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RFEXF LOFERSR

HB KPR G B AR ZER BIES 8 (Tosikazu Abe)

1 Introduction

THNZ K 2 8IE 22 EOFHEEEBGIC W TIR 2 iR BTV D28, TSNS L DHED
EOFRRESTRIC O FIRN D D, ARG IIFFREAZME SO(n) LOFREEGRICOVTORMRTH
Do B ZONEFITPSEISEAE, IR & OILFRIFEORI R TH 5,

2 FHREXBHLOFERER

T MVTROR DI (21, ..,2,) Tap > -0 >0, 2 0T HOENKE R & EL
¢=(c1,...,c) € RYITH LT,
1A =Y cioi(A) (VA € My (R))
i=1

IZEoTEDE M, (R) ED V| - || 2 M,(R) D c-spectral norm &9, ZZToy(A4) >
oo > 0, (A) 13 A OF;FME (singular value) &30, 2D/ IV AT Ko TEE 2 IEEEC KX - TR
EAHESO(n) LWz 525, ZOL &, LTOMRERL, 22 TniRENATHIZ E,. nik
FEMATHN R % K, (R). A € Ky(R) IS LTED (1,4) oy & (2,3) TR (4,1) oy & (3,2)
oy AR T b Dx A LEL,

Theorem 1. T3 SO(n) 7*5H SO(n) ~DOFHEHEGG L TD5, ZDLEE TIFLLTOWTANDE
TRTZEDHEKS,

(a) T(X) =T(E,)O0X0™ (VX € SO(n)),
(b) T(X)=T(E,)0X'0"! (vX € SO(n)),
() n=4, T(X) =T(E)O(exp(A)O~" (vX € SO(n), AL exp(A) = X, A € K4(R)),
(d) n=4, T(X) = T(E;)O(exp(—A)O~! (VX € SO(n), AL exp(A) = X, A € K,(R)).



SERADBERE. To(-) = (T(E,))'T() T2 & Ty X Ty(E,) = B, #1729 SO(n) o> 255
B4 C Jordan triple Z#R(FT 5, D &b A€ K, (R) 1Tk LT Sa(t) = To(exp(tA)) &7 5
&L S4 1T SO(n) Ed one-parameter group TH 5, L7223> T, U —HED one-parameter group ?
RIBND Sa(t) = exp(tf(A) £72D f(A) € K,(R) N —BIZHFET S, ZIUHMEED A€ K, (R)
IZXFLTWZR DT, ZhlZ JZO’CK( YD K, (R) ~DFAE f NEE D, fIFEFTfF0) =
THD, £, || — B = | Ty(e?) — To(etP) || = [let* — Bl (Vt € R) L b

etf(A) _ otf(B) tA _ otB

1£(4) = £(B)]le = lim | —————c = lim |-

t—0

le = [IA = Bll.

o T fIFEERES#H TH YV, Mazur-Ulam theorem &V EMEEHRTHD, LicBi->T[8] LV
IR OWFNaziizd K 9 72 n IREAZATH O BFAET D,

(aa) f(A) = OAO~! (VA € K. (R)):

(bb) f(A) = —0AO~ (VA € K, (R));

(cc)n=4, f(A) = OAO™' (VA € K4(R));

(dd) n =4, f(A) = —0AO™! (VA € K,(R)).
ZIZTEN (aa) DIEZE L TWADEE fEED X € SO(n) & exp(A) = X, A € Ky(R) IZX LT

To(X) = exp(f(A)) = exp(OAO™!) = Oexp(A)0O' = 0OXO ™!
LV, Tid(a) DIETHELND, FEKIZ (bb) 225 (b). (cc) 225 (¢). (dd) 26 (d) ’FBND, O

LI || -] & M, (R) 0 unitarily invariant norm & L, Z® /L A E > TEE DHEEREIC L T
FERRIEZAZHE SO(n) LA B 25, Z D& &, Theorem2 23K Y SLD, FfIZ c-spectral norm 1%

unitarily invariant norm T %,
Theorem 2. Theoreml ® (a),(b),(c),(d) DTETEKIND T1E SO(n) LOFHEEGHE TH S,

SEBADMERE. (a),(b) XA LMNTHLDT (c) IZONWTE XD, [EED A B € Ky (R)IZXL T
lexp(A) —eaxp(B)|| = |lexp(A) —exp(B)|| T D = & ZmRti3T55y, [3] TEC, D € K4(R)IZH LT
exp(Cexp(D) = exp(BCH(C, D)) &£ 72% BCH(C, D) € K4(R) ;5’{5'%/]2 LTV, ZDfEHRAZ
T BCH(C, D) DA ZIEAEFHY 5 L. BOH(A,~B) DEAZHAL BCH(A, —B) DA%
HAI BT D2 bbb, LoTerp(BCH(A, —B))—Ey DEAZHEA L exp(BC’H(A —B))—

E, DEAZIEXN 5T 5, 7=, exp(BCH(A,—B)) — Ey & exp(BCH(A,—B)) — By 1X1F
Bl (normal) THDHDTIN D DR REIZET—ET %, 22T - | % unitarily invariant norm
TholeDOTHREENLRET—HTNET/ VLADEBELY, LA o> T |lexp(A) — exp(B)|| =
lexp(BCH(A, ~B) — E)|| = |exp(BCH(A, ~B) — Ey)| = |exp(A) — exp(B)| Th %5, (d) 1=
D ENLHBD, O

Thorem1, Theorem?2 & ¥ SO(n) LT c-spectral norm (2 L > TEE D HBEAE 272 &L 2D SO(n)
225 SO(n) f\@%ﬁﬁ%ﬁgfﬁ@% FFEARITIRE SN T=23, — %D unitarily invariant norm {2 & - T
EE DB 5 225 E1C (a),(b),(c),(d) DA OBFHEBETRNFAES D70 &5 5 MR- T
%o 728, T(exp(A)) = exp(A) (VA e Ky(R) ICX > TEXELE] T IR EH/R T T o FFAY
B THAR,
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Norm-preserving surjections

on the space of invertible elements in C3[0, 1]

EMRET YV A MMIFEA miiEZK KA (Hironao Koshimizu)

PRAFIE - T 2 22[ 5 & 2 B NDEED, & 5k - b - 2P T2 L &,
fbic EA LG - B - H2RIFT 2 D%

ZOREIIRA B TEZ N TOTIERHICHEETH L. 22Tk, ZOfMED—2%2EZ 5.
FEAE BT FTRERIE D & 72 5 22 D WK DEEDE D H 5 / VL 2 RET 2 2HDOE
BRaxEZ2 5. ZDOEMD inverted Jordan triple product Z{#FT 2 Z L 2R T I LD, filEHEA
BAEHZEDIEZ LT3 2 E2REEDT.

1 Introduction

OV L ZEE OB OFERBEEGRICEI L T, ROBEELEHH 5.

Mazur-Ulam DO EE.
AB%/IWVLAEMETSE. T % ADo BANOEHOFRMEHRTTO=0ET%. C
DEE, T IEREERTH 5.

Z DEFDHH ORI IE, /L LRI E T 2SR L 2 RS 2 A L
TfF+T
T(“g)z TE19 (e

2 2
ZELZLETH .

ZOREMNPEOMEEZHE G D LETEZS. fgeGIINLT, g=hf'"h 2 heG % f
& g @ algebraic midpoint &9 . L L, THUIZEMNIC X > T, ~BNTROLEAPHEEL 2
L3 5. Bl 2R, circle B T RPEBOFEMHR\ {0} 2 EDVZ ) TH 5.

—77, 2003 1T Viisdla 13 Mazur-Ulam OEH 2 fERICEEH L 72 ([8]). ZDiEHO 74 7713,
JNVEZREBD2TG fig LT, 29— f EWITLEEZALETH-7. Tk, g 2z E LT
fENMZERTHS. ZOEZZHLETEZ SN D DD inverted Jordan triple product TH 5.
HGD270 f,g 1T LT, gf g % inverted Jordan triple product £\»9 . ZHd, bHEAA—E
MNZHTEL, 5612, f & gftg @ algebraic midpoint 2% g 272> TV CIEFIZI R T VD DT
b5,

ST, HOMDOEBRBED X 9 &b %272 1Z, inverted Jordan triple product ZfRFT % D
PIZDOWTEZTHS. THUT DWW T, Hatori, Hirasawa, Miura and Molndr {3\ > { D2 Df5H %
B3 ([2). 2 2T, EfEM iR D & 72 2 ZZM O ML 2R OREDRID b % / L LREE
BAIZOWT, ZOMEZFHATE I L 2EZ 5. ZOHIZW L O2AIS N TWBHEREZIER S,
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2 HShickER

T RAR & 72 2 M DO HECDRIDH 2 /) )V MEFEGHRIZBE L T, WL D DR
TWwa3.

X Z#2a 37 b Hausdorff 22 & L, C(X) &2 X LOEFRBUEHEREIE 24D Banach B & ¢
5. 1120, 7 VAl

[ flloe = sup{[f(z)| : 2 € X} (f € C(X))
THEZo6N%. E % C(X) DFEBGBIZEME L, expE = {expu:u€ E} LT 5. expE D]
DEBIZEY L T, inverted Jordan triple product Z R 2 &EVBHI S LT 5.

EIE A (Hatori, Hirasawa, Miura and Molnér [2]). exp £ 7*5 exp E ~DRFDEHR T
D3,
94

e {Eat MRl NS Pl W Sl WAL
Wil T 5. ZOLEE T(gf'g) = (Tg)(Tf) " (Tg) (f,g€expE) &% %,

ERLA 20, ROFEOTI RSN T 5. X _EOFERHE 1 ORI & %2 2% expiCr(X)
&K,

g

E¥ B (Hatori, Hirasawa, Miura and Molnér [2]). expiCgr(X) 2*5 expiCr(X) ~D4x
WOLGET 2,
ITf =Tl = If —9gll  (Vf, 9 € expiCr(X))
ZWizTETS. ZDLE X OB»OBES K &£ X 6 X ~OHMHER o 21
e

fle(@)) (z € K) .
TH)(x)=(T1)(x) x exp 1Cr(X
(Tf)(x) = (T1)(x) {f((p(:c)) (v e X K) (f € expiCr(X))

LEED.

Fo, BEBORICBAL TR Z EDHIONT VWS, A% X FOBBIRET S, F/4, A %2 AD
AR E L, exp A= {expu:uec A} £ T 5.

EIE C (Miura, Honma and Shindo [7]). G4 = A7 £7ld expA £ T 5. G4 5 Ga
DEHDOEGHR T 3,
rf f
et il i AR

T ET 5. 2L E, A D Choquet Bift Ch(A) ORI OIS K £ Ch(A) @
RIDFMHEER o 2 HwT,

o0

flp(z)) (7€ K)
TH(x)=(T1)(xz) x Ga
(Tf)(x) = (T1)(z) {f(gp(x)) (s € Ch(A) ~ K) (f €Ga)

EERED.



3 "onriiER

PAXE [0, 1] L FEEEE M ITRERIEU IR DRI 22 %2 CL[0,1] £ T EIT 5. CL[0,1]
% Banach BRIZT 2 2 L AIEWL ODEZ SN0, BIZIERD2DOD I VLD 5.

12 = [ lloe + 11 lloc
Iflle = max{|f(z)| + |f'(2)] : = € [0, 1]}

72, C[0,1] oinetkoEsaz (CF) ™ £ <.
EE.Nc{%,C} LT3, (cl)*l 25 (CH)™P ~OEFOEHR T 23,

Wiz d LT 5. :@k%,

(Tf)(x) = (T)(x)f(p(z))  (re0,1],fe(Cp)")
LHEED. R L, o) =x (x€[0,1]) £ p(z) =1—2 (z €[0,1]) TH 5.

(f € Crl0,1])

(Vf. ge(Cy)™)

e,

SEEADEIEE. N = C OHEIE, N =Y OBA LAKRDOERTRE 52D T, N =X OBEE T %%
A% %7, T()=(T)'T() 2EANEEDT, T1=1 L LTER?.
[Step 1] T(gf'g) = (Tg)(Tf)"(Tg) (f >0,9>0) ZRT.

H— | (gey

ERBIFIE, T X (CR)™ 5 L NOEHET d(Tf Tg) =d(f,g9) (f,g € (CL)™) L% 2%
B &5 %LT[2CwmwﬁwImmm4ﬂ%@7u kD, T(gftg) = (Tg)(Tf)"XTg)
(f>0,9g>0) DRE5.

[Step 2] Tf = fop (f >0)ZmRT. L, px)=a(re(0,1]) £7iF p(z) =1—2x (z € [0,1])
Th5.

fERIC v e CLI0,1] Z2E 5. S(t) = T(exptu) (t € R) LED D &, [Step 1] DFEHRED, S
3 CE[0,1] @ continuous one-parameter group (7% 5. Xk ->7T, S(t) = exptf, (t € R) &5
fu € CL[0,1] HEHET S, ZOEE, F: Ci0,1] > u — f, € CL[0,1] & OEHEEESRT
FO =0 &% %. Mazur-Ulam OFEH X D | F X CL[0,1] o284, B, FHEME5HRIcKRs. X
512, Jarosz and Pathak DFER ([5]) £ 0, Fu = uop £ Fu = —uop &% 5. 727U,
o) =2 (x € [0,1]) £721F px) =1 -2 (x € [0,1]) TH 3. /VL2DEHEZZER T,
Fu=uop DEHLPEISARVWI EDONE. ZOLE Tf=fop (f>0) Ths.

[Step 3] [Step 1], [Step 2] &FfkDEEwMZ LT, Tf = fo (f <0) Zd. 72721, ¢(z) =
r(rel0,1]) $iF @) =1—2 (ze€]0,1]) TH5.

[Step 4] o =1 ZRT.

o) =x,Yx)=1—2 EWETS. f=z+1,9g=—(x+1) EBFIZ

ool

-1

_H x+1

=[-1-1|s=2
il IR R



&b, —Ji, f>0,9<077D5, [Step 2] & [Step 3] £ D

HT_f_ _HM_ B S [ 0
Tyg s NT(=(z+1)) 2 T =2 s llz=2]y

D, FETD. koT,o=9 TH5.

ZIHILT, Tf=Ffop (fe(Ch)™) MY ILD. O

SE 3
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Operator theory induced by the Dirichlet space
over the unit disk

FRR AR A B LA MEF 384 (Michio Seto) !

COREMITEDDHREICEBF L 2DTTRERSELEN YT 27 FENTLESZLDDTY, L
72 =5 3HMROMETIIHMENTHINETH L LDLAR— 2R ITI) £ LADT,
ADICLE I D E-oTODTTY, ZOT—2MET 5700/ —FELTHREI LD
TE2EBOETOT, S0 2587 L CBEBRMEESOMERICIEH TS il
FL oML EVIZELHD, ZOTHTHRLEZEEZZVOTTD, THRIEA
FLEBIBEL L WwIORETIE R EPHLVWIEIETERVWL ) TY, FHEZIEAR
ICTINEEHORETHELVALI0AEEZLILENTEZ)TT (HEHDOLE, SEILED
F92%, FEIEIDHIDL AL TET) . ZDFRIE Segal-Bargmann Z2[t], de Branges Z2fti]% )3
feffi& 22D 29 <9, IFAROGEICHM»HIR2EC EROLNIHRE2BL I EBHY ELL
5, FBEEERMEERTRESIE TR ELCAvET,

B =

We study operators induced by the reproducing kernel of the Dirichlet space over the unit
disk. A new class of bounded linear operators which contains contractions and the Dirichlet
shift is suggested. We discuss its basic theory, especially a model theorem, von Neumann’s
inequality and a dilation theorem are shown.

2010 Mathematical Subject Classification: Primary 47B32; Secondary 47A45
keywords: reproducing kernels, Dirichlet space, contractions

1 Introduction

Let T be a contraction acting on a Hilbert space. Then I —TT* and [ —T*T are called the defect
operators of T, which play important role in abstract Hilbert space operator theory. Especially,
if the strong limit of 7™ is 0, then T can be represented as a restriction of the adjoint of Toeplitz
operator T, to some invariant subspace in a vector valued Hardy space. This is the first step toward
the celebrated theory of Sz.-Nagy and Foias. Now, as one of its generalization, Agler pointed out
that defect operator I — T'T™ corresponds to the reciprocal of Szego kernel, and established his
abstract model theorem from this point of view (see Chapter 14 in Agler-McCarthy [1]). In this
paper, we are going to study operators corresponding to the reciprocal of the reproducing kernel

of the Dirichlet space over the unit disk.

!The author was supported by Grant-in-Aid for Young Scientists (B) (23740106).
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Let D denote the open unit disk, that is, we set D = {\ € C : |A\| < 1}. The Dirichlet space
over D will be denoted by D, that is, we set

D = {f € Hol(D) : %/]D)|f’(z)|2 dxdy < —l—oo}.

We give a norm on D as follows:

1712 = 30+ Deal? <f - Z) |

n=0

Then D is a Hilbert space having the following reproducing kernel:

1 1

1— 1—
:1+§)\z+§/\222+---,

and {2"/v/n + 1}, is an orthonormal basis of D, which will be called the canonical basis. D will
denote the multiplication operator by the coordinate function z, which is called the Dirichlet shift.

D is a weighted shift which has the following matrix representation with respect to the canonical

basis:
0O 0 0 O
V2
el \(} 0 0
3
pD~1]0 % 0 0
V4
0 0 e 0
Now, we set
1
F =w/1 e —
() =w/tog (1),

which is holomorphic in D and has a branch point at w = 1. The nth Taylor coefficient of F' will
be denoted by d,,, that is, we set

F(w) = io: d,w".
n=0

Then d,, is negative for all n > 1 by Kaluza’s theorem (see Lemma 7.38 in [1]). In addition, we
need the following:

Lemma 1.1 > d, =0and >~ nd, = —oc.

Proof For 0 < r < 1, it is easy to see that F(r) converges to 0 as r tends to 1. Then,
simultaneously, by the monotone convergence theorem, >, d,r" converges to » ~ d,. Thus
we have that >~ ° d, = 0. Applying the same argument to F”, we have the latter part.



Our main interest is the following formal operator series:

o0
Ap =Y d,T"T*",
n=0

which is obtained formally by Agler’s hereditary functional calculus as in the case of the Szego
kernel. It is known that A for a strict contraction 7' can be treated by Agler’s abstract model
theorem. Hence, it is reasonable to expect that Ar will play an important role in a certain class of
operators if it converges. In fact, we will give a new class of operators called Dirichlet contractions
(see Definition 4.1) and its basic operator theory. We also should mention that our approach has
been influenced by the work of Yang and his collaborators (see Guo-Yang [4] for Hardy space over
the bidisk and Yang-Zhu [7] for Bergman space over the unit disk).

This paper has been divided into four sections. In Section 2, we deal with Dirichlet shift D, and
we show that Ap converges strongly. In Section 3, we study Ar for restrictions of the Dirichlet
shift to invariant subspaces. Some properties of A similar to those in [4] and [7] are given,
and Ar for compressions of the Dirichlet shift into quotient spaces of invariant subspaces are
discussed. In Section 4, we suggest a new class of operators called Dirichlet contractions and
study its basic theory. A model theorem, von Neumann’s inequality and a dilation theorem for
Dirichlet contractions are given.

2 The Dirichlet shift

In this section, we deal with Dirichlet shift D. We shall show that Ap converges strongly, which

is the fundamental fact in this paper.
Lemma 2.1 Ak, converges to 1 strongly, where we set A, =, d, DF D**.

Proof In order to prove the statement, we shall use the norm |h(0)]* + ||1]|3, equivalent to
|A]|?, where || - ||z denotes the norm of the Bergman space over D. We set f = 1/k, and

fn=2"", de]zj. Then it is easy to see that f is in the multiplier algebra of D. Hence we have
that

Ak — 1]
= [ fukr = Ba/Rall?
~ | (fa(0) = FOONEAO) + 1 (fr, = FVoex + (fu = F)(RN)' 1172
< [(fa(0) = FONEAO) [ + (1(fr, = FVallzz + [(Fa = F)(RA)ll22)*

Since f, converges to f in some neighborhood of the closure of D, we have the conclusion.
Let Py denote the orthogonal projection from D onto C.

Theorem 2.1 Ap converges strongly, and Ap = F.

10



Proof Trivially, {A,}, is a monotone decreasing sequence of self-adjoint operators, and I is
an upper bound of {A,},. Let V denote the set of all finite linear combinations of reproducing
kernels. Then Lemma 2.1 implies that

(Poh,h) = lim (Aph, h) < (Auh, h)

n—oo

for any h in V. Since V is a dense subspace of D, we have that
Py <A <A, L L

Hence Ap converges strongly and Py < Ap. Moreover, we have that Ap = P, because Ap = Fy
on V. This concludes the proof.

Remark 2.1 Let H? be the Hardy space over D, and let T, be the Toeplitz operator of coordinate
function z acting on H%. Then I — T, T} is the orthogonal projection from H? onto C. Theorem
2.1 exactly corresponds to this fact. Some results similar to Theorem 2.1 are known in other
reproducing kernel Hilbert spaces (see Arveson [2], Guo-Yang [4] and Yang-Zhu [7]).

Remark 2.2 Ap- does not converge as a bounded linear operator. Indeed, by Lemma 1.1,

o0 o0 o0

L= (Ap1,1) =D [dal | D"1)P =D [dall|2"]* = Y [dnl(n + 1) = +o0.
3 Restrictions and compressions of the Dirichlet shift

Let M be a submodule of D, that is, M is a closed invariant subspace of D under the action of
the Dirichlet shift D, and let N denote the quotient space D/M = D& M. We set R = Py D|um
(resp. S = PyD|y), where Py (resp. Py) denotes the orthogonal projection onto M (resp. N).
We deal with R and S as operators acting on M and N, respectively. In this section, we are
going to study Ag and Ag. From the point of view suggested by Guo-Yang [4] and Yang-Zhu [7],
we expect that Ap and Ag will encode the data of M and N.

Theorem 3.1 Let M be a submodule of D. Then
(i) Ag converges strongly, and is non-negative,

(ii) Ag converges strongly, and Ag = Py Py Py

11



Proof We set Ag, = > _dsk RFR**. Let f be any function in M. Identifying R¥R** with
D¥PyD** Py, we have that

> d(RERT ) = di(D*PuD™ Puf, f)
k=0

k=0

= di(PuD™ f, PD*" f)

k=0

> idkw*’“f, D" f)

k=0
=" d(D*D* . ).
k=0

Therefore we have that PyAp , Py < Ag,,. By Theorem 2.1, PyAp , Py converges to PayApPay
strongly, and Py ApPy is a lower bound of {Ag,},. Since Ag, is monotone decreasing, Ag,
converges strongly. This concludes the proof of (i). Similar calculation on S implies (ii).

We give two comments as corollaries of Theorem 3.1.

Corollary 3.1 Let M; and M5 be submodules of D, and let R; and Ry denote restrictions of D
to My and M,, respectively. If M is contained in My then (Ag, f, f) < (Agr, f, f) for any f in
M;.

Corollary 3.2 If there exists a unitary module map from M; onto My, then Ag, = UAR, U*.

Example 3.1 We consider the submodule generated by coordinate function z. Then, we have
that

Apz" = (I +dRR* +---+dy,_ R"'R™ )"

(I +dD (I — PO)D* 4+ dn_an_l(I _ PO)D*n—l)Zn
= (

= (

I+d,DD* + -+ d, D" D™ 1)"
1 1
1+d1n+ +"'+dn_1n;_ )Zn
= —(n+1)d,2"

for n > 1. Therefore 2™ is the eigenfunction with respect to eigenvalue —(n+ 1)d,, for every n > 1.
Since {z"/v/n + 1},>1 is an orthonormal basis of M, this gives the spectral resolution of Ag.

Theorem 3.2 Let M be a submodule of D. Then ker(Iy; — Ag) = M & RM.
Proof Let ¢ be a non-zero function in ker(/, — Ag). Then, by Theorem 3.1, we have that

0< Z DRI = (I = Apa)h, ) = (In — Ap)1h,p) (0 — 0),

which implies that R*i) = 0, because d,, is negative for any n > 1. Hence v belongs to M & RM.
Conversely, if ¢ is a non-zero function in M & RM, then we have that (Ipq — Ag)y = 0 by
Theorem 3.1. This concludes the proof.

12



Remark 3.1 Some results similar to Theorem 3.2 are known (see [4] and [7]). Further, it is well
known that dim(M © RM) = 1 (Richter-Shields [6]) and any non-zero function in M © RM is
cyclic for R (Richter [5]).

4 Dirichlet contractions
We would like to suggest a new class of operators in view of results obtained in Section 3.

Definition 4.1 Let T be a bounded linear operator acting on a Hilbert space H. T is called a
Dirichlet contraction if
Ap =Y d,T"T*"
n>0

converges strongly and is non-negative. Trivially, this definition is equivalent to that

S i7"

n>0
converges and is non-negative for any z in H.

We have seen that restrictions and compressions of the Dirichlet shift are Dirichlet contractions.
Especially, the Dirichlet shift is a non-contractive Dirichlet contraction. It is easy to see that any
contraction is also a Dirichlet contraction (then Az converges in the operator norm topology).

First, we shall show a property of spectra of general Dirichlet contractions.

Theorem 4.1 Let T be a Dirichlet contraction. Then o(T") C D.

Proof Let A be an approximate point spectrum of 7*. Then there exists a sequence {z;};en
in H such that (7% — M)x; — 0 (I — o0) and ||;]] = 1 (I € N). Then it is easy to see that
(T*" — A"I)x; — 0 and ||T*"x;|| — |A|" (I — o0) . Hence we have that

[eS)
P >t inf 3 |7
n=1

o0
> ani?f ||| T 2|2

n=1
= ldal AP
n=1

by Fatou’s lemma. Therefore we have that |[A| < 1. Since do(T*) C 0,,(T*), we have that
o(T*) C D. This concludes the proof.

Setting a,, = 1/(n + 1), we have that
Z a,w" = —log | —— | .
— w 1—w

13



Then, by the definition of d,’s, we have that

(o) ()

{aodo =1 (4.1)

aodl + aldl,1 + -+ aldo =0 (l > 1).

This identity implies that

Next, We shall show a model theorem, that is, we will see that any Dirichlet contraction satisfying
a certain condition can be represented by D ® [ acting on some vector valued Dirichlet space
D ® 'H. Throughout this section, D ® I will be denoted by D if no confusion occurs, and trivially
D ® I is also a Dirichlet contraction.

Lemma 4.1 Let T be a Dirichlet contraction. If ano a,||T*"z||? is finite for some x in H. Then
ano,kzl an|dk|||T*n+kaZH2 is finite.

Proof Since we have that

D an D T el = an(|T"2 | = [V AT "2|?)
n=0

n=0 k=1

o) )
=S a7 = anll VAT
n=0 n

=0
< 400,

we have the conclusion by Fubini’s theorem.
Remark 4.1 {z € H: ) - a,|T*"z||* < 400} is a subspace.

Theorem 4.2 Let T be a Dirichlet contraction. If Ar # 0 and there exists some dense subspace
V of H such that

S a7 < +oo

n>0
for any z in V, then there exists an isometry V from H into D ® tanAr which intertwines T and
D*. Moreover, V*(f @ x) = f(T)/Arx for any f in C[z] and any = in H.

Proof Let {e,}, be the canonical basis of D, and we set

Vo= Z en @\ an AT " x

n>0

14



for any x in )V, where we note that V' is a densely defined linear operator from V into D ® tanAr
by the assumption. Then, we have that

IVl = [IVanArT" x|
n=0

= Z an (AT "2, T )

n=0
0 0

= an (1T + > dil| T ]?)
n=0 k=1

_ Z%HT*”%’HQ‘*‘ Z andkHT*n-i-kaQ
n>0 n>0,k>1

=3 TP +Y Y andi| T
n>0 [>1 n+k=Il,n>0,k>1

= S T = Y al T
n>0 >1

= [lz?

by Lemma 4.1, Fubini’s theorem and (4.1). Therefore V' can be extended to an isometry from H
into D ® ranAr, uniquely.
Next, we shall show that D*V = VT*. For any x in V), we have that

D*Vx = D* Z en @\ an AT "
n=0

> Vn -+ 1 vV AT *T0
= Z ——e, 1 ® T"x
n=1 \/_

vn+1

= Z €n—1 & an_lATT*nilT*ZL’

n=1

= VT x.
Since V is a dense subset of H, this concludes the proof.

Corollary 4.1 Let T be a Dirichlet contraction. If o(7) C D, then T is unitarily equivalent to
@ D* restricted to an invariant subspace.

Proof Let r(T') denote the spectral radius of 7. For any 0 < ¢ < 1 —r(T), by the spectral radius
formula, there exists a number N in N such that ||T"||*/™ < r(T) +¢ < 1 for any n > N. Hence

we have that

) )
D a2 <> anl TP 2]
n=N n=N
)
<> an(r(T) +e)*|z]?
n=N
< +o00.



Furthermore, let A be an approximate point spectrum of 7*. Then there exists a sequence {z;}en
in H such that (T* — A)z; — 0 (I — o0) and ||z;]| =1 (I € N). If Ar = 0, then we would have
that

0= llim (Apxy, x))

oo
= lim Y || T"a”
l—o0
n=0
o
= lim d,|T" |
l—o00
n=0

::ji:dnLXFn
n=0
= F(IAP)

by the Lebesgue dominated convergence theorem. However, this is a contradiction. Therefore we
have that A # 0. Thus we have the conclusion.

Remark 4.2 Corollary 4.1 is known as one of consequences of Agler’s abstract model theorem
(Theorem 14.43 in [1]).

We shall give the following definition for the sake of convenience:

Definition 4.2 A Dirichlet contraction 7" is said to be pure if Ay # 0 and

V={reH: Zan]|T*"xH2 < 400}

n=0

is a dense subspace of H.

Remark 4.3 The Dirichlet shift is pure, because {k)} ep is a dense subset of D and

S aullD ka2 = 37 an AP < o,
n=0 n=0

Trivially, every co-isometry is a non-pure Dirichlet contraction.

It will be worth while mentioning the following two facts on pure Dirichlet contractions, which
have been shown in the proofs of Theorem 4.2 and Corollary 4.1, already.

Theorem 4.3 Let T be a pure Dirichlet contraction. Then

f: a, T"ArT*" = 1.

n=0

16



Theorem 4.4 Let T be a Dirichlet contraction. If o(7) C D then T is pure. Especially, pT is
pure for any 0 < p < 1.

As an application of Theorems 4.2 and 4.4, we have the following:

Theorem 4.5 (von Neumann’s inequality) Let T be a Dirichlet contraction. Then

IP(T)| < 11l mae

for any p in C[z], where ||p||mut denotes the multiplier norm of p on D.

Proof Since pT is a pure Dirichlet contraction for any 0 < p < 1 by Theorem 4.4, we have that
(D) || < ||p|lmue by Theorem 4.2. As p — 1, we have the conclusion.

The rest of this section is a slight modification on Section 8 in Arveson [2] (see also Theorem
14.33 in [1]).

Lemma 4.2 Let A denote the commutative algebra generated by D and I. Then Ap is not
contained in span AA*.

Proof If Ap =)> ¢p,D™D*" (a finite sum), then we would have that
(Apky kr) = conh A" Er(N).
Since Ap = Py and 1/k,()) is not a polynomial, this is a contradiction.

We set § = span AA* @ CAp. Then § is an operator system.

Theorem 4.6 Let T be a Dirichlet contraction on H. Then there exists a completely positive
linear map ¢ from S to B(H) such that ¢(p(D)q(D)*) = p(T)q(T)* for any p,q in C[z] and
QO(AD) = AT.

Proof First, we show the statement for a pure Dirichlet contraction 7. Let V' be the isometry
in Theorem 4.2 such that VT™* = D*V. We set o(X) = V*(X ® I)V for X in §. Then it is easy
to see that ¢(p(D)q(D)*) = p(T)q(T)* for any p,q in C[z] and ¢(Ap) = Ar.

Next, assume that 7" is a general Dirichlet contraction. Since pT' is pure for 0 < p < 1
by Theorem 4.4, there exists a completely positive linear map ¢, from S to B(H) such that
©,(p(D)q(D)*) = p(pT)q(pT’)* for any p,q in C[z] and ¢,(Ap) = A,r by the previous argument.
Then we have that ¢,(p(D)q(D)*) — p(T)q(T)* and ¢,(Ap) — Ar as p — 1. Thus we have the
desired completely positive linear map ¢ = lim, . ¢, from S to B(H).

Finally, we shall show a dilation theorem for general Dirichlet contractions.

Theorem 4.7 Let T be a Dirichlet contraction on H. Then there exist a separable Hilbert space
IC, an isometry W from H to K and a unitary operator U such that T" = W*(U™ @ > @D™)W
and Ap = W*(0d > @Ap)W.

17



Proof Since § is an operator system contained in B(D), applying Arveson’s extension theorem
and Stinespring’s dilation theorem to the completely positive map ¢ obtained in Theorem 4.6,
there exist a separable Hilbert space K, a unital x-homomorphism 7 from B(D) to B(K) and
an isometry W from H to K such that 7" = W*n(D™")W and Ar = W*n(Ap)W. Taking a
minimal Stinespring representation 7 in the above argument, we may assume that 7 is a non-
degenerate representation of B(D). Let K denote the set of all compact operators. Since 7|g is
a representation of &, by Theorems 1.9.14 and 1.10.8 in [3], 7 is unitarily equivalent to m @ o,
where m; is a representation vanishing on R, and ms is the direct sum of copies of the identity
representation. Since 7 is non-degenerate, we have the conclusion.
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TS5V RZIVIARERXDRILT S
INTG A=Y DEEICDOWT

TR R BT iz B — (Keiichi Watanabe)

EHZ AIZD0T, EDORZ PV AIRKLTH 0< (Ahh) THEHEZ0< A LEL, &5
I THHEE 0< A EFLS. WUHEMIEHT2 ACEREHE A, BITNLT, B<A X
0<A-BIZXoTEHTS.

THIDREEL. m RIESGTH] A ITRL T, A*A = AA* TH B Z Lty VifFlTeHAalbTE 3
CELIZAETHB. ZDEE, U BHFELT

a1

ag

UrAU =
am

AA=AA" 513, 0< At 0<ay, - ,a, BAMETHY, ZOLE EfplcfL T

DEZEINDG (AL DL=F VITINIIMRAE L 0 2 a3y 5. L) —fRic, IEBEHE L 2
DAY P LD ECHEE 2B LT f(A) PMETEHOTERINDS) .

ROEEZ, (EHFES L CFHFIHFRBEEIC D W T D Lowner B3 G L b OO Th | K
DEAERINA L) T, GAHLMNED RIS TS,

Theorem (Léwner 34, Heinz ’51). 0<p<1 t7%. 0<B<A7Z%5LIE B < AP

I<plIRHLTIZ,0<B<ATH>TH BP < AP LIRS 0. ROTHIZ, ZHUCBIT 2
DL LTHANTH - 7.

Theorem (Furuta ’87). 0<p,1<¢, 0<r &L, 36l p+r<(1+r)g&95%5.0<B<A
%517,

ptr

(A5 BP AB)T < A%
DI LD
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ROEIE, RT A= PTRTIETH BB, HipH
p+r<(l+r)g 72 1<gq
DIRRTHE I E2BRTw5. Tz 2 DDBZRICHITEZIRSIILZERALTHRWVWESS.

Theorem (Tanahashi ’96). 0 <p,q,r £€35%. bL (D(1+r)g<p+r £XIF (II)0<g<1
%6l 0<B<ATHBD

ptr

(A5 BP AB)7 < A%

TR 2x 2175 D A, B D3HET 5.

Proposition (I). 0<p,0<r ¢ 9%. 4L 1<a%olX,0<B<ATHID
(A BP A3) P < AG+7a

T\ 2 x 275D A, B D3FET 5.

BSEE. ¢ — (f:;;a LB SR B (D) IEHEL TR S,

Proposition (II). 0<p<1,0<r %5, 0<B<ATH2N
147
(A2 BP A2)7 < AT
T 2 x 2 75O/ A, B BMEET 5.

BREE o= 200 LB <. caud A (1) IKHEL TV S,
147

E2AT, EHHIE, 7V AREK E log majorization 1IZ & - HEDAERZH IR L 727
7V FI7NVIAERZRL 7.

Theorem (Furuta ’95). 1<p, 1<s, 0<t<1, t<r &35 bL0<B<ATO<AR
513,

1—t+r

{A% (A*% BP A*%)S A%}“”‘”S*’“ < Al

N A RYASN

WG, CORERDMIDEPIRRTHZ I 2R LY. 58, LTTRERLOL D EES
TR 228, A S VIRZIGRE R\ (& B2 a 23BN, ZOEKIZR L) . S0tz
| Proposition (I) & NITHHEEHD7ZDITT)I D TH 5.

Theorem (Tanahashi ’00). 1 <p, 1 <s 0<t<1, t<r &35 bl 1<akolF
0<B<ATHANM

1—t+r

{A% (A—% B A—%)SA%}WQ < AUt
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T2\ 2 x 275Dl A, B I317ET 5.

Z 3, Proposition (I) DFEEMTH 2 L WL2DVBHRLEA). EBE t=0,s=1 ¢T3 &,
Proposition (I) T1<p LHlRL7ZbD%21F%. —75, Theorem (Tanahashi '96) & ®7%D, F
A =% %G RCIEICR>TYH, HifH

I1<p, 1<s, 0<t<1 ¢t<r
PDRETHZIERZR LD TIE R, 2L, 7I7 YV FI7VIAFEAITO>VTIE, “ 7L
IAEADRRME " ITHYT 2 b OO, $2ARSTTIEIR. Thbb, XD D Z2PET 5
METH 5

‘ i\ S _A—tdr
'D - {(p,s,t,’l"); 0 < B S A e {A% (A_§ BPA—§) A%}(p—t)s-&-r S Al—t-i-T'} '
CNEBICIET IR OEME 25729 25, BICIZEL CBA 5. 22T, D Ollifa

BODHI > THEAENRL DIV 7 78 —F D 12ThH 5. Proposition (II) IZHIGT 5 o ML
DFERZWFT A2 LIFHARTH A ). ROEHIL, 2D k) BBlRIC kA 6B 6.

Theorem (KW ’12). 0<p, 0<s, 0<t<1, t<r &9%. I5ICHL
1—t+r

t < D5 N —
P (p—t)s+r

sp <1 e (%)
25E,0<B<ATHEN
s\ B
{a3 (adpract) as}oo < gt

TR 2x 2175 DM A, B D3FAET 5.

Remark.
(a) 87 X =473 Theorem (Furuta '95) DIREZii7z 9, $7%HL 1<p, 1<s,0<t<1,¢t<r
%51,
ﬂ <1< ﬂ - sp
(p—t)s+r (p—t)s+r

Ll s, MRS, (x) il Sk,
M) 0<p, 0<s<l,sp<l,0<t<r BolE () DE 2RI N5,
BT 1<p, 0<s< 1, 0<t<r%old (x) OF 23N 5DT, LD EHDK
p

ERHF TS5 A — 7 DHAGDEIET S B2, s O LN L 203 0T £ 2 {ED

p
EV)ICEZS. ROEMIZ, 0<s<1 ZREELTRWI EWRHETH D, Proposition (IT) 1ZXf
BT B ERLETIENTES.

Theorem 1(W). 1<p, 0<s<1, 0<t<l+r ts<r%olX,0<B<ATHDN
s 1—t+r
{A% (A*% Br A*%) A%}‘“”“’“ < ALt
ThW 2x 275D A, B 2MFET 5.
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Theorem 2(W). XD (1) & (2) DWW TN ZIET 5:

(p—1)s
ps — 1

(1) 1<p, 1<s, 0<t<1D0<r< -t

(2) 0<p<l, I<s, I<t<l4r?»O0<(p—t)s+r.

CDEZ,0<B<ATHBN

1—t+r

{as (A pras) as}m7T < ate
T 2x 2 fTHIDM A, B BEET .

Theorem (KW ’12), Theorem 1(W) ¥ & U} Theorem 2(W) DaEEHHIL, 751k & L TG D&
IZHDL L, RIA—FDREVTEPIND L) I, FRGIEAER X1 A B 2#EIL%
JuEa o3, A= —b X DEBEE CRAETIHNERELC 2. 2L T, N7 X —FICBT 2{RE
IZ &> TGEHFORHERHERI LD 5 Z L ITHER L A TUE R o 2w (B2 1 Theorem 1(W) T
s DIREZ 1<s EEAHETIUL, t <1 I L TIAFADRIZLTLE)I DEDNS) |

RESh->TWBZ L.

RDOFET, p, s, t,r IZFTRTCIEET S, s=11F7NVIARERIFET 2D TH . i
B ERE o Tk,

O<p<l|O0<s<l|O<t<]1 t<p, t<r BoIXRLIEE A BVH5.
t=1
1l<t<1l+r
1<s 0<t<1
t=1

l<t<l4r|0<(p—t)s+r BSIETHRLIEHRV A BH»BH5.
p=1 |0<s<1l|0<t<l1 AL E R\ A B WH 5.

t=1 AEADNRIL L TR D 32D,
l<t<l—+r

1<s 0<t<l1 t<r DBHEIEFTIVET7LY.
t=1 AZEADNEL L TR D 37D,

l<t<l+r|BZIERABBHS.
1<p 0<s<1l|0<t<1
t=1 ts <r BOIXHAL IR\ A B BH 5.
1<t<1l+r
1<s 0<t<l1 r< 0 BRI IR A B DS D,
t=1 t<r DBHIETIVFET7LY.

l<t<1l+r
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Schauder ZLJE€ & basic sequence
ERRYRADE O ITAER K el A &l
2012 EEDOBBERMEERITE W TN I T2\ Schauder L) & basic

sequence IZDOWTDERLRETH 5.

1 Schauder EE

DUT, X %Z0]477292 Banach 22 & 9 5.

EE 1.1 FEDr e X ITHL T,

[e's) k
x:Zanen,Oib, $—Zanen — 0 (k — o0)
n=1 n=1

E%% {a,}, CROME—DEETILEE {e,}2, E X ODBETHS LV,

EE 1.2 X LD {e,}o, ITX LT,

1 (j=k
e}:(ej){ =

0 (otherwise)

27z {ef o, C X DHET 5 & E, {ef )2, & {e,}5, D biorthogonal functional
Ev.

EE 1.3 X OFDl {e,}2, 12X L T, biorthogonal functional {ef }°° | 3L L,

nfn=1
k
x — Z er(x)en,
n=1

B EE e, ), 1 X D Schauder BE & WX 5.

r= Zej;(x)en. %0,

n=1

— 0 (k — o0)

FIE 1.1 Banach 222 E W T, HJKIZ TR T Schauder K £ %2 5.

DIF, Schauder JEJE %2 BUZHEK E WS, 22 Tle, o, ZHEE L2 L &

So=0, 5, (Z eZ(x)ek> = ZeZ(m)ek (n>1)

k=1 k=1

EEFET S, ZD S, % partial sum operator & V29 .
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EE 1.2 X 26 X ~OHRIERMEHF L LT,
(i) dim S, (X) =mn,
(ii) SpSm = SmSn = Smin{mn} ("n,m € N),
(iii) Spz — 2z "z € X),
L5 S, DHFIELTET5. CDOEE, {e, )02, &
® ¢ € 51(X),
e ¢, € Sp(X)Nker Sg_1,

EHEATLNR {e, )2, 1 X OEJET S, 13 partial sum operator & 7% %.

SEEA O #e 2 Si(X) 5 E->TETC, el X - R Zel(v)e = Si(v) TEET 5.
RIZO0# ey 2 So(X)Nker S1 2256 &> TE T, eh: X - R & el(x)ey = Sa(x) — S1(z) T
EETSH. Iz DEL T, 0#e, 2 Sy(X)NkerS, 1 2256 E>TE T, e : X - R
%z et (r)e, = Sp(x) — Sp_i(z) TEET . ZDLEZE,

ez (@)enll = [[Sn(x) = Sur(@)]],
len(@)llenll = [[Su(z) = Sna (@),
len (@) = [1Sn(x) = Sna (@) llen] ™
< {ISa(@) | + 1Sn-1(@)I}Hleall ™

< 2sup [[Sulllex ]| [l
n

LELZDT e e XF Th. I, el(e;) KOWTEZTHL .

k=jDLZE,

CITe=8(z)z2Mi7zdTre X2Ldt (i) DFMELD, Sile;) = SiS;(z) = Sk(z) =
er £7%%. ZLTep e Sp(X)Nker Sy &0, S5,-1(e;) =0TH 5. £oT,

ep(ej)er = Silej) — Sn-a(ej) = ex — 0

k#jDEE,
j<kETBL,
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(11) O)%ﬁ:i b Sk(ej) = SkS](:L') = SJ(Q?) = €;. if: Sk,l(ej) = Sk,lSj(a:) = Sj<l’> =€
&R BHDT,
ex(ej)er = Sk(ej) — Sp-1(ej) = € —e; = 0.
j>k&T5E,
(ii) @%fq:ok O, Sk(ej) = Sij_l(ej) = Sk(0> = 0. ifi Sk_1(6j> = Sk_lSj_l(ej) =
Sp1(0) =0 E%3DT,
BZ(Gj)Gk = Sk(ej) — Sk_l(ej) =0—-0=0.
X ’)VC, 67;(6]‘) = 5kj o TWn 35,
E512, Sy(x)=0ET 2L,

Sp(z) = Z(Sk:< — Sk ( Zek
(iii) DML D, Thid e a:uigl?t“cm%@*@%r&@%ﬁi D {e,}2, I3 X OIEE L
%5,

4 & D partial sum operator S, ) £ E®D S Z ETEIUL, HIKZEL 2 L3

2 basic sequence
EE 2.1 {0, CXZHEKLETSE. ZDLE,
K =sup||Sy||

EEL. 2D K % basis constant £\ . FHI K =1D & & {e,}°2, Z monotone basis
Ev.

E&E 2.2 {6, CXITHLT, [en]n ZRDE I ICERT 5.

[enln = {Zakek N €N, akeR}

k=1

CDEE {e )2, D ep)n DEIRE L > TS E E, {e,}52, % basic sequence & V> .

EE 2.3 Banach = X, Y ISR LT, {2,122, {y.)}2, 22 NZTNDHEEL TS, 2D
EEAERDIEEIN {an, RL T, 3 apz, BWIORT 22 L &, 37 any, BIRT

52 EDAMETH 5 & Z, {2,150, {22, IF equivalent &\, {2,100, ~ {y, 152, &
#<.
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EE 24 {6, 2 XDORKET . ZDEE, {p, )2, Zpo=0 2D LT 2HRED
BRI, {a, )0, #FEINET2. ZDEEu, Z0ZRD L HITEL.

Pn

Up = E a;€;.

j:Pn71+1

Z D {u, }>2, % block basic sequence & -5

E 2.1 {e,}>°, % basic constant K ZHi> X ORI E L, {u, )22, Z {e, 15, D block
basic sequence &£ 5. 2D & ZE, {u,}°2, 13 K LA T D basis constant % £f2 basic sequence
TH 3.

BEEA  {u,}°°, % {e,}o2, D block basic sequence &9 5. BHIT, {b}52, ZAA T —, m, n €
N(m<n)&¥ 5.

m Pk
[So] =[S $° e
k=1 k

J=pr—1+1
=1 brages|
PR

Pm

E cjej
j=1
Pn
S KH E C;€j
j=1

n Pk
= KHZ Z Cj€;

k=1 j=pr—1+1

= K[> aibues|
E g

- 3 o]
k=1

(cj = ajbi)

& T basic sequence & 7% 5.

EE 2.5 22005 {12, C X, {4,}0, CYIINLT, Te, =y, £%25 X D5 Y N
DA LAEMFEIAET 5 L &, {2,}°°, & {y, )52, 1F congruent & > ).

EIE 2.2 X WA TH S EE, X* DERNIIR By 13 « 90T a > 87 b ClasEfH T
ARETH 5.
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SEEA  EHEOGEHORNICE T, RO Z & 2HERT 5.
KuaboapiHrTcavr Xy rEREL, 7 % K LOEBEDONTV ARV IZMHETT LD D
FWHET . ZnEE, 7 EFIZREICMMEE RS,

CHNIFAZ KD THEOHEAELETS. ZOEE AZrav 7 b7, (K, 7) EOE/R
DR RBGBay R7 FTHD. Thbb, AlZrav X7 Thsb. LoTHIEFNTA
FL7THr00, AldrBEOHEELERS.

I CHDIHIZOWTEZ 5. £9 {2,}2, 2 X DR By TH%CTHD LT 5. X*
LN p ZA T OEFERICEIDED S, fEEDe >0, NN, 2q,...,25 € X ITX
LT,

Vo(ag s xy,. . an) ={a" € X* ¢ |a"(z,) — aj(z,)| <e,n=1,...,N}.
Z DA,

Vo, vyt e XN LT d(z*, v') = 22_” min(1, [*(x,) — y*(z,)|)

n=1

EHHE 2 ER T B2 LIS DI U RIBEE 2 5. T2 L, pld T XA BV 7T« 59071
XO5OMAAHEZRD BHICx55a 87 FMEA By ED « 59 ERIUAAMHE 2 5.

FI 2.3 (Banach-Mazur) FJ77 7 Banach 22[H] X 1%, C[0, 1] IC5FFEEEHICHDIAE NS . T
7ObH,
T : X — C10,1] linear s.t. ||Tz| = ||z|| (x € X)

BEEA COEEHZEIT) DIZ2 DD HEEZ VS,

(i) X 2309775 Banach 22[f]CTdh % & &, IK: 2 37 b I EREEZEM s.6.X 13 C(K) 12
FEEEEICHDIAE NS,

(i) K323 87 b 2BEEZERICH 2 L X, C(K) 13O0, 1] IS S DA Z NS,

D) IE2WT, A K = By 3+ 50iHZ DL T2 X W5 TH S & E, E22 &
D Bx. 13287 FCHBMNUTEEE 2 2. X 23C(Byx-) ICHFHHEICHEOA TN DI,
fEED 2* € By« ITNL T, folz*) = 2*(2) £ % 55K v — f, DYEHHHEFEATH S 2 &
IQUEZ Y/

(i) IV TE, 2 BRBEICTITTE 2 5.

(a) K 232> o827 b CHRBE T ATREA 20 C b 2 & &, K IFRIARELC [0, 1] IcHi5A
$hz.
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(b) E%[0,1] DB aHEEGE L& &, C(E) X C0, 1] ICEHEHc oA EN 5.

£7, (a) 2P 5. K 22287 F CTHEEHTAIBE L LR THE L BE {s,)2, &
G ZITK LOWHEZ p L35, INZ20<p<1ELTHBMEZERDEL. 5 K
225 [0, 1N ~NDEH O % 0(x) = {p(x,s,) 22, LEET 5. 0 DHEHEIEIZEER p Ol
KOG BEEIIMEREDR LS K D2 K 2,y IS LT, p(x,s,) < ply,s,) (b L IE
Z D) DR LD 5, BFET 5005, 0(z) & 0(y) 138455 koT, KiZav 87 +T
0, 1]NIEFNTARLVL7THLILELD, 0IF K ZZDBANENMHAER L 5T,

RIZ (b) gD 5. £9°, C(E) 25 C[0, 1] ~D norm-one S G4 % LD C(E) DIG
FIRMLT, Aflp = f LERT S, 2D L E E\0,1] IZBHXBOE WICE R AIHAIES
L%, f RXENE?S [0, 1] ~NOIEEE L EED (0,1 DMz a i XEOEHKE T
5. CHUIHIBIRRIERIR L %5 5.

DED2ODHEELZHOCTERZIATS. 3,020y F—LESEADS 0,1V~
D eg e L, K %2 [0, 1N OB ZHEGLE L TEZS. E=¢y Y(K)TbsrLE E
12 00,1) DB DES LR E 2. 20L&, C(E) 13 C0, 1] ISl ICHoATN S,
BICHER f— fo i3 O(K) %2 C(E) ICHEHEEICHOAL. Lo TC(K) 13 C0, 1] IZ5FEE
HEICHOIAE NS,

EIE 2.4 (Bessaga-Pelczyriski Selection Principle)
{e oo, Z2 X DK E L, X DI {z,}2, MWLM D 2547075 LT 5.

(i) inf, ||z.] > 0,
(ii) lim, . €} (z,) =0 for all £ € N.

ZDEZE, {e,}22, D block basic sequence {y;}32, & congruent Th % {x,}°°, DEBDFI
{2, }22, DFET 5.

SEER o = inf, ||z,]| > 0, K % {e,}°°, D basis constant &€ 5. HIZ0<v < 1/4 &7
5. FFn=1,1r=05.2DLE

rvo
Hxnl - Srlme < ﬁ

EBr eNDFETS. 2D EE, limy oo || S|l = lmyoe || Doje, €h(@n)ex]| = 0. C
DEZE,
via

||S7~11‘n2 ” < ﬁ
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E D g >n BET 5. RIZ

e

2K

E% Dy > DMHET 5. ZUH RIS lim, o [|Srpzn] =0 £ D,

3

Hxn2 - ST‘Q:UMH <

1 480%
||S7"2x713H < ﬁ
A ng > Ny b)ﬁﬁj‘% Cﬁ%fﬁébi’i@‘k,
Vka l/kOl
||ST'k71xnkH < ﬁ? HInk - STkxnkH < %

£ {x,, 12, C X EEBIN{r}2, (ro=0) 22 EEDOHARE L I LT,
Uk = Sy Ty, — Sy Ty, EED D, 2D {yi} 1F {e,}2, D block basic sequence & 7% 5.
ER2.3 XD, {y} I3 basic sequence & 72 5. fEREDHARE K ITX LT,

||yk - x”k” - ||S7"kxnk - Srkﬂxnk - x”kH

< Ha:nk - STkxnkH + HSquxnkH
k

Vo
i
yrll = [1SrTny, — Sy Ty |l
2 HsrkxnkH - ”Srk—lxnkl‘
vEa
> HSTkxnkH - ﬁ
v vka
> ||z, 5K 2K
vk
= ||Zn, |l K
vEa
> inf ||z, | Na
S vo
(X [P —
K
> (1—-v)a.
Dt ZE,
2o
=2v(l —v)?
- 8
9

o, {an, 132, & {yr}2, X congruent.
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EE 2.5 (LR A7) 2 MR IT Banach 22113 basic sequence % H .

SEER EHI23 XD, X 12 Cl0, 1] ICHFHEHCHOAEFNTWEDT, X CC0,1] £ LT
EZDH. ZDEE e}, 2 C0,1]|DHEELE TS, X ZEBRITLTH 206,

Ifall =1 22 €i(fn) =0for 1 <k <n

ERDEIR{f, 2 X o ENDS. ZDRDITE, i (f) =01 <k < n)dD
[l #£02HLT{fI} 2 X6 LU L. %o fL/fil=fitT5& e(fn)=0
ERD Nl =1, efld X 20 RANDIEHFRTH 200, HEFIIER X D R = X/ kere}.
EoT f] € kere!\{0} BXED. RIT (ef, €3) 1F X 226 RZADIEHZETH 05,
R? 2 X/(kere; Nkerey). &57T fj €kerej Nkerez\{0} 23N 5. THz2fDiKd &K
7w fl 2135, T TEM24 X0 {fu ke & {yr}r D congruent &% 5 X9 e {f. )52,
DETIN { fr, 22, & {en}; D block basic sequence{y;}3o, DFET 5. EH 2.1 K D
{fn, 132, & basic sequence & 72 5.

SE 3

[1] Robert E. Megginson. An Introduction to Banach Space Theory. Springer, 1991.

[2] Fernando Albiac, Nigel J. Kalton. Topics in Banach space theory. Springer, 2006.

3] 12 i BBUAT (BIEF)E, 1968)
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Bounded Composition Operators From The
Bergman Space To The Hardy Space

TR RT3 o # — FH—# (Kazuhiro Kasuga)
b R TR 80 8 85 2 (Takahiko Nakazi)

1. 8A

D #EFVHROBENBMARE T, HD) D LoERIBEMERERZ T b0 L T5. 2% D L
@ Bergman ZZfE1 &4 5. T2 H

L:={feHD): / | f(re®)|*rdrdd /m < oo}.
H2 D Lo Hardy %6 L 4%, +7bb
27
H* ={f e HD):||fll;= sup [ [f(re”)]?d6/2m < oc}.
0<r<1Jo

SOWH? G I2ThS. ZIT o e [2 A ¢ HYIiEET S, £ H® = {f € H(D) :
I fllc = sup,eplf(z)] < oo} EET. 9% D b D ~OERIEHRETSH. B f € HD)IZ
KLUTHEBIERHE C, ZIRD I HITEERT D. (Csf)(2) = f((2)) (2 € D). E£7c Ny(w) =
D o(2)=w 108 ‘71| (w € D\{#(0)}) i% ¢ ® Nevanlinna counting function & FFIIL TS,

Bergman Z2[#] L2 & Hardy Z2[f] H? IX 743 Hilbert 22l CTd 5.  L7=id>T L2 726 H? ~D%
FRBERVAEET D, Lo LERRRES ERRITEE L2V 28I ). Licdi> T L2 6 H?
DEBIERFZOHFFIEZON TR D (3, 4 ).

EE1.1. ¢ € H®||¢]|oo = 1IZHK L ¢ 23 H? T Rudin’s orthogonal function T 25 &1F {¢" :n =
0,1,2,---} 28 H? CERBEAKDES TH LRIV ).

i 1.2. ¢ IZHEEECT ¢(0) = 0 &Zi7=9 = ¢ 1% H? T Rudin’s orthogonal function.
—J7, BT 720 Rudin’s orthogonal function 23F7ET % ([1], [7] ZHR).

2. I2hv5 M ~DEEHERIAR

T 2.1. ([5]) Cy: L2 — H? SHEAEARIERSE
1
& Ny(w) = / log |Z)—|7’drd6/7r ( nearly all w € D\{0}).
|w]
EH 2.2, L2 72D H* ~DOFHBEARAIEMFE Cy 1TAFE L7220,
FEBADMRRE CylE L2 226 H? ~OFRBESRIEHHZE L T5. &8 2.1 & (3] & 1) £V ¢id H?
C Rudin’s orthogonal function 1272 5. FHRICK Y Cu(L2) ¢ H> ThHD. P ZITHERDKLT 5.
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3. L2h5 H~DEREBIERR

E¥ 3.1.([6]) 0% D 6 D ~OIEAIERETDH. ZORE, Cy: L2 — H? BN RERRIERFE
1

& Ny(z) = O((log M)Q) (2] = 1).

EH 3.2. ¢ % Rudin’s orthogonal function 72572 5 ZHAE L ||d]le = 1 ZiWilZT T 5 =

C¢ L2 —>H2 iﬁﬁfiﬁb\

FEEADERE 0]l = 1 EIRET . ¢ & Rudin’s orthogonal function & L p &1 T“C o(z) =

p(60(2), ZZT Iplle =1 &T 5. Cp % L2005 H2 ~OEIEMFE LT 5. 1-¢(2) = H(%( )—

J=1

a;)g(¢o(2)) B3 N, BIEK A

_1
= [[(1 = 2)72[f3 = o0.

4. W.Smith D EHEN %

Z 2 CW.Smith OFEHLITEM 31 2L TND.
R 4.1.([3] BE) nearly all w € D IZxf LT,

2 19 _ 0
N¢(w):/0 log % df/2m —lo g’—(fb(())‘
%42 o= LeN 4= L R <1295,

= Cy: L2 — H* ITAR TR,
SEBADMERE #liAH 4.1 £ U nearly all re (Zxf LT
2 _ n .
N (rei) / log |(2re® — 1) — (222 ) | do/27 — log|2re™ — 1 — (—a)"|.
0
S1,89,...5, MR D s ODn FIRETH, 72720 |s| < 1 DEEs = 2re™™ — 1 LEL. I HIC

b — 5+ (1<j<n)E@B<.
J

1+ as;
bj] <1(1<j<n)7hrb, Jensen DL L @

2m o
/ log |(2re™ — 1) — (12 a ) df/2m = Zlog —|— log|(2re™ — 1) — (—a)"|.
; _
P 21T nearly all re™ [Z%F LT

' —Zlog]bj] (|2ret — 1] < 1)
Ny(re'®) = = :

0 (|2re'> —1] > 1)

FHEICEY hmsupN(Te ) — oo WAICER L LY Oy HARTR,

r—1,]s|<1 (logr)?
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ROMENRBZBID. ) 1
PIRE43. = . 270 (eD, la<1ho b <1), 6= -1
l—az 1-bz

2
= Oy : L2 — H IZE R TR

Z DR ﬂ LT, IRD 2ODHfE R & 157~

$44 ¢_ +q7 S z+_a,7t_7t_b|a|<1<1:'§‘%)
1—az 1+az

= Cy: L2 — H2 TAHR TR
STBHDMIRE Z 42D X HIZHiEH4.1 & Jensen DA E EHE3.1 L V&S,

1 —
F45. = +q, =1 f_b EEL-l<a<lho—l<b<l&Td
= Cy: L2—>H2 AR TR,

ESFEADMIRE 242D L DT 4.1 & Jensen DA E EFL 31 L vEMND.

2% XXk
[1] C. Bishop, Orthogonal functions in H*, Pacific J.Math.220(2005),1-31.

2] J. Moorhouse and C. Toews, Differences of Composition Operators, Contemporary Mathe-
matics,321(2003)207-213.

[3] T. Nakazi, The Nevanlinna counting functions for Rudin’s orthogonal functions, Proc. Amer.
Math. Soc.131(2003),1267-1271.

[4] T. Nakazi and T. Watanabe, Properties of a Rudin’s orthogonal function which is a linear
combination of two inner functions, Sci. Math. Japonicae. 57(2003),413-418.

[5] T. Nakazi, Isometric composition operators between two weighted Hardy spaces, Nihonkai
Math. J. 17(2006), 111-124.

(6] W. Smith, Composition operators between Bergman and Hardy spaces, Trans. Amer. Math.
Soc. 348(1996),2331-2348.

(7] C. Sundberg, Measures induced by analytic functions and a problem of Walter Rudin, J.
Amer. Math. Soc. 16:1(2003),69-90.
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FHBIREDHHEDANY MILRFERDIEE

HLERY: =il % (Takeshi Miura)

1 FTEHARY MLREEHR

Banach B2V T, AT MV ESRGFT HMIEEROMEIEE < M H R STV 5728, Molnér
[14] DFERBFER SN TURE, HEHMED ALY ML ERGFT 5 FROBEDE AR SN D &
TR, FRICHIEHEILERROME Tld e < IRFE & L TBRRONDEREPEZ S BRI TN D
RITDZDOWNERADH LT WZ2D0, TIZik<% Molndr IZ LA EHTH 5.

FHE 1 (Molnar [14]) X #5%—r[5H 22737 § Hausdorff %M &5 5. 24 T: C(X) = C(X)
NT(1)=1K%W
o(T(/)T(9) =o(fg)  (f.9€C(X))
RoRSLAVES
o(T(NT(9) =o(fg)  (f.9€C(X))
EAHIZHE, TIZHCREGHBRTHS. DEVFEHEEH o X - X BFEL T
T(f)(z) = f(o(x))  (feC(X), zeX)
L5,

EH 1T D A7 MICET 2% o(T(f)T(9) = o(fg) HDWE o (T(f)T(g)) = o(f9)
Tl iz T e IE AN MIRFEGBRENS T ENRHDH. FIEANT MUVRFEGHBOMEE %
RES 5 RMBIEREEERS° Banach 8272 E TR I, B2 RIBICIESNTW5 (5, 6, 15, 16]).
Z DO JHDOUAFEOFEEDJRE) ) & 725 72 D7) Luttman and Tonev [13] DEBLTH U, ZDOHLLHY
P82 T T O 512 X > TEA I L7 peripheral spectrum o, (-) Th 5.

EH# 2 (Luttman and Tonev [13]) A, B %R & L, Ch(A), Ch(B) zZtNh T A, BD
Choquet it &35, 2R T: A BB T(1)=1KkWV

or (T(f)T(9)) = 0= (fg)  (frg€A)
IR, FIFEA4 ¢: Ch(B) — Ch(A) MFIEL T
T(f >(y) flo(y)  (f €A, yeCh(B))
RO SLD. DFEY TIFEEER L L TOFHBFRMNER TH L. 2L
or(f) ={z€0(f): 2] =[fll=}
ThD.
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Luttman and Tonev [13] ®EiRIE, A7 MBKREZRET D LITROLLNWEHRTH-TH, X
7 MV OERSEEA Td 5 peripheral spectrum 7% Molndr & [RIEROER TRAF SN D2 BIE, D
BERRET DT NPT, LU S & REE bIRFT D, L5 Z kD, 2o
K OIZANRZ PV LD B 272 ) DI ERD B IE OB OGN ERITIRE SN D Z L3 nhh
X, COREETHBEZDRTLILEBUHRDIOPPERINLDIFARRMNEFT AL,
FRE, EORRZeHFZED Luttman and Tonev PARHEFRIZITHOIL TS ([1, 2, 3,4, 7, 8,9, 10, 12, 17)).

ZIDDMFERER NG AT MADBERIC—F L &b, HERIFHRSIY HE 2 EIZL
KDOILEEFENTOIUXRBWIZ &350 o> TE 72, & 5IT Johnson and Tonev [11] IXHALIEDAFEIE
PAEET L B FLORRIHFTONS 2 & &R LT-. 7272 L Johnson and Tonev [11] DEFEIT K
% function algebras 1%, T2 732 | Hausdorff 28] EOF LG RO 703 (RKAE /v A
BT %) PAZ IR THY, I HICX 20T 200 THS.

EH# 3 (Johnson and Tonev [11]) A, B Z LN RT3 ~ Hausdorff 22 X, Y LoD
function algebras & L, ZHIZAD ShiloviZFIZIX THHETH., ZOLERHT: A— BN®

o-(T(f)T(g)) Cox(fg)  (f,g€A)

5\
BT, #EE TR o Ch(B) — {£1} XK OVEFE# ¢: Ch(B) — Ch(A) MFIEL T

T(f)(y) =ay)f(ey)  (f €A, yeCh(B))
NS ARAON
Molnar [14] DFFFELIK, %t8%E L0 —f(L L A<2 MY 2502550 7= ECHEELORS
BRRONHDZ L2 TETHEHNSEBREEINTE TS, LD EEZHE IR RE 7=
D—DDHIEZ, AT MV L TKROWEZ b OEBOMOMEEEZ D Z ENRNEZLND ¢
o(S1(f)S2(9)) C ox(T1(f)Ta(g))  (f,g € F).

7272 L F, A, B % function algebras & L, S;,5: F' =+ AKOT,,To: F — Bi3&H 45, Zo
MBI Ko TRE S D B DM Sy, Ty KON Sy, Ty OBRMER ZiuiuiE, Molndr OFEHR
Johnson and Tonev [11] H#E—F 5 Z EBRHKD Z L1X, Sy, S NMEEGUGOCEF L DG ERE
EBEZIVXEINWZ ENLHLNTHD. ZDOFZITEDWIMFZERE 1T function algebras Ti7a
SPEEEROGAICBEICE LN TWADT (4 &), BEEMHIIRITHE2EWVWEFTIEH L5, BT
DEFFEEAEETICHEROE B A R~ 2 & HskiuE L.

2 FHE

K % JRpra > 737 b Hausdorff 22[E & L, Co(K) 12XV K TR S 7= 18 EB 5 g B2
T, SHICERERTOCRDLOERELRT. ZDLE Cy(K) IXFBRTOR « i « AH T —{
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ENflloo = supper [f(R) B LT (BEICBET 2Hc2 & LITRE720Y) w2 Banach B8 & 72
5. AR TIIBATa /Y k Hausdorff Zff] K EDEEIR (function algebra on K) % RO E K
CHNS AR K FOBBETHD L 1E, AL C(K) DHENETRTHY, X5t KOsk
BROYEET D (DFV Vhy, ky € K: by # ko KL TO # fky) # f(ko) ZRBT=2F f € ADMFET D)
ZEThHDL  FRICKBRary "7 hThY, SLICADNERBEHEAGLE, A%z K FOBKIR
(uniform algebra on K) EFESZ ENRLNVE D THD.

EE 4 F, A, BEZZENRTa 737 N Hausdorff ZZH EOBRBERE 5. &5 S, F — A Xk
WT,: F— B (n=1,2) M7

1Sn(lloe = ITa(Nllee (f € F, n=1,2) (1)

JLa6)
ox(51(f)52(9)) € ox(T2()T2(g9))  (frg € F)

BRI, WG o Ch(B) — {2 € C: |2 = 1} R OUAHG ¢: Ch(B) — Ch(A) S1EE
LT
Ti(f)(y) = a(y)Si(f)(o(y))  (f € F, y € Ch(B))

T(f)y) = a(y)S(f)(e(y))  (f € F, y € Ch(B))
D% SO,

FEE 1 B 4B AEE (1) IXREA O RIEO IO MEE L TWAR, & HAARER
REMETHD EITEZ TR, ZOREZBRWTHHELUOEENME LN Z L 2HFEL TV D
0, BEOFTZEOFEHNHR TR, Ll (1) 2KEETE Y, HIREOBNITCOFEERE
TIULRROERENEOND Z L3> Tnd Gk 5 &) .

25 F, A BEZNETNRFT2 /N7 b Hausdorff 25 LOBSERE L, 351
lefl=1 on Ch(A)
EHIzT ec AVFET D ERET D, ZDOLERH S, F > AKOT,: F— B (n=1,2) )
0 (S1(f)S2(9)) C ox(T1(f)T2(9))  (f,g € F)
BT, #EE G o Ch(B) — C\ {0} XONEFEE S ¢: Ch(B) — Ch(A) BFFEL T
Ti(f)(y) = ay)Si(f)(o(y))  (f € F, y € Ch(B))

Ta(f)(y) = S2(f)(e(y))  (f € F, yeCh(B))

a(y)
NI AIVASN
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Bl 1 AD) BB E L, Dy = \{0} &3, A={fls, : f € AD) with f(0) = 0} IFRFF= >~
237 1 Hausdorff 25 Dy LOBI#ERCTH Y, D Choquet BEFRIL Ch(A) = {2z € C:|z| =1} TH
5. ale) = %+3&%<&,QL@€A()T%é%,M@zli@oﬁwgmm%gAfﬁé_
ZZT 1%T1,T2 A%A%

Ti(f)(2) = () (). Tf)() = ——f(z)  (f€A =By

Lo TEDD L, T, Thb ITEFHTHY Ty()Te(g) = fg (f,g € A) ZWi7=7. ZHIFHR 51
BT Sy, 8 AL bICIEEGROBETHBA, Ch(A) = {2 € C: |2 = 1} Ela| = 1 1%
DALT=720 . EBIE Tl = Ifllee & —MRICIFHL Y SE72 720N, RER fo ZPEEEER & T
1Ty o)llee = [alloe > 1= [folle ToHB. ZOBINBSHD LS, EH 4DEE (1) AiliT Sh
RS EBEROBEDPRESNGLLETTRS, bLEAXR/TONIZLLTYH, TDOLEDal
—f%IZ Ch(A) ko] =1 LIFRERVDTHD.
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