(B))

1
a(y)

L()y) = —=5(f)(¢(y)  (f € F, y € Ch(B))

N A RVASS

EM 3 IFI IR NG, ZOMRE2RBXRL7-0ICEHETOMEfZLIELE T2, AzFAT2
2837 b Hausdorff 22 LOBIBER E T2, A DHTES S VBRENTH % LITEED f,ge SIC
MNLTfgeSWEDIOILETHD, ADIBITES S D weak peak point % BIEIR A L FERICE
#L, ZO2K%Ep8) TERT. ZDLEEpP(A) =Ch(A) ADTHDH, —MRICADTHITESSIC
RLUTIEpS) #0 EIFRS L\, WEpS)#0 T 5, he 88D peaking function TH % &
o (h)={1} ZATIETHS. x€p@) XL Th(x)=1%H&7T 8§D peaking function
2% Ps(r) T&RT. 8§23 Bishop property # b2 &%, f(2)A0%2ALTHEEDzcp§), fe A
WXL Tor(fh)={f(x)} &% B he Ps(x) WFETHI L TH 5.

FE 4 T 2EBEOESGEL, A, B2Z0ZWWara v 37 & Hausdorff 22 LOBEEIR E T 5,
8§ C A, T C B X Bishop propertyz b 5,, p(8) = Ch(A), p(T) = Ch(B) % &7 § FENTRTES
kj‘% :O)& ?é%Sl,Sg: F — SRUTl,TQZ F— ‘J’z’)i

0:(S1(0)Sa(b)) C on(Ty(a)To(b))  (a,b € F)
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BT, HHER o Ch(B) — C\ {0} KU FHEERE ¢: Ch(B) — Ch(A) 2MFEL T

Ti(a)(y) = a(y)Si(a)(¢(y)) (e €3, y e Ch(B))

L S,@)(6y)  (aeT. yeCn(B)

TQ(G)(y) = a(y)

NI AIRVASS

Bishop property Z b % p(8) = Ch(A) Z &7 TRIBIR A DRIENETEAS DI E LTABY,
ADBMIR{f € A: ||flloo <1}, 1€ ADE Z exp A X Lipschitz algebra 23% 5. EH 4 DR
BEHELTT=8,5 =9, =1d2FEZ UKD LD,

*5 A Brxxnznmiay i b Hausdorﬁwﬁa'ﬂjio)gg*ﬁ%&?é 8§ C A, T C B X Bishop
property Z b 5,, p(8) = Ch(A), p(T) = Ch(B) Z A% TRENTDTESG LTS, ZDL 24
U,Uy: 8§ = T D3

ox(fg) Cox(Ur(f)V2(9))  (f.9€38)

% st HHIES o Ch(B) — C\ {0} ROFHIEE ¢: Ch(B) — Ch(A) H3LEL T
Ui(f)(y) = aly)floly)  (f €8, y € Ch(B))

U2(f)y) = —=[f(oy)  (f €8, yeCh(B))
N AVRVASS

F513([1,2,3,4,5,6,7,8,9, 10] DFRDINKRTH 5. ZDEIKTHR 5 2 RIVITIBRIE
@4@@%%m&mzéﬁ,—ﬁv>m1%@4uﬁ&%m%mmﬁofw&w#u%ﬁﬁ&%
TH»HH. FEEE, EH 4 DG IIAE I BEER & Z D peaking functions SV 6N TE D,
peaking functions % BE & £ &\ X 9 & A Banach BRI L THEBIDFER DK D 32O DD
FEHIC iT%f%%._@i7&mﬂfﬁﬂ%&ﬁﬁﬁtﬁﬁwﬁéﬁ%%%ﬁkﬁ%gﬁmo
W, ZOMEPHHINIDIEHICEP LI L LB ATk, ZDX) LRFEARLE L 5EH
ZRZ TR, R5PoEM 4 28 2 EHRIUL Z OBMIFERkI NG, ThbbR 513
B 4 ORI 5E Tl R CARBERN 2RI Z IHINICE L T, IR 5 2HHRMICEL DD
PEH ATREVES I, ZOBZVBIELWI EIFRDIHICLTHErDOSND,

EFE15,%:F =8 0,1, T - TEH J0oFtzALTEFHETSE, ZOEEabe T
I LT Si(a) = S1(b) B Ti(a) = Ty(b) BIED ED Z EWRING, ZDI EZHOTER
Up: 8§ —=T%
Ui(f) =Tu(STH(f)  (fed)
IZEDED B E Uy ik well-defined TH 2 Z ED3T7H 5, FARICLTU,: § - TREHET S L, T, Th
WEETH 205 U, Uy bR TH 2. £72 0,(51(a)S5(b) C on(Ti(a)Ta(b) TH 255,
Df,ge8ITHNLTae S (f),be Sy (g) &2 EtuL

ox(fg) = 02(51(a)52(9)) C 0x(T1(a)T2(b)) = o=(U1(f)U2(g))
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2% D 0,.(fg9) Cor(U(f)Us(g)) (f,g€8) WKL D., XoTHRG5LD

1

Ur(f)(y) = a(y) f(o(y), Ua(f)(y) = o)

fle(y))  (f €8,y eCh(B))

% BTGB o Ch(B) — C\ {0} XKUFMER ¢: Ch(B) — Ch(A) MFET 5. wm#gl, T
BDaeFITHL TS (a)=f ETNLXU(f) =Ti(a) TH 526 Ti(a)(y) = aly)Si(a)(é(y)) B3
FETED y € Ch(B) I8 L TR D 320, REIC LT Ty(a)(y) = Sa(a)(6(y)) faly) #1335, ML X
DER 43R 50 6EpND I LIRS NI,

SE 3R
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2]

(6]

[7]
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Singular inner functions
and division problem in H* + (C

HARRZRZEA PP B (Norio NIWA)

AT DR S Z2 WD

D={z:|z| <1} : BfHIMMNK

H> : D EOFRZIERBIED 57 % Banach B

M(H>®) : H® ORKA T 7IVZER], H® EO (nonzero 72) FEILEM 77 St LB £ 4k
D D FIIEEN A FAREIERE A2 ENTELDT, D C M(H®) ThHb. £/, DIk
M (H®>) ® open dense subset THDENHSNT WS, fe HC L, fOBEFBEKE, fD Gelfand
2% A — M9 5.

[P(e)| =1 a.e. %729 ¢ € H*® % inner function & \»5. inner function I, #xE 1 DEEK
% R\ T, Blaschke f# & singular inner function DFEIZ —EIZ D RT B2 HNATE 5.

H_z" —“n . Blaschke

|zn| 1 — 2,2
e + 2 : :
Yu(z) =exp | — / ——du(0) : singular inner function
op €V — 2

ZZ T, duld oD E® Lebesgue measure df (ZXF U T singular TdH 5.
H>*+C : H*® 2B2IZETHR/ND Douglas Bt
M(H>+C) : H®+ C OWKA T 7 V2
M(H®+C)=M(H>®)\DT®hs. fe H°IZXNULT,
{lfl <1}:={e e M(H*)\ D : [f(z)] <1}
Z(f) :={x e M(H*)\ D : f(x) =0}
e HKL.

Guillory and Sarason DG [3] TlE, H® +CIZH T2 E O BEOHREMEIZOWTERLTHD,
5 D@ open problems 23#>TW5., THO—DIFRDLS50HDTH 5.

Theorem. ¢ % inner function & U, fe€ H® & 95. T &, ROFMHIXFAMETH 5.
(i) f/yme H*+C, n=1,23,.--

(i) (1~ o) =0 on M(H* 1 C)

(iii) limpp f(2)(1 = [2(2)]) =

ZOEMIE, {¢| <1} C Z(f) = fl" € H*+C (n=1,2-) LE>TVWEDT,
H®+C 2B 280 OISR BB 720121, M(H®)\ D21} 2BIEOHIHEAT 1 X 0 /h
SWEELBES ] | <1} BROBEES Z(-) 2L FARB BN D 5 HERBL TN S,
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5 2D® open problems D955, 220%2FZFE L THKL.

Problem 1. Can two distinct singular functions divide each other in H>* + C 7

Problem 2. Does there exists, for each inner functions 1, a singular inner function which is
divisible in H* + C by all positive powers of ¢ 7

Problem 2 13 1984 #:1Z Gorkin (2 & O HERIZHIR TN T WS ([2]). Problem 1 3,

ﬂeHOOJrC, %eH“JrO

(G (U
’E?FE?:%‘ singular inner functions ¢, ¢, I3FET 207 LEHWT WS, BOH SR Y, Problem 1

I open DX X TH 5.

MF  :doIZBIL Tsingular TH 2 & 57, D LD finite positive measures DEEH
pe€ MIIZXHLUT,
LY (p) :={v e M} : vidplzx UTion e, v+~ 0}

Izuchi and Niwa D3 [6] Tl&, {|Jv| <1} % Z(y) D, v e LY (p) IZBT 2 AHESITDONT
HULKHARTWS., THO—DIXROEY TH 5.

Theorem (Izuchi and N., [6]).

peMPEU, p=pct+ps &9 5.

ZZ T, petdcontinuous measure, jig (& discrete measure TdhH 5.
fa =Y o0 Ao (a, >0forVn=1,23,---) &9 5.

n=1

ZTDEE, ROZEMILEMETH 5.

() Uers o ll9nl < 1 = Upers g Z(0)
(i) Vn=1,2,3,--- 3, € L (1) s:t. {5, | <1} C Z(¢,)
(iii) Vn=1,2,3,--- 3\, € M st. {|vs, | <1} C Z(Yy,)

Izuchi DX [5] Tl&, outer vanishing measure & W5 EERZEALTE D, FNiL Problem 1
DIFRDRNZIR D DD LNRNEEZEAT WS, pe Mf &35, {|v,| <1} C Z(v,) &7z
v e Li(u) AT 5L &, plid outer vanishing measure ZFD> & W5, %7, v % outer
vanishing measure for g &\ 9.

Theorem (Izuchi, [5]).
peMbEdsb. Ine Ll (p)s.t. plA, and ¢, and 1, are codivisible in H> + C'
= 1 |¥ outer vanising measure % f£fD.

H® + C 2B\ T codivisible Td % 2 DD singular inner functions 23MFET 5N E S &2 H X
% 7281Z1%, outer vanishing measure % £f2 & 5 72 singular measure %% X 1} L7 57200,

S 3
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WEIGHTED BERGMAN SPACES EMBEDDED IN THE
HARDY SPACE OVER THE BIDISK

KEI JI IZUCHI, $HEAY - 7zH0—

ABSTRACT. Let [z—w] be the smallest invariant subspace of H?(D?)
containing the function z — w and Ko = H? © [z — w]. Let SX0 be

the compression operator of T, on K. Then it is known that S0

is unitary equivalent to the Bergman shift on the Bergman space

L2(D). Let K., = [(z — w)™] © [(z — w)™*1] and let S&= be the

compression operator of T, on KC,,. It is proved that for m =1, 2,

S fm is unitary equivalent to the multiplication operator by z on

the weighted Bergman space L22™(D).

1. INTRODUCTION

For —1 < a < oo. let L2*(D) be the weighted Bergman space on D,
that is, L>*(D) is the space of analytic functions f(z) on D satisfying
that

Ilze = (@ 1) [ IF@PA - B da@) " < o0,

where dA(z) is the normalized area measure on D. Let B, be the
multiplication operator on L>**(D) by z. When o = 0, We write
L*(D) = L2>°(D). Then LZ(D) is the classical Bergman space and
By is the Bergman shift (see [2]).

Let H?> = H%*(D?) be the Hardy space over the bidisk D? with vari-
ables z,w. We denote by T.,T, the multiplication operators on H?>
by z,w. A nonzero closed subspace M of H? is said to be invariant if
T.M Cc M and T,,M C M.

Let Ko = H? © [z — w], where [E] is the smallest invariant subspace
of H? containing E. For n > 0, let

- o 0o
Oo.n = E Z"w' and O, = .
i=0 v+ 1

Then it is known that {©g, },>0 is an orthonormal basis of Ky. Let

Zn

€on = n > 0.

VN 1 B
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20 K. J. IZUCHI

Then {eg ., }n>0 is an orthonormal basis of L2(D). Let
Up: L2(D) > f(2) = Zane” — Zan@o,n € K.
n=0 n=0

Then Uy : L2(D) — K, is a unitary operator and Uyl = 1. Tt is also
known that S¥ = SXo and UyBy = S&U, (see [1, 3]). So [z — w] is
one of the interesting invariant subspaces in H?.

As a generalization, For each integer m > 1, let

Ko =[(z = w)" & [(z — w)™ "]

and S f = Pc, zf for f € K,,. In Section 2, we shall show that S
on K; is unitarily equivalent to By on L>?(DD). This is an unexpected
fact. In Section 3, we shall also show that there is a unitary operator
Us : L24(D) — Ky satisfying UsB, = SX2U,. So the structure of S2-
invariant subspaces of Ky has the same structure of By-invariant sub-
spaces of L>*(ID). We conjecture that for every m > 3, the structure of

SKm_invariant subspaces of KC,,, has the same structure of By,,-invariant
subspaces of L2?™(D).

2. SKI_INVARIANT SUBSPACES OF K
We have

co n—1

[z —w] = @Zz”’lﬂw]’(z —w).

n=1 j=0
Then z[z — w| + w([z — w] is closed and

[z —w] © (2[z —w] + w[z —w]) =C- (z — w).

For each positive integer n, let

n—1
[z —w], = Z 2 (2 — w).
7=0

Then [z —w] = @, [z — w],. We have also

oo n—2

[(z —w)?] = @ Z 2" (2 — w)?

Then z[(z — w)?] + w[(z — w)?] is closed and
[(z —w)’]© (2[(z —w)’] + w[(z — w)*]) =C- (z — w)™.
Let
Ki=[z—w]o[(z—w)?.
We shall study the structure of K;.
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ne? o )
For n > 2, we have } 7" 2" * 7w/ (2 —w)* C [z — w], and

n—2
dim Z Iz —w)? =n—1<n=dimz—w,.
7=0

Then we may write

n—2
[z —wl], & Z Iz —w)? =C by, n>2
=0

for some 6, ,, € [z — w] with 6, ,(z,0) = 2" and
[z —w] ©[(z — w)?] :C-(z—w)@@(:-ﬁl,n.
n=2
We set 617 = z — w. Then

Ki=[z—wo|z—w? :@CﬂM.

By some calculation, we have

(2.1) 01, = 2" + Zan,jz"’jwj, n>1,
j=1

where
n—2j .

(2.2) nj = ——, 1< <n.

Put a,o = 1. We note that a,, = —1,

(2.3) Unj = —Qpn_j for0<j<n
and
(2.4) anns2 =0 if n/2 is a positive integer.

By (2.1) and (2.2), we have

1 2
o7 = LD sy
n

Let
. 917»“ o V 3n
161l V(n+1)(n+2)

Then {01 ,,},>1 is an orthonormal basis of ;.

@l,n

Hlm, n Z 1.
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We have

0
K 1,n+1
SZ 101,71 = PICleI,n = <Z‘91,n7 91,n+1>

101n41]|?

- 91 TL+1

. 0 _Uing1
n

91 n
+1 K
= ( E A, ke An+1, k+1> = Swlgl,n-

pr 10174117

Hence S = SX1. Here we have

= “n—2jn+1-2j n+2
2 tnitnng =) TS T =
— =

Therefore
550, = VI gk,
V(n+1)(n+2)
V3n n+2 3(n+1)

1,n+1

Vin+Dn+2) 3 /(n+2)(n+3)
v C)
\/n—+3 1,n+1-

This fact shows that Sfl : K4y — K is one to one and has closed range.
We write the above equation as a lemma.

Vo
Vn+3

For any nonnegative integer n, let

Lemma 2.1. Sfl@l,n = O1 41 for every n > 1.

ern(2) = \/(n +1)(n Z 2)(n+3) .
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Then {e3, }n>0 is an orthonormal basis of L2?(D). We have

Byean(z) = \/(714‘1)(”2;2)(714—3) _nt1
_ '\/(n+1)<n+2)(n+3)
6

6
- (n + 2)(n + 3) (n + 4) 62,n+1(2’)

n+1

= n—+4 62,71-1—1(2)'

Let Uy : L*?(D) — K; be the operator defined by
UleQ,n(Z) = @l,n—i—la n > 0.

Then U; is a unitary operator. By Lemma 2.1, we have

n+1 n+1
U152€2,n(2) = n+4 U1€2,n+1(2’) = nt4 @1,n+2
= S;Cl@l,n-i-l = S§1U1€27n(2’).
Hence
(2.5) UBy = S¥U;  on L2*(D).

Therefore we have the following.

Theorem 2.2. The structure of St -invariant subspaces of K1 has the
same structure of By-invariant subspaces of L**(D).

3. SK2_INVARIANT SUBSPACES OF K,

For each n > 1, we write 0, = (2 — w)gl,n. We have that for & > 1,

ey D o
bhow = (z—w) k 2w’ Z ZHk=d) =iyt

=0 i=1
iy N R

_ (z—w) T Z o 2k—j—i, jti-1
=0 i=1
2%—1

R P— (£+ 1>2(§k5 ) k=10, 0
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and for k£ > 0,
2(k—j)
2k+1—25
Orokt1 = (z—w)z 2k+1ijJZZkJ
§=0
k 2 2(k J)
_ (Z—’LU)Z 2k+1 Z o 2k—j iyt
§=0
2%k
(+1)(2k+1-7¢ _
_ (Z—’LU) ( )2<k+1 )Z2k ZwK‘
£=0
Hence -
~ ~ (0 +1D)(2k—40) .,
o= 3 V=0
£=0
and

i’“: (C+DEE+1-0) 5y
7 2k +1 '

As a result, for every n > 1 we have

01 2641 =

Z E + 1 anlff,wf'

=0
Put

n—1

01 = E a;z"" =77,

5=0
By the above equalities, we have

(3.1) ap = ap—1 =1, a; >0and a; = a,_1_,
for every 0 < j <n — 1. We have

n—1 . .
) —92j-2 .
(T = T5)0, = §l<” . J_n 7;7 )anlfjuﬂ
—

n—1
2 n—1—j, j 2
= —Z w = — ®O,n—1)
jz% n NLD
(Tz* — T;;)zwgm = wgl,n — Z@Ln = —917n
and (T: — T;;)@Om = 0.
For n > 2, let
92,n = ngl,n—l - <Zw§l,n—la @0,n>@o,n - <Zw§l,n—la @1,n>@1,n

€ [z —wl,.
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Then 05, € [(z — w)?] and

<ngl,n—17 @1,n> 2

— Og -
R
€ H*cl(z—w)?.

(17 =T0)0m = —bhna—

Hence 6y, # 0 and 05, € [(z — w)?] © [(z — w)?3] for n > 2. We have

10101112 = 102 |I? + | (2001 -1, O} |* + | (2001 1, O1.0)|%.

Here
~ 0. . —w)o. 2
’<Zw01,n717@1,n>’2 = [(zwbrn-1, (2 Qw) )|
161l
o ‘(91,71,—17 91,n> |2
101117
=0 by (2.3), (2.4) and (3.1),
0. 2 1 n - nei i\ |?
(bt Q0n® = —— <zwel,n_1,§z w )
n—2
1 0 n—2-i i\ |*
- n+1’<91’"‘1’i:02 w>
1 <“ (¢ + 1)(n—£)>2 _n’(n+1)
 on+1 n—1 36
£=0
and
n—I1
~ 1 (n+1)(n+2)(n*+2n+2)
2= = D2(n — ()2 — .
101all* = 55 2 (€4 1 = 0 o
Hence
92,n = ngl,n—l - <ngl,n—17 @0,n>@o,n
and
~ ~ nn+1)(n+2)(n+3
0o = B sl = (el na, B2 = T DEF DO L)
Let
2 3 92,n
Ko=[(z—w)lel(z—w)’] and Oy, = n>2

O2nll”
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Then {O3,,}n>2 is an orthonormal basis of Ky. Let SX2 f = P,z f for
f € Ky. We have

(292,n, 92,n+1>

§520,, =
= T 100 [[162m41

62,n+1~

Put An = <Zw§1’n_1, ®O,n>- Then

(209, 02 n11)
= <z2w¢91,n_1 — A,20¢,, zwglvn — An+1@07n+1>
= <Z§1,n—1> §1n> — An+1<22w§1,n—17 Oont1) — An<®0,n>w§1,n>
+A,An41(200.1, O0.n+1)
Ana

n—2
— (20, e ,5 n) — —<§ ne1, z"_2_£w5>
(261 ,n-1,01 ) Jnio 1n—1 gz:;

~ A,A

n—1-—£, ¢ n<int1
70 n +

ezoz v 1’> vn+1yn + 2

Apyr 2 (L+1)(n—1-10)

\/n+2€20 n—1

Ay (U4 1)(n—10) L AvAnVnF 1
0

(n+1)

= <Z§1,n717 51,71) -

n—+1 n Vn+2
Apan(n+1)  A,(n+1)(n+2)
6Vn+2  6V/n+1
ApApvn +1
n+2
B Ba) — Aprin(n+1)  Apwn+1(n+2
e 6vn +2 6
ApApnvn +1
2

=

- <Z§1,n—17 51,71) -

+

+

~—

+

+

n
Since A,, = ny/n + 1/6, we have

0. ) n(n+1)(n+2
<292,n7 92,n+1> = <Z91,n71, 91,n> — ( 3)6( )
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Here
<Z§1 n—17§1,n>
n—2 n—1
(L+1)(n—1— nlézzg_l_l n—1-0, ¢
— w s Z w
< — n—1 P >
U1 (=10 -0
— (n—1)n
204 Tn® + Tn + 2
N 60 '
Henee (D01 2)(n+3)
n —+ n + n 4+
<292 n792 n+1> = .
’ ’ 180
Therefore

<292,m 92,n+1> vn—1

102,102,411 v/n+4
We note also that 552 = 552 on Ks. Hence we have the following.
vn—1
vn+4

This shows that SLCQ : Koy — K5 is one to one and has closed range.
For any nonnegative integer n, let

1 2 4
ean(2) = \/(n+ J(n+2)(n+3)(n+4)(n+5)
’ 120
Then {e4,}n>0 is an orthonormal basis of L2*(D) (see [2]). We have

n+1
n—+6
Let Uy : L**(D) — K5 be the operator defined by Usey,(2) = Ogp42
for n > 0. Then U, is a unitary operator and

n+1 n+l
UQB4€4,n(Z> = n+6 U2€4,n+1(z) = n-+6

= 552@27714_2 = S§2U2647n(2).
Hence we have the following.

Theorem 3.2. UyB, = S*2U, on L24(D).

Theorem 3.1. 552@27,1 = Oz 41 for every n > 2.

84647n(2) = 647n+1(2).

@2,n+3

Therefore we have the following.

Theorem 3.3. The structure of S*2-invariant subspaces of Ky has the
same structure of By-invariant subspaces of L>*(D).
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4. CONJECTURE

For n > 3, we write 5,1 = (2 — w)gln,l. Since 6y,,1 € [(z —w)?],

02n—1 € [z — w]. Let
93,n = ngQ,n—l - <ng2,n—1a @1,n>91,n - <ng2,n—1a @2,n>92,n
€ [z —wl,.
Then 05, € [(z — w)?] and
(T: - T:;)H&n = —92,n—1 - <Zw§2,n—17 @1,n>(T: - T{;)@Ln
_<Zw62,n717 @2,n><T: - le)@Z,n
€ H*c[(z—w)’].

Hence 63, # 0 and 03, € [(z — w)?] & [(z — w)*] for n > 3. We write

O3, = 03,/]|03.4]. Then {O;,},>3 is an orthonormal basis of 3 and
SKs is a weighted shift.

z

Inductively, for 4 < m < n we may define 8,,,_1 ,,_1 = (2 —w)0p—1,n—1

and
em,n = Zwemfl,nfl - Z <zw9m71,n717 @i,n>@i,n € [Z - w]n
i=m-—2
Then 6,,, € [(# —w)™] and
m—1

(Tz* - T:;)em,n = _emfl,nfl - Z <ZU}5mfl,nfla@i,n>(T;k - qu;)@z,n
i=m—2
c H*o[(z—w)™].

Hence 0,,,, # 0 and 0,,,, € [(z — w)™] & [(z — w)™ ] for n > m. We
write O = Omn/||0mnll- Then {O,, ., }n>m is an orthonormal basis of
K, and S is a weighted shift.

Conjecture 4.1. SXm on K, is unitarily equivalent to Bay, on L>*™(D).
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1

Y i PNE S T I A WA A (Michio Seto)

Beurling O EIEHEH

H? % BN EOEE O Hardy ZEfE U, T, % 2 #HIFEIZHIET 5 Toeplitz fEHE L T 5.
H? OIEEAZAE D ZEHT, T, ODEHTAZERE DIFRITAEMAZ2EH & LI b.

EI 1.1 (Beurling) H? DEEDOAZEIRTZEM M IZHL, M =qH? £72% inner function q
PEFEIET 5.

ZOEMIZEEEGRZIT TR RV MNEM EOFEHEZERIZBWTELELTHS. AADBHI-T
W B HHTIRD 5l D GEIED D B .

1.

inner-outer factorization
J6fl Beurling ®FERA, inner-outer factorization M% & U CitlHZ 5 X T\ 5%

. Helson-Lowdenslager method

Hoffman D% K DHARZBIZHRHAINTWBEX/R HIETH 5.

. Helson’s cocycle-coboundary argument

Gamelin DATHMTETNT WS, BEOEHIZHMU S 0 7223, Z DJHE 2 %EH L T\ 5K
IZ complete Pick kernel & OR#HZFHARTA LD & E 57,

Wold decomposition
TEHZGR DL K DBEREFIZEHRHINT WS HIETH Y, EBMNIZEHE S BHEMLO T Ve
Bbonzdn, ¥7 MiHZOWEIZEEKEL TWEDTHSEROFREIFEHL WA (7).

. complete Pick kernel technique

TERSRERANIZHRIE L P T W E WS FRTIREIZ D E<TERGE (&) ZeES.

XTC, ZIZTIELESI—2DHHAE (LIFVW-oTHINETIZHOSNTVWAZ LDMAS LY
I EIRND) BRELL.

(FLLW (?) 5EER)
KUTHLWHDTIERWDED, BOHHDOEED7-OIZGHZ 4 BREEIZ2T 5
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(Step 1) 3¢ € M s.t. inner and M &2 M =Cq Zmd. T IZIEEROFEELF U TH S D TR
TENET 5.

(Step 2) kM 2 M ED X RAICKIET 2HAEKE T5. @A T M = (¢(\)g)/(1 - X\2)
Bohs. £z, R, =T.Py BE (Py & M ANOEZSE), R 2 M EOEHZRE L TH
5. ZDLE R =PIy £82ILITERT DL

(Im = RROKL = (1= A2)ki" = a(V)g

AL Cqg 12 1 IRTEEAEK e V)L M ZEEOEEZ ANz SOHERTH 5.

(Step 3) AL~ MEMELTOT VY LVE Coo H2 2xfL, D : Cq® H? — M,
q2) @ f(w) = q(2)f(2) LW E/REEZEZ L. BBOT VY NVIEZZBILEFA LI & THEP, D
WXZNDXNARD %2 52558 THD. SN ranD = gH? TH S (7272 L inner function M
MEHZMH > T ranD BHATHE I L ZRTHELVDH D) .

(Step 4) D : ¢q(\)q @ ky — q(N)gky = kM TH B0 S ran D 13 M ODHTHETH Y, (Step 3)
5 M=ranD = qH? L7 5.

(FEBR#E)

PAE, D2 RIFEERZH WA, (Step 2), (Step 3), (Step 4) ([ZHM T2 Z & 2L LM
Hardy ZEff1Z2 &80 D IAWEHFOBFAEZ L V)V MBI THEHFERADLZENTE S, ZTNHXZD
LW (7)) A OFETHS. IROHITIEZEMK ED Hardy 22 FIZ 20 %2 B35,

2 TEEARZEEZEHL TR EF DRI

DA, &M D? L@ Hardy 220 H2(D?) DBAICESNIZFERE2 RN T 508, #2254
% ATZTMOBEEK L LRV MEMTHEZWEZWRU LSRR ENnE. M %2 H?(D?) OREH
NZEME U, Ty 2 H*(D?) £ Toeplitz fEAZE &9 5. Hifid (Step 2) THW Iy — R.R: I
g BIEAE A 2IRCTERT 5.

A= PM — TZPMT;PM — TwPMTzzPM + TszMT;wPM'

A X H*(D?) OFEROWE % & 5 L BNDLEAUIIE L TWS (Agler ® functional calculus) .
9, PRV T WEEEZER5.

EE 2.1 A AR D ran A € H® 7% 51X R & A 7= T HAEM Krein 2808 K BEET 5.

M=T{Fod:FekoH2.

ZIZTAdIE (f®g)odz)=f(2)g(z) TEHRINDEHLRTH .
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HiEiD (Step 2) T Cq IZHAEMK LIV M ZEBOHEEEZ AN, ZTHIZHIET 2DA K T
H5. FERD complete Pick 7 61X K IXIEEMHEIZ 72205, —MOFAEMIIK U TIXIEEMHE & 1%
RO\, 72, DF =Fod &&ZNUX (Step 3) TD D IZHIGT 5. EH 2.1 TlE D IFESH
fEHRTH 2N, Z0O D B OGEIIFETITRS. TOZ L ZUNTEMIZERLS.
£9,

D:K@H*> M, (u,0)@2 2 (u,0) @z 2)od=(u—v)zz]
B <. Krein ZHIFEDZEREADEBEDEM K =H, @H_ (DT oNDDT, K OXZ
FLZE (u,v) &R Uz, 08, D ZAREEBFROLVWOTERHEE LT

domD = {F € K® H>: DF € M}
ZEOHEE L TH L.

EIE 2.2 D BMBGRERBEEEZ S OHEHETH L. - T,

M ={DF: F € dom D}

DD ILD. THIT p e Clzy, 20 WL, FedomD 7261 pF € domD THY, D(pF) = pDF
AT EVWIEIET D IFHERBEHRTH 5.

AL DFERNIBIAEEf R DX TEZ O NT WS, TN SIXRDOMEZE Z 72\,

B 2.1 My, My % H*(D?) OAREMHZERE T D, IRORKADXAHIZR2EHZ U & T 9
FIET 256, M, & My IZRU, AP VWZENR?E-ZDOISBREHZU, T IE—KEDLS
mEDIN?

K, ® H? vel, Ko @ H?

o | |

Ml T> ./\/lg.

Z OIS P OREDR/ S NN, TNEABHDZEEOSHICHHT I N TE DLl
bihd.
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Lowner BAEIC K 2EEHOH D MHEBICDWT

TR T LR EE il (Go Hirasawa)

1 F

(H,(-,")) ZMRXoGRn 5 - HE LV MEfE TS, () ERETH D, L5 B(H) T
BRAUAEHZED 2EAZ KT, AcBH) IZHLT, EfE A>0THdEIE, (Az,z) >0
(Vo € H) B DMDI & THD, POk 2] I2&iud, D E SR EEDZ MW T
Wb, Xk [1] OFERZHVD ., A>01Z6LT

T(AH)C AH = T(A’H)CAPH (0<p<1) - (%)

DO, Tald, 2D (%) 2 [1] ZHWEZ7AB0—ETETOHRY, EiE, (x) Fbok—
2 Lowner BEUZRH L THEZDH6 LW, T0bb, i ¢() &L &, T(AH) C AH 25
T(p(A)H) C ¢(A)H WO LDE S ThHhb, I T, AH Ml {Au:ue HY DT & THY,
P(A)H & ¢(A) DIEID Z & Th D, /=, L<HONTWE I &AM, AHC APH (0<p<1)
Thd, KRETELTH5HMEAZE A X, IXRTEMETHS, AFMEHZEOMEEZmL % & &,
BT IEMEFHZEDMEIRE ZEZ 2 Z LN TELNOTH D, 5. WiSRNT A OIEMEMEE(ET
X

[1] W. F. Donoghue, Jr., The Interpolation of Quadratic Norms , Acta Math. vol.118 (1967) 251-
270.

[2] Leiba Rodman, Nahum Zobin, Linear Preservers of Isomorphic Types of Lattices of Invariant
Operator Ranges , Proc. Amer. Math. Soc. vol.129 (2001) 2981-2986.

ST AHMETIEEED (%) % [1] 225EH S RDVIZ, de Branges ZEHERD FiE%Z FHWT (x) 12

77U —F LU THEW, fmrofiL EF2E, p=1/2 D7 —ATIXGEHT 5 Z BN TE 7205,
ZNUNDT—Z (0<p<1,p#1/2) TRELLLS DS T, Rt L,

2 WRRT—X p=1/2

5 : T(AH) C AH D% & T, T(A2H) C A2H %7 L TW<, £33, Douglas’s majorization
EHEHWS &, IEIFIREFME, TA=AW 8LV ker W* D ker A Ziiii7=4 W € B(H) »'—
BIFET 5, 2O W OFEEHWT, T(A2H) C A2H 27 LTI ERVWDTH L, RTAE
ZOHHNOADRE T2 5 A TH <,
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Lemma 1 PAF®D 3 FFIFHEHWIZFEMETH 5,
(1) T(A2H) C AzH. 2% 0,3V s.t. TA2 = A=V,
(2) AsT*/Az : A2u — AzT*u is bounded in H. (u € H)
(3) AT*/A : Au — AT*u is bounded in M(Az). (u € H)

Remark 1 M(A2) 2\ 5 Dld, Az Ok A2 H 12, H OPNFEE XM O PR % RS 728
BRI DA E NS LAV P EIDOZ & THB, DE D, M(Az) = (AZH, || || 3). 7L,
(A2u, A2v) ) o= (Pu, Pv), (u,v€ H). P& (ker A) ~OELRHHBEHE,

(Lemma 1 D ZERH DHFHE)

1 1 Lo s 4l . ||A%T*u|| HAT*UH
TA2 = A2V <= A2T"JA2 C V" <= sup——F— < 00 <= sup ————
ueH ||[Azull et |[Aul] 3

g

LA OMEL D FHxlE, W DFIEDS & T, Lemma 1 (3) : AT*/A is bounded in M(Az2),
HE 3,

AT u|| ;3 < c||Aul| 3 for some ¢ >0
ZAEATNIX KW, RE TA =AW O & T,
IAT"ul® y = (AT"u, AT"u) 3 = (AT u, AZT*u)
= (AT u, T*u) = (W*Au, T"u) = (Au, WT"u)
( )2 (AW T u, WT*u)? = ||Azul|(TAT*u, WT*u)

[N N[

ul| (AT u, T*WT*u)? = || A2ul|(W* Au, T*WT*u)
ul(Au, WTWT*u)? = || Aul|(Au, (WT*)?u)?
ull(
1+

Au,u) s (A(WT*)?u, (WT*)?u)s
ul %<A<WT*> (WT™)2u)i

m\»—‘ m\.—- l\.’)\»—‘ w\»—‘

< HA%uHH%*ﬂA(WT*)%, (WT*)tu)s

< [[Aduf O AW 0, (W) )"
= [ Az A (W) |2
< HA%uH”l*l*"*(l)"HA%H(%)"H(WT*)Q"H‘%’”HUH(%)"
1+ + +- + #1271 (1)» 1yn
= [ Aull’, " A O Ty B )
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ER-YeX-R
JAT a2y < [|Au] 3 ad O T B g 27
A2 A2
NS EN
||AT*u||124% <H(WT™) ]|Au||i%, (7(+) is a spectral radius).
PAEPS,
|AT ull

SUPW S \/’Y(WT*> < 0.
A2

ZHUE Lemma 1 (3) ALV LD Z L 2 kT 5, Thbb, T(A2H) C A2H Hgt,

3 —mDIyT—X0<p<l1

T(AH) C AH — T(APH)CAPH (0<p<1) - (%)
ST, ZomEE D 0<p< L ITHUTHIH E AMRZGEZAATIHEHALES ELTEH, T
I TH 5 Z LIZEDT <, FEllITRRAWDS, p=1/2 ORRMEZFIHLCW2DTH 5,
—ED 0<p <1 TIRIHEHIZTETVWARWD, ZZTRARTFRBE VWS ETHRELZWEES,
RUZWEER T(APH) C APH ORI BIROHETH 5,
Lemma 2 0<p<1 &35, UTFD3FKMEFAEWVIZFEHETDH 5,
(4) T(APH) C APH. D% Y, 3V, s.t. TA? = APV,
(5) APT* /AP is bounded in H.
(6) AT*/A is bounded in M(A'"P).
(FERA DRI )

APT* AT™*ul| g1-»
TA? = APV, <= APT" /AP C V) <= supu < 00 &= supm
[ APul| [ Al 41—

U

—f&D 0 < p<1IZEWT, Lemma 2 (6) AT*/A is bounded in M(A'"P) Z/R9 DITH L W

FOIEZS, p=1/2 TIHWPTELDREZDRHKEDOENIT b L, £I T, RKESRME

T(AH) C AH (& TA=AW) Bk - BEL T, IROFM (7) 2F 25, $5&, (4)~(6) &
(7) 1& URESMHDE & T) FEE %5,
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(7) TA/A is bounded in M(AP). D% 0, HBEM ¢, >0 PFIEL T
| Tx|| a0 < ¢ ||2||ar, v € AH (C APH)
NI AIRVASHR
Remark 2 & (7) i, K& T(AH) CAH Db & p=1THH 95, D0, T(AH) C AH
ol T eBWM(A) THDS, (ZOZLIEFUTFD p,=1/2", n=0 THEALTWVS,)
XTI ZTH IKE T(AH) C AH (& TA = AW) OH LT, (4) « (7) DifH%E 52 THL
((4) = (7) DIEHIZEE),
((4) <= (7) OFEH) ORI (7)) DEWVHZTH 5,

ITAdle AWl AW
1Tl = sup e =5 e P AT =% <

Zhd, BRI A PW/AY P BERTH DL 2EIKT 5, Lo T, EHEEE2MATETHREL T,
ZTOERMHEMEY DL ERT DI L TROND HARILR V, BFEET 5. ALPW/AP CV,
kerV, D (A PH)L #1535 &, APW =V,A'"P kerV, D (AVPH)* =ker A. £o5T, LEnbH
AP ZENF T, AP AP = AP VAP 2700 AW = TA = APV AYP L35, 51T, AL
TTAP- AP = APV, AV P dnd AVP(APT* — VIXAP) = 0 7R DT (APT* — VrAP)H C ker A 2135,
—Ji. (APT* =V AP)H C APH+VrH C (ker A): DT, APT* —V*AP =0, ie., TA? = APV,
Tk (4) 2RUEZZ L EEKRT 5,

O

p=3 ITHTSHTHIOF R ZIE VR UEHT LU TDLS1T45%, T(AH) C AH 7251
T(A™H) C AP H @n:§?7F:QL2,“) ()
WoT, FEDO<p<1IZHULT, n>0RFEL T,
Pnp1 <P <pn and AH C AP"H C APH C AP+ H
EAZT, THE, (xx) BLEU 4) ~ (6) & (7) D T(AH) C AH O 2 TORfEM XY,
o || Tz||arn < cp, ||2l|apn, =€ AH

° ||TI||APn+1 < Cppi1 ||l‘||APn+1, r e AH

D ONLDZ e b5, Remark 2 &0, IRE T(AH) C AH 75 T € B(M(A)) £7>TW\W5
DT, HEEE c>012D0WT, ||Tz||a <cllz]|a, 2 € AH DEDL>TWB (n=0),
ZORMDE EFraDRUZVDIK, AH & A+ H X ORNIZEEZ Nz APH TOEFRMETH
%5, 2% 0,
HT:L‘HAP < Cp HSL’”AP, v e AH

ZRUZWV, TOZEBTCOERMEABILLTWAE X2, HEFNTWAEMTOERMEEZ KL
72\, LU, TN EDEROEREIZMAEE SN TV, FZe B2 8 H T E b n
HDTIHWh, CHHFFLTWARRETH 5,
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4 BEEEIR

Zofficid, MANBIKIZEDE, §ifiE cONFICHEET 552 L THD,

IERRIROT R EBR e V)L D ZE[] H OFRGZER M PEETH 2 L1, HDe)L b VA
|- llar DEAELT (M, || ||a) = H £725 22 TdH 5, LHES22M & A FAEMEOfEK X
ThHhsHIZlFLLHoNTWVWD,
M & N%MCNCH %ii/=d H CHZEREHETAERETDH, TOLE, M & N » S8
DRARIZH B (a relation of S-chain) &%, HIEMBREFRIEAFZ A>0L p (0<p<1) HfF
LT, M=AH, N =APH L7235 Z L TEHT D, ZOLE, [1. F1 1ZBF5 (x) DD
MDOLEDEETEE, WOPICEFMERZE T IZOWTC TM C M %5 TN C N TH 5,

Remark 3 [S-SHDOBR] LW X =3IV T E5DLIAZIHEITOEDTHSH,. H=L*(R?)
(d>1) T, A=(I—-A)"z2 DEE, N=APH T p IRDY AL 7 (Sobolev) %Iz >TW3,
DF b, VARV TZEREE de Branges Z2[] M(AP) DAEBEFRITL & 705, S-#HE AATIT 2B HIE Z
ZIiZhb,

T, 0 SHICEL TEARNLMELIREST S, ANIZBIT5 LM, N & H & 52525505k
PR M & T 5,

Q1. MCN 27=3EEDO M & N X S-SHOBRIZHZ0?DF0, M =AH, N = APH &
"B A>0L 0<p<lI3fFETEN?

Q2. M 2EEITH5A%, ZOLE MCN ZizL»D M & N IES-BHOBRIZHSE N D
ERES ZREN T &,

Q3. 5L LCMM»PDMCN WSHOBRIZHDLOIX, LN I S-HOBERIZHEHN"?
Q4. HL MCN P S-HHOBRIZH B & &, KRBT dimN/M (ZE R R 7
DEORBEIZRLT, Q1. 8LUQ4. NOELRZRET 5,

F9. Q1. 1Z20WTik No) TH5, BHIFIROBEY THS, M C N OAEZHEFRDOHZ 55,
TM C M THEMBTNCNTRWT cBH) WEETIRNEEZEZS, ZOLED M & N
X S-BHDOBIfRICIZZR > TR, o TW2edT52, TNCN L %>TLESDT,

KIZQ 4.1220WT, AT O#EM RSN,

Proposition 3 5 U M C N %' S-BHOBRIZ H % 72 6 IFREIIRIT dimN/M = 00 TH 5,

(FEFHOBIE) M = AH & N = APH %3723 A>0& 0<p< 1 DPEHELZLET D, ZDLE,
FERI DL X BT B DRD 2 DDHEEHE Y LD,

o AH ¥ M(AP) THZETH 5,
o M IZ M(AP) IZBWTHHHTH 5,

INs &b, dim N/M = dim APH/AH = dim M(AP)/M =oc0 &7225 2 bh 5, HLEAL
AR, TRbbRIGTERE TS L, eI )L MZEH] M(AP) IZE W TR 22 M IZE &
2%, WEWEPOKRE N=M(AP)=M 2155, TNEFETDH S,

g
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