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1 BE

VLR (N, - ||lv) ETERBINIEHRT: N - NITRL
1T(f) =T@ln=lf -9y (Vf,g€N)
DD L E, TZEEHEHRE V). D2ERFHORMEMKRE L, H(D)Z D LoIEHIE]
RO I HIPZER £ %, Hardy Z2[H

def 27 )
HP = {f e HD) : || fl, = sup [/0 \f(re’e)]pde

0<r<1

1/p
< 0 (1<p< ),

RO ™ = {f € H(D) - |l % sup |£(2)] < oo} AL T, 20 OB 1
zeD

1960 FEUCEH S LT 5,

Theorem (deLeeuw, Rudin and Wermer [6]). 1. T 25 (H®,|| - ||o0) - D 25HE FHIE 5 R HE
GRTH D70 DMIESTHEME, aeT={2€C:|z| =1} LFEABH 4: D — D 2L
LT

T(f)(z) = af(e(z))  (VfeH™ zeD)

B LETH D,



2. TH(HY| - ) oS EERIEEEMEERTH 570 DRETEEE, ae T EHEME
%o D— DIBIFHELT

T(f)(z) = ad'(2)f(8(z))  (Vf € H' 2 €D)
B LETH B,

Theorem (Forelli [7]). pZ 1 <p<oo,p#2%ZAlTHEKLETE, THH? |, LD (&4
EXBRS 7)) BEGIGEEMEGRTH 270D, Fe HP LN 6: D — D
DHAEL T

T(f)(z) = F(2)f(o(2))  (Vf € H", z€D)

ERBILETH B,

Novinger and Oberlin |3 Hardy 221 B3 L 72 IEHIBA D 22 SP = {f € H(D) : f' € H} %
EEL, 20 LOBIGERRGROMEZFH L 7.

Theorem (Novinger and Oberlin [12]). pZ 1 M EDFEELE L, SPICRD/ VAL Z252 5,

= O+ 1l Il =1l £ 1 (f €87).
LT (S| EOMERI ST C B B 7 > DBTE RIS, A e T L MERTS
PREEE AR - HP — HP DSEFLEL T
T(f)(=) = Mf(0) + /[ TNOE (s zeD)

B LTH B,

2. T3 (SP,||-|ly) EOBEEMILEHEMERTH 2720 DMBEFFEMIE, N e T LEMAGR
¢: D —DVHFEELT

T(f)(z) = Af(¢(2)  (VfeS" zeD)
B LETHD, FliCp>1DEE, peTHFELTo(2)=puz (V2 eD) &% 5,

X, Y Z2a %7 b Hausdorff 2% & L, Cr(K)IZ& D 332 k Hausdorff 2% K LD FEEfH
HHEIBRA DT, || - || ICBS9 % Banach 22[H]2 9", Banach [1] & Stone [13] 1%, #RIE L (F
IR S 2 WARREHEEER T: Cr(X) - Cr(Y) DFGGEZRH L 72, 2D, X7 FIVEME E iz
&5 K FOMERD % § %20 C(K, E) LORRREERERMSMRDS Jerison I & > TEL I N,

Theorem (Jerison [8]). E Z$z&i"M7% BanachZ2f1E 5. T 23C(X, E) LORKHIZERHE
G751, FMEES ¢: X — X EBIEARMHICEET 2 5/ V: X — L(BE) BFEL, %
r € XIZHLTV(x)ld E LOBMPEHEEESRTHD

T(F)(z) =V(z)F(¢(z))  (VFeCX E), zveX)
L%, TITL(R)IFE LOBRBIBERFE2ETH S,

2



Jerison DFGRLAKE, 2 71 7 —HBEED 75§ BAEEE ] EOFHE SR OGRS NG &, X7
~ VABGAR O 75§ BABZE ] - D SFREE SR 2 e § 2 FIESHRICIEA§ 5. 72 & Z1E, Botelho
and Jamison (X7 b VED BRI AIREGBRD I $ 220 & 2 D LOFHMGE R 2ELZL T3,
C DGR Cambern 4] D—fAL E B> TW 3, 7L/ VAZER (N, - ||v) KL T, &
F:[0,1] — N 2% laech 2 L1k, &£t [0, 1IN LTF(t) € EDXMFEL T

F(t+h) — F(t)

=0
h

N

lim
h—0

— F'(1)

BREL, SSICF:[0,1] » NAEGEERS 2 LTHS.

Theorem (Botelho and Jamison [2]). F ZHRXICHE Hilbert 22fH & L, C1([0,1],E) 12X D [0,1]
TERINEIMEZ & 2T TR 2 B EEA D% Banach ER 2R, T3 C'([0,1], E) k
D, XD/ VLT 2 2R ERIGFERMGGR LT 5.

£ Zé%pl](llF(t)llEJr IF'®le)  (VF e (0,1, E).

ZD L SEHERIVERMEGRU: E - EPFELT
T(F) () =U(ft)  (VFeC([0,1],E), t€[0,1])

HB\IE
T(F)<t) = U(f(l - t)) (VF € Ol([oa 1]7E)7 te [07 1])

DD LD, WIS T B EDOBOFHTHNUL, TI32RERWEERMGERTDH 5.

2 FEHER

FEHOII AN 7 —EDOREZERM] S % CL([0,1]) & A, %D LORNEHRHEHRONGZFHN
TE7, TNETOELEZIRVIES L, TNO6DEBOXRT FUEkRZELL, 20 LoEiHE
H g T 28N E 2 545, Botelho and Jamison (& O 22K LT, 2D MmDiHF%E%E
fTo7:bFTH B2, %o DFERICH 2 THIRRIT, & W IREIDARNEZDTH A ) D, EHS
ITiE THRXIG) LI REZIZT L THEPOEPR NG, v I LEFEHTZ LR
TE TV, Z2% THilbert 22, ICREE T 1Z, Banach ZEO#HBETEZ S Z & &L, FFIC
EHIRXIT) OFEMICEHT 2 L E, NRE LR 220D TEEER, TH1UL Botelho and Jamison
DEH EFPIDOFERDIR Y 2D T WD LI > Tode, FEEE, ROMERIE 2017 FEDRY
BIRMZEERICB W THRE L7z, ZORMRZBRE7-DICH T OHEfRZNHIELE T 5,

A% v s37 | Hausdorff Z2[H] LOPIBERE L, A* 2 ADBCNZEME 5., ATk D A* DY
HARZRT, Foe XITRHLT, WNBES, 2 0.(f) = f(z) (fe A) TEDS L, 6, € A} Lk
5. A 13 weak*-topology IZBILCTa v 37 MWEATH 5026, HHFET 5. A} Dinmiak
DA% Ext(A) TEY. BIBI A D Choquet Hist Ch(A) %, 0, € Ext(A}) £ 5 k)% e X
BROEHLEED D, FEE, Ch(A)IZADERTHS, DEVMEED f € A3 Ch(A) LTRA
Moz &5, £72, 0A%Z AD ShilovERET S, I<ASGNTVSXHIT, Ch(A) DX ITE
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JBEHEIZ 0A & BT %, BIBER C(0,1),A) IC3kL R/ VAD AN BEZ NS, D%
[0,1] x [0,1] D a ¥ 87 PEFERET, pi(D)Ups(D) =[0,1] ZH7TEDET L. I Tpy,p,
1 00,1] x [0,1] ECEBRINARREE THSE., DL E

IFllpy = sup (IF(t)llx +[1F (t2)]lx)  (F € ([0, 1], A))

(t1,t2)€D

1 CY([0,1],A) kD2 VBB, 2L |- x 3 X EORAE VATH B,

Theorem (M. [11]). A% X EOBIEFERT, Ch(A) =0A%ZALTHDET S, DIF[0,1]x]0,1]
D87 MHEFEEEGT, pi(D) = pa(D) = [0,1] RO ED LT3, (CH([0,1), A), ||+ [|ip)) LD
LHHERR SR T IS L, Ch(A) k(B =1Th3 B c ALHEMEEGERY: Ch(A) — Ch(A)
BXOCh(A) D> OBAEA X |, X1 T, X_JUX, =Ch(A) and X_1NX, =02 A7THDH
DIFEL T

T(F)(t)(z) =

{6(1;)F(t)<¢(x)) T € X (F € C*([0,1], A), t €[0,1]),

Bla)FA=t)(d(z)) ze Xy

E 5,
W, EOFEEEARLT B, X, (j=+1) BLT /LT, T (CY0,1],A), | |lp) LOE
HIEHEE TR CTH 3.

FRLDRERTIE, Ch(A) = 0A 2 A7 TRIBIR A ICIRE L, FHESHIIEENETH 255
IZBE> T\ %, A% Direchlet 272 51X Ch(A) = 0ATH 5 T EDBHIS N TV 528, 2 TOREIR
IS LT SEEE Tl e, 7, FHEEGEICN L TE, Z0oEERIPIEZIEL Tw 5
23, Mazur-Ulam OER [10] 12X D, / VARBOBDEEOEEFHEMERIE7 7 74 v ThH 5
ZEDPHIONT WS, DF D) LoERICEITS S, EEREEZREL LD, 2E»S
ERETH 2 LIEL T2 RDBRDTH S, ZOEKT S OEEZEIGIE I EAEN 2 560
TIE% W, Z20TlE, Ch(A) = 0A LIZRS 20— OBIHER A1 LT, (CH([0,1], A), ] - |lipy)
LR ERMEEGRIZED X ) BHEEEZ L TVREDTHS I, ZOMBEICRL T, ROMEED
BFonr,

Theorem 1 (Koshimizu and M. [9]). A% X FOBBERE L, D% [0,1] x[0,1]]Da v 7
THEAT, pi(D) = p2(D) = [0,1] D2 T2, (CY[0,1], A), | - |(py) LD a5 RERFE
SRREEER S IS LT, ADBAA FTAEM M, LT|8l=124%T e AL L, AMBER
0: My — My BIXU_ M; = My 2 A7 BB My DB DRSS My, My, Ms, My 5377
fEL T

(P)F'(t)(a(p)) if pe M
(P)F(L=1t)(a(p) if pe M,
T(F)t)p)=Q . — (F e C'([0,1],A), t €[0,1])
B(p)F(t)(o(p)) if pe Ms

B(p)F(1—t)(a(p) if pe My
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E b, 72 L7IE Gelfand B CH 5,
Wiz, EOFMEEATT B, M; (j=1,2,3,4) BL0 o IZHLT, TF(C([0,1], A), || - [lipy) b
DR FERICERM SR TH 5.

AREEEHDFEHD 7 A T4 7%, THETOFEHELEARENWHEL T, CY([0,1],A) ZiEY) 7% 2
> 287 |k Hausdorff 2% K 128 LT C(K) 12/ )V LZE L LTHDIAA, C(K): Dlimd & <57
oTw»3 2 E2MWT K EOFAMEGRZHET 2, 2 2 TCHRONLERZEBIRA DS ETHEH
WY BRI, HTOHE - FERPBEICR S, TNHHF LD TIEARL, BMHEO T H
AT TH S, SIETOHEMCRINDG I EIE, TD Alggs TORZITENTHD, A LDOZNT
v, TOALOREZHNSE 72012, FEHESIZOWL O2OHBER L Z2 DK A T 7 V22 %2
HBAL, INGDWMAA T 7NVEMEBHMETH 2 L2RTFiEE Lok, ZOHKIEYTOD
A L CORBERCDHEHI NN, IRLTEGRIENTHELEIZE AT, WEORMPT7ICH 5.
FEANIE (9] 2 THEW I E W,

F7, FEHTIZ(0,1] x[0,1] Da ¥ 37 FEFEEA DI pi(D) = pa(D) = [0,1] ZIKE L Tw»
. |-y 1 pi(D)Upe(D) =[0,1] % &7 DICKLTCOY[0,1],A) D/ VLA%EZ DT, K
MIEHTIIBEN 2 7 0V LT 2 2R EREAROMEZ B L 72108 72w, LX) —Kko
IOV BICRT B EREEG R OIE IZSHBROFETH B, X 512, Forelli ¥ Novinger and Oberlin
DFGRD X7 FOVIERIEZERIIR & Z O L FERIEERBEGA D B S 2 W7ENRTH 5,

SE 3
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Range preserving maps between the spaces of

continuous functions with values in a locally
convex space

Graduate School of Science and Technology, Niigata University
Yuta Enami

1 BA
WF A% BanachREL, a € ADRARY P % o(a) THRT I EITT 5. Gleason [3] B LU
Kahane & Zelazko [4] 1337124 H Gleason-Kahane-Zelazko D@ & WEIZ L 2 @ B2 /R L 7z,
FE 1. AZ2#E BanachBRE T2, AN T : A - CH®
Taco(a) (Vae A
-3 61F, TIFRENTH 3.

X %287 b Hausdorff [ & L, O(X) T X TERI N EIELMEEGREBEEO 2T
Banach BZ£7., fe C(X)IINLT, fORRY FLo(f) T f OfE

Ran(f) = {f(z) : 7 € X}

IZ—3% 5. Gleason-Kahane-Zelazko DEFZ V5 2 & T, %2 HET 2 5483 A%
275 2 EDMEHBIRI NS,

1L XEBLNY Zav 7 b Hausdorff 2 E§ 5. T:C(X) — OY) 2 EHRT, £ED
fec(X)icrL<

Ran(T'f) C Ran(f)
i d EIRET S, ZOLE, HEGER oY - XDFEL, ED fe O(X)ITHLT
Tf=1Ffop
DIL Y 3D,
%72, Kowalski & Stodkowski [5] 135 < X & Gleason-Kahane-Zelazko DB DR % 1572



EIE 2. AZ#FE BanachBRE L, T: A — CZHIMEIIRS 2 WEHRT
1. TO=0, 8L
2. EED a,be AITNLTTa—Tb € o(a—0b),
Zii-TdbDET S, ZOLE, TIFHMALOFTENTDH S,
EoF 1 EFHERIZL T, Kowalski-Stodkowski DERED> 5 XM 54115,

F 2. XBLYY Zar,%7 F Hausdorff 22l E§5, T:C(X) = CY) Z3 L b L ZR
5% WERT, fEED f,gc C(X)ITRLT

Ran(Tf — Tg) C Ran(f — g)
Wi T ERET S, ZOLE, HEER oY - XDHFEL, ED f e O(X)ITHNLT
Tf=TO0+ foyp
DIE D 3D,

%7z, Ghodrat & Sady [2] % Banach HIFEDITICH L TARY PV ZEFEL, £ 1% Banach IIEE
IZHER L7z, Z OFEld MR DT, FEL <13 [2, Theorem 3.12] ZSM L T\ /<72 & 7\, Banach
22l iz & 2R D 2K D 72§ BanachC(X)-MBEC(X, E) #E 2 & 9. £ F e C(X,E)I
X LT, F® Ghodrat-Sady DEFE L 7z A7 F )Ll

{A(F(z)):z € X, Ae E}\ {0}}

DHHEITEAG LD,
SO FFRERIZZDARY FVIZBIT % Kowalski-Slodkowski BLOE B2 TR Tz & &, =
WG EDLO2HT . O(X,E) - C(Y,E) THEED F,G € C(X,E) IZR LT

Ran(TF — TG) = Ran(F — G)
Zii7zTHDEEZTAHALL L), EITREVLZVWLILICEIFONLDTH S

2 BEWEMC(X,E)

2 2THZ BB Rt 2RI i E L 2RO R TH B, ZOHEITIE, ZDOEARN
BWEZHENT 5.

JArih 2 &%, Hausdorff 2 #5EMAHRREIZEM C & > TR MO HEALER & L THESD 6 7%
L2H5DMWENL LI RBDTHS, 2,37 b Hausdorff Z2[E] X & RPATtZEE] EICx LT, X E5E
N BTz & 28502 % C(X,E) TET. EPEEFRCTHS L EE, OX,C)
DD D ITHIZ O(X) TRT. FRBOINEB XA A 7 —f512 L > T O(X, B) (3E R0
2% %, BABE € O(X,E) IZx LT,

Ran(F) ={F(z) :z € X}

EBE, Iz FOEE (range) &£\ 9. EFED S, Ran(F) FRATTNZEM E O HEATH S
EICHEET 5.



JRth 2] E ORI B 5ifi etk BT 5, £BeBIZXLT,
Vx(B) = {F € C(X,E) : Ran(F) C B}

EEL. ZDEE, C(X,E) Z2RATZEEIC T 5 X ) BAAHT {Vy (B)} pes 2 R RO EAE R
THEI)BLDODVME—DEET 5. Z DM Z —KRIR DA (topology of uniform convergence)
W),

EFE.ED/VLEMTHHEE, BELTEDRBZTLET e OFERE T2 & Vy(B)
ZC(X,E) DR zhLhET 5/ LA

|1 F|| = sup || F(z)]|
zeX

BT 2 e BBk E R D, Ko T, ED/ IV LZEBDEGE T —RRICROAAHIE /7 v L4064 &
—H9 5.

feCX), ue EIZNLT, fou:X—>E%
(f ®u)(z) = f(z)u

TEDS, ZOLE, foueC(X,E)TbHs. EEDue FIZNLT, 1@uld X L THEENIC
uTHHEMEAETHS., EORMNEZ 0 CRTIELEICTS., FREDO fcC(X)Euec BEIZRLT

1®0E=f®OE:0®u
THD, THUIBBEMCOX,E)DERTH L, £hE
{f@u: feC(X),ueFE}

TRO6NS C(X,E) D2 %Z C(X)@ ETEL, Iz C(X) & EORBINT VIV (al-
gebraic tensor product) &>,

B 1. X #2287 b Hausdorff ZZfi & L, EZzJmpithZdEfie 5%, 2oL, RENT VL
B C(X) @ ElF—RRICROMAHIZBEIL T C(X,E) o T TH 5.
3 EHR

Z DO, FERRDOMFN LGOS 2 ST 5 |

EBE 3. XBLVOY 22287 b Hausdorff 2E[d & L, EzRnh2EMET 5. T: C(X,E) —
C(Y,E) 23 L b L IR 6 R WERT, fEED F,G € O(X,E) IZN LT

Ran(TF — TG) C Ran(F — G)
i’z ERET S, TDLEE, BHHGFKRe: Y - X BHFAEL T
TF=T(1®0g)+Fop (VFeC(X,E))

DD LD, KIS, T(1®0p) %o X T IIFMNTH 3.

9



FEE. BN c C(X,E)lik% 525 ETIE C(X,E) 1T/ VAMERI LTV HARM IR0,
Thbb, EDBR/IVLAERTHBMHEIT R, Z0O7DEEZIRE T 2 55813 —RIC E D3R
RIZefch 2L ons,. Lal, SHEOTEHEETIE FIZREIMNERIICZ>Tw508, #
AW CHiE 1 Z w2720 TH D, 2SO Tl E ORFTEZ Hv 7o,

ZDFEHDERNZL 7 A TTIELT O X ) % bDTh 25, T 13z /S 2D T, uwe E\{0}
TR S 1% 1 RIGART 22 Cu 1z & 2B88 f @ w TN LT, T(f®u) b Cullfliz & 2 BH%UC
%5, %2k, Cullfiz L 2BI8EE {fou: fe C(X)} hTTIZARMEARICRS, HE
I C(X, E) 1) £ MU IUSTEANTE 5. ZOFEHDHEARTEE R ET7 A T 7 IE =0
BIEDS THR Wb DTH S,

SERADRATYF 1. T: CO(X,E) = C(Y,E) 2fEED F,G € C(X,E) I/ LT
Ran(TF — TG) C Ran(F — G)

7. TEBRET D, BRT-T(1x05) 2HEZ 5T LT, — M2 2B T(1®0E) = 120p
ERELTE, ZOLE, fEEDFeC(X,E)ICHLT

Ran(TF) C Ran(F)
DIL Y S,

FEED feO(X) Lue E\{0}IcHL T

Ran(T(f ® u)) C Ran(f ® u) = (Ran(f))u
L%, ZOZEDS, HHEEEKT.f e CY) 2T
T(f@u) = (T.f)®u
DB, ZHICE-oTERT, : C(X) = C(Y) BMEoN3D, ZOEHRIZT,0=075"
Ran(T, f — T,g) C Ran(f —g)  (Vf,9 € C(X))
iz 9., R2&0, HrHHEE e, Y - X PEFEEL T
T.f=fop.  (Vf€C(X))

E 5,
RIS, fEED f,ge C(X) EEED u,v e E\{0}ITHL T

T(fout+gev)=T(fou)+T(g®@v)
DBEDIEDT L, BXY, fEED u,ve E\{0}ITHL T

Pu = Lo

10



ThHHI Ezmts, ZOWTIETPPRHBEICK 2R\ T, FLIE [1, Lemma 4.4, 4.5]
2SI, DT, o, DRODICHIZ p EK, 2D LS, EEDf,...,foeC(X) L
EED uy, ... ,u, € E\ {0} ITXL T,

T (Z fi ®Uj> = ZT(fj ® u;)
= Z(fj 0 ) ® uy

= <Z Ji ®Uj> o
j=1

thd, Thbb, TERREWT VYA CX)® E LTeaBREMAEZICK S,
eIz, DIAHZERER O BRI 2ifam© T 13— RRICROMHICBI L TGt Th 5 2 LaVRE N,
ZnZll, OX)® EP—RRICEOMMHICBIL CCO(X,E) THETH L L, THCX)QE
ETHEBIERFZICR>TRE 2 L2,
TF=Foyp

L2 5, O
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Orthogonal Gyrovectorexpansion in Mobius

Gyrovector Spaces - An introduction of a paper
by Keiichi Watanabe -

Department of Mathematics, Niigata University Naoya Sakuma

This is an introduction of a paper [W2] by Keiichi Watanabe. There are no results mine.

1. Introduction

Gyrogroups and gyrovector spaces are generalizes groups and vector spaces, respectively, and
gyrooperations are generally not commutative, associative, or distributive. The Mobius gyrovector
spaces hold several properties that Hilbert spaces hold. This is a brief note on a counterpart to
the orthogonal expansion in Mobius gyrovector spaces.

2. Mobius Gyrovector Spaces

Definition (Mobius Gyrovector Spaces) [U] Let V be a real inner product space and let
Vs, = {a € V;|a| < s} for any s > 0. The Mobius addition @y, and the Mobius scalar multipli-

cation ®,; are given by the equations:

(L+Za-b+ 5|b])a+ (1 - Slla|*)b
15 Za-b+ a7l

G@Mb:

r @y a = stanh (rtanh_l M) ﬁ (if @ # 0), r@u0=0
s a
for any a,b € V,,r € R.
The vector addition @), and the scalar multiplication ®,, for the set ||Vg|| = {£|al;a €

Vi} (= (=s,s)) in the axiom (VV) of gyrovector space are defined by the equations:

a+b

b= ———
@ Dum 1—1—8%@1)

a
r @y a = stanh (r tanh ! —)
S

for any a,b € ||V, 7 € R.

12



Then (V,, @y, ®y) is a Mdbius gyrovector space.
We simply denote @y, ®y; by @, ®, respectively.

Remark [W2] -If several kinds of operations appear in a formula simultaneously, we always give
priority by the following order: (i) ordinary scalar multiplication; (ii) gyroscalar multiplication ®;
(iii) gyroaddition @; that is,

1 Q@ wWiay D ro @ wals = {7’1 ® (w1al)} NP {7’2 ® (w262)}

and the parentheses are omitted in such cases.
* In the limit of large s, s — 0o, the ball V expands to the whole space V, and we have

adb—a+b (s— 0),

roa—ra  (s—o00).
Theorem [AW] Let (V, @, ®) be a Mobius gyrovector space. Then we have the following:
{rn®a,®r®azr,r € R} ={®as® A\ ®ar; A, Ay € R},
re(ri®a; ®ro®asz) € {\ ®a; ® A ® az; A, \y € R}
for any a1,as € Vg, 7,711,179 € R.

Notation [U] Recall that the inverse element of a is denoted by ©a in a gyrogroup, and one
uses the notation

a©b=a® (6b)
as in group theory.
Definition [U] The Mobius gyrodistance function d on the ball V, is denoted by the equation
d(a,b) = ||bo al.
Moreover, the Poincaré distance function h on the ball V is introduced by the equation
h(a,b) = tanh™" @
for any a,b,c € V,.

Theorem [W2| Let V be a real Hilbert space. Then (V,, h) is a complete metric space.

Definition [AW]|[W2] - For any nonempty subset A of V, we denote A1 as the orthogonal
complement of A in V; that is,

At={xcV; x-a=0 (VacA)}.

* A nonempty subset M of V; is a gyrovector subspace if

13



abeM, reR = adbeM, r®acM.
» For any nonempty subset A of V,, \/? A is said to be the gyrovector subspace generated by A if

VIA=N{ M; AcC M, M is a gyrovector subspace of V}.

Theorem [AW] Let V be a real Hilbert space, and let M be a gyrovector subspace of V that is
topologically relatively closed. Suppose that

T =x; + T, x; € clinl, xs € M*.

is orthogonal decomposition of an arbitrary element * € V, with respect to the closed linear
subspace generated by M (clinM). Then, a unique pair (y, z) exists that satisfies

r=y®z, YyeEM, zecMnV,.

Moreover, if @1, x5 # 0, then these elements y, z are determined by

Y = M\, zZ = M\,
where
A — )2 + |2 )” + 2 — /(]2 4 22 ]? + 52)% — 45|24 ||
2| ||
Ny — 21|12 + [|2]]” — 5% + /(&[] + [J22]? + 52)? — 42|, [

2|z

Lemma [W2] If {u,v,w} is an orthogonal set in Vy, then the associative law holds, that is,

ud(vhw)=(udv)dw.

Indeed, by [U], Mébius gyraton can be expressed by the equation

Au + Bv
ayrfun v = w + 224 BY
D
where
A=—Zu w|v]?+ Fv-w+ Z(u-v) (v w)

B=—-Lv wlul?’- su-w
D=1+ 3u v+ &|ul?|v|?
for all w, v, w € V,, and it is also confirmed by hand calculation [W1].

Definition [W2] (i) Let {a,}, be a sequence in V,. We say that a series

14



(a1 @ az)@as)d---Da,) @---

converges if there exists an element € V, such that h(x,z,) — 0 (n — c0) , where the sequence
{x,}n is defined recursively by &; = a; and x, = x,_1 ® a,. In this case, we say the series
converges to & and denote

r=((a1®az)®az)®---da, ®---

(i) Let {a,}n be a sequence in R with |a,| < s for all n. We say that a series

Z@an:al@@@---@an@---

n=1

converges if there exists + € R with |z| < s such that x, — x , where the sequence {x,}, is
defined recursively by z; = a; and x,, = z,_1 & a,. In this case, we say the series converges to x
and denote

)
xTr = E @an
n=1

Theorem [W2] Let {e,}, be an orthonormal sequence in a real Hilbert space V. Let {w,}, be
a sequence in R such that 0 < w, < s for all n. For any sequence {r,}, in R, the following are
equivalent:

(i) The series

M @uWierPBro X uwsesd:---Pr, Lw,e, P---

converges to an element x € V.

oo 2
(ii) The series Z@M converges to z € R with |z| < s.

S
n=1

3. A Main Theorem

Let {e,}, be a complete orthonormal sequence in a real Hilbert space V. Let {w,}, be a
sequence in R such that 0 < w,, < 1 for all n. (s=1 for simplicity)
For n = 1, put

xr; = 118, Ty = To€y + Tz€3 + - .

Then

= + xo
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is the orthogonal decomposition with respect to the closed linear subspace generated by {e;}. Let
rT=Y D z1,Y1 € Ml,zl € M%ﬂVl

be the orthogonal gyrodecomposition with respect to M;, where M; is an h-closed gyrovector
subspace generated by {w;e;}. Then, y;, z; are given by the equations

Y = )\gl)mgl) and z; = )\?)w?)

where
1
w_ Bl 41— (el + 12— 4"
1 1
2]z |2
1
o =P -1+ Vllz]? + 1)2 = 4|2
1 - 2
2]z |2
Put
_ tanh ! )\gl)xl
tanh ' w;
then
71 ® wie; = tanh(r, tanh™! leelH)&
Hw1e1H
= )‘51)33161 = )\51)5851) =l
Thus
:1::7“1®w16165z1.
Let

e}
z = )\52)3352) = )\52)56262 + )\§2) Z Tje;
=3

be an orthogonal decomposition with respect to the closed linear subspace generated by \/{e1, es}.
Let
21 =yh D zh,yy € My, 25 € MyN'V,

be the orthogonal gyrodecomposition with respect to M, where M; is an h-closed gyrovector
subspace generated by {wjej, wqes}. Then, yi, 2 are given by the equations

Yy = NP maes and zp = pPAP Y wje,
=3
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Take

tanhfl(ug))\?)xg)
roy = ,
2 tanh ! wy

then

wae

Ty ® wyey = tanh(ry tanh™! ngegH)ﬁ
2€
= 1" AP rses =y

Thus

$:T1®w1€1@21.
=71 Qwie; D (yé@zg)

=711 @uwie; ® (ry ® woey G z5)

Theorem [W2] Let {e,}, be a complete orthonormal sequence in a real Hilbert space V. Let
{w, }» be a sequence in R such that 0 < w,, < s for all n. Then, for any x € V, there exists the
sequence of gyrocoefficients {r,}, such that we have the orthogonal gyroexpansion

rT=rQwies bro@uwesd - D1, Qwpe, D,
where the sequence of gyrocoefficients {r,}, is determined by the following equations:
n o
Tp = &+ €y, azg) = ijej, azg) = Z xjej,
j=1 j=n+1

U; = u§2_)1 o 'M@%‘ey (J=2,3,-), U = re = w§1)7

2 2 2 . 2
UJ:,UE_)1,U§)‘B§) (322737)7 Ulzwg)a

@ _ gl + 1ol + 5% — /(g 1> + osl” + 57)? — 45 [l |2
! 2]y ’
J

) a1 + [lvjlI* — 5% + /(e 1” + ws]1* + 8%)% — 45°[|u |2

’ 2w, ’

1 2 2
tanh ! M e
r; = 5

‘] — _ .
tanh ™! %

forall jn=1,2,---.
If z; = 0, then we do not define ,ug-l) but define as r; = 0 and continue the procedure. If v, = 0,

then we do not define ug-g) but define as r; = 0 for all j > n + 1 and finish the procedure.
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Theorem [W2] Let {e,}>°, be an orthonormal sequence in a real Hilbert space V. Let {w,}>,
be a sequence in R such that 0 < w, < s for all n. Then the following are equivalent:
(i) {en}52, is complete.

(ii) The h-closed gyrovector subspace generated by {w,e,}>2 ; coincides with V.

e 2
i) [z = S U@ (g e v,
S

n=1

where {r,}22, is the sequence determined by identities above theorem.
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Surjective isometries on a Banach space of
analytic functions on the open unit disc, 11

School of Pharmacy, Nihon University Norio Niwa

1 Introduction
RogeasEHWS .

D={ze€C : |z| <1} HAHIMMK

D={z€C : |z] <1}: HAPHMMK

T={z€C : |z|=1}: B

H(D) = {D Lo IEHIBIEAAED & 7 2 HFERIB 22 }

AD) = {f € HD) : fli& D E~#EHMNICHIRTETH 2 }

9%,
Sia={feHD) : f € AD)}
EEDDL, TD SHIIERRL ) VA EEATLENTES,
1l = 17O+ sup /' (w)
[ flls, = sup[f(2)] + sup | f'(w)]
z€D web
1flle = g}égﬂf(w)\ + |f (w)])

INHE Sy O/ VL EEDD, ZL T, TN6D/ INVLIZKko>TS, B5%EHTH 2 HEZRNTH
MWTESL, Lo T, Sy 1383 Banach 227 %,

(A |- la)s (B, |lp) ZZNZREE ) L LERET 2,
GRT (A, [la) = (B, || - |5) 2YEHHE (sometry) TH 3 & IZ,

ITf—=Tglls=If—glla  (Vf,ge A)

il TEHETH D, 7L, KTEZTOIRIERTICIZEEREEZIREL Tk, L. T
N ThitE, XD Mazur-Ulam ODEMIC LD, TIIEHE L HEHELT1 5,
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Mazur-Ulam DER ([4]). T 23 (A, |- ||a) 226 (B, - |p) ~D&H, Fi#E, T(0) =0 Z w7
T oI, TIEFEHE (real-linear) TH 5,
2018 FE LD BIBERI LR LTI, RDBERZ N L 7,

Theorem 1 ([6]). T : (Sa, || |lo) = (Sa, || - |lo) 1& (BEFFIE EIZFR S 7o) 25 2 HRHEEER &
T2, ZOLE, By, a1, \€T & aecD PHFEL T,

T(f)(z) = T(0)(2) + o f(0) +/ af'(p(Q))dC  (VfE€Sa, Vz€D), or

[0,2]

=3

=

X
I

T(0)(2) + 20 (0) + /[O RO (IS, D), o

T(f)(z) = T(0)(2) + cof(0) +/ af'(p(Q)d¢  (Vf€Sa VzED), or

[0,2]
T(f)(z) = T(0)(2) + @l (0) + /[ TR (4 <8y vzeD)
ZIT, p(€) = /\% (CeD)THh3,

Wiz, ERCT Z2ERT 2L, T (Sa, |- o) = (Sa, | - [|o) PEHRFEHGHRICRS,
T, T(0) 13 Sy DEEDILTH 5,

2 Main result

Sl Sylc. FRERED IUA|-|s, |- o ZEALE & X0 LMSEMERON % JoE
LEPTELDT, ZNZWMET S,

Theorem 2 ([7]). T: (S| - =) = (Sa, |- o)y F7E T2 (Sa, |l lle) = (Sa, |l - lle) 1 (B
FE L RIRS ) BRLEHHERET S, 2OLE, e, e T FEL T,

T(f)(z) =T(0)(2) 4+ cf(Az) (Vf e Sa, VzeD), or
T()(z) = T(O)(=) + (%) (Vf € 84, ¥z € D)

WS, EATT Z2ERT 2L, T (Sall-lIs) = (Sa, - ls)s £ (Sarll-lle) = (Sas |- lle)
DEHBEEREEIC 5, 22T, T(0) 1d Sy DIEEDOTTH 5,

FELWEEBHIZ W, [T 2L Tn il & v,
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Isomorphisms between scalar product spaces

College of Engineering, Ibaraki University Toshikazu Abe

1 %@

KIEFRELLIZCZETIHIDETZ, VEWIRIZENEFNKBEOFIZZEM LT 50, AT
BERRICOEGE L kb, V=K' W=K" & LTbRIE2EkbAw,

Definition 1. V LOZXEA .7 . Vx V = K, DUFOSEMA (1), (i) MA%2wzTEE, VE
DAHT7—EHTHD EV),

(i) NEThHsb. Tabb, EEDz,yec VIINL T F(z,y) = F(y,z) TH 5.

(i) FFBRfLTH S, Thbb, EEDzecV\{0}IZHLT, F(r,y,)#0L%5y, € VT
1£9 5.

IRV £ Z2D LD AA 7 —.F OflAGOE (V,7) % A A 7 —H22H & 5.
K" LD =X 7 12I3RBUTH F € M, (K) DSFEEL,
F(x,y) ="zFy  (Yo,y cK")

DI TRINE I EDPHIGNT VWS, 22T, z,yldftX7 FILTEL, 'z ldz DEZETD
DET B, “RIEADOMEIZHRBUTINCHE A S, Definition 1 DA (i), (i) 1FZNZ R & [FMHE
TH 5.

(i) ZBUTH FI3HIT51CHh 5.
(i) RBUTH FIZIEHITH 5.

Definition 2. K {RED A A 7 —F{%H (V,.7) £ (W, 9) DEDEL f .V — W 23U D 3 %&fF
(a), (b), (c) DETZLTLE, fFIIANT7—EEME L CORMERTHD L\,

(a) fIREHHTH B,
(b) fIRKHHEERTH 5.
(¢) fIRAA 7 —MZRIFT 2. T4hbb,
F(x,y) =9 (f(z), fy)  (Ve,yeV).

(V,.Z) & (W, 9) ORI AMEGBFIET 5 L %, (V,.7) & (W, 9) 13 A% 5 —E2%2[H & L TR
ThHbHENT,
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2 FEFHR

FHAERIZA D 7 —EEEORIBEEGRDEEZ LDV LDTESMUZ L ENTELEVI D
DTH %, FHIHICIZEBRTIZ W 3,

Theorem 3. K {2 D A A 7 —1EZ%M (V,.F) & (W, 9) DRIDEAR f .V — WL T D 2 F&4F
(a), (c) DM &7 & &, fIFHH KHUGEHRTHD, LB>T, AAH7—HZEHELTD
ARGHRTH 5.

(a) fI3RHTH S,
(¢) fIRAA 7 —MZRIFT 2. T4bb,

F(x,y) =9 (f(x), f(y)  (Ve,yeV).
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A class of continuous functionals on Mobius
gyrovector spaces

Institute of Science and Technology, Niigata University
Keiichi Watanabe

S, Yo uay kA ERORBEEEICOLTE, 12 Ungar [U4] 281 LTuik
72& 72\, Ungar D (real inner product) gyrovector space CTIIAZHaIER], FEAVERI, FrEciEHl
MZDFE F TR 32727\, Mobius gyrovector space 122> Cld Hilbert 22[H] & DRIZHR 7
FuY—=>50337% 6, PHERT2EMICBE T 2 EA 0, PR 220 S o IS O RE A, 1R
HIERRIERIC X 2 1ELRER, Cauchy-Bunyakovsky-Schwarz BIDATEX, HFEIRIEIEHE R £ED
counterpart EEINT V5, N6 DWW TUIEFEOBIBERHREE [AW2], (W3], [W4] 22|
LCWkiZER 0.

Abe and Hatori [AH] (%, real inner product gyrovector space %z —f%{li L 7z generalized gyrovec-
tor space (GGV) W IMERZEAL 7, HAM C* RO IED AL 4413 real inner product
gyrovector space Tld7&\> GGV Db BEELHPID VD EDTH S, Abe [Al] 13 GGV 23 5T
k. L T normed gyrolinear space & WIBEZZEALTWS, INLIEFEIOXEDOHEHEILLIF X
DEEL WRIRTH D, I TRBDER,

Z T TlE Mobius gyrovector space (ZBRE LT, BIEENT O ILHER 2 Bl 2> & #Fe AR B D
counterpart IZDOWTHRS Z LI2T 5, T FE 7, #SHEEIBIEHAZO NG NHARICHEI Y
5NB5H), TNHITDWTIE2017TFEDREBERNTEELERT, £ L TN, [REDERTE
D, W3] D#EDIRLPEIEIN TV AETNH 5,

%k, EFERNEZEMNICNT 5 complex Mobius gyrovector space &9 b DHHEZ 5415 (cf.[WI)]),
BEBIZL Y v A0 A7 —fFI2DOWTIE, real inner product gyrovector space 12 ¥ 1F % Bif%
KPHHUC IR S G0 2 L D8, Abe ICX > TREN TV 3 (cf.[A2]),

B/ v O#RAZ A% D HEAY

EE. [W8] V % 1]43%E Hilbert £ TdimV > 2 £ 3%, BBV, 8 X CBIXH (—1,1) DWli5F T
Ungar |2 & % Poincaré DRt 25 2 5, #EEGHR f:V, — (—1,1) 2%

fleay) =flx)e fly) (z,y € Vi)
Zii7- TR 61E, EED 2 e VI ITHL T f(x) =0Th %,

ZDEIHIT, B e 2RFE T2 L 0IFKMFRER, XETAY v A4 vy V2R EoE LR
X LClE, H2EIRTRT E S,
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BESNERY MLEDABRDEIC L ZNEHDODERER
EIE. (W8 VZFHNREM, cecVZ ||| <1%3I0EL,

flx) =(z,c) (z€V)
L4%, 0L E,

(i) fORETRAY ¥ L uxXT FLERV, ~OHIRIX, Vi EBXO(-1,1) ClHifrztE2 5L
Lipschitz ##E T, #Z @ Lipschitz &% ||c|| TH %,

(i) fFED e >0, 2,y c VE XL r e RITHL, NBIB f1E s — co TRZ/2T
—flz+y) & [(x®sy) =o(s7")

—{f(@) + f(y)} ®s {f(2) &5 f(y)} = o(s77")

—f(ro) @, f (r®.x) = o(s27)

o(s™7)

—rf(2) ®s 1@ f(2) = o(sH

ols —2+4€

o\ s

Riesz B DRIATEIE
EE. VEZEAMERET S, BBV, - (-11) EIERs IS L TER [, : V, = (—s,5) 2
fs(x)=sf (g) (x € Vy)

WX oTED S,
f:Vy = (=1,1) RN » A afETch s 1, 2,yce VELXr e RIZWNLT, ETER
SNt f AT 2zl e 2w

- {fs(x) Ds fs(y)} Ds fs (l’ Ds y) —0 (8 — OO)
—{’I“(X)st(l')} Ds fs (T®sx) =0 (S — OO)

FDRDEBE D, BEI N/ VA IMUTOXRY ML EDOHBEDEZ & 2 (BRI INEEIEIX
WHERI Y ¥ 4 u i Ecdh %,

EE. [W8] VZFE Hilbert M & T 2%, f:V, — (—1,1) BWHENY v 4 ufEdro, Vi B8LY
(—1,1) TR h 275 2 % & Lipschitz ##i T Lipschitz E8S L(f) <1 THHHDET 5, 51,

fEEDILz e VIZX LT lim Jo(z) BSFEBE LTHET %
ERET S, ZDEE, ce VI RITHELT
h_}rn fs(x) =(z,c) (xe€V)

BEO ||| < L(f) BIRD 70,
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ERBENBEHICHET S, AEVRAIY v/ AR NMLVERLEDONE#HDH S0
A
EE. [W8] V %5 Hilbert ZEfH, {e;}52, 2 VOILRERIEK E L, LEDILz € Vi ITHL T
T = ;@rj ®§]
ZEZXY YA UEHETSE, ZDLE
> 5 : tanh ™! |||
<; rj) = tanh’lé
DR VLD,

EHE. (W8] V %5 Hilbert %2, {e;}52, % V DIEMIERIEIR, {c;}52, % 2 TABMIATRE 72 S5
5%, SOLEF V= (-1,1) %

= <§: cjrj> ®% (z€eVy)

WKLo TERETAHIERTE, fIFHEHAICBEIL TEHBET, s 200D EZLU TN 27T

fs(x @sy) = (z+y,0)
fs(z) s fs(y) — (x,¢) + (y,0)
fs(r®sx) = (ra,c)
1@ fs(x) = riz,c)
ZITe=) c¢e; TH%, FHT fIRMHLINY v 4 B CH 5,
j=1

SE 3R
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Preservers of point-reflection on generalized
gyrovector spaces

Graduate School of Science and Technology, Niigata University
Satoshi Takahashi

1 A

JNVEZER (X lx), (Y- lly) I8V T, f: X =Y BEED x, y KRHLT, ||f(x)— fy)|ly =
|z —yllx 27T, fIFFEHEMSHRTH S L 0). fI3// VAo ErN 32 RE T 254 T
b 5. FHREER ORI RO Mazur-Uram OEH [6] (£, {26 XK AN TV EHERDOUED
Th5.

EE 1.1 (Mazur-Uram O EH [6]). EMIE 2 V20 (X, ] - ||x), V.|| -|ly) €8WT, G
S X =Y WeREHHEER L5 1E, S — S(0) 3FERPEHRTH 5.

ZOEMIZ, NRBEDOE Z 7% e TRHLRAEHZ 52 7- D23 Vaisala[8] Th 5. NHBHEIE
H L, Hatori, Hirasawa, Miura, Molnar[4] I% inverted Jordan triple product &FEIEIL % yo—ly &
WY HEHEIZOWTHH U T 2 DI HEA (2 DA HE A %2 R Tl twisted subgroup & I
KT ELETB)ICHL T, Mazur-Ulam OEBO—#fl2R7:. 2—7 Y v FREBIOIERFIZE VT
inverted Jordan triple product D&M= EIX, BHE 2012, y 2D E L o ODNHRBEEITH S,
? Mazur-Ulam OEBO—MALZFEHT 5 1CH 72 0, [4] TI3HEEZ ML L 5B dx : X x X - R
2RSS dREFEBR T &, X NTO—HDONFREEI 2% L TV % inverted Jordan triple product
yr Yy IOV T, HEEMETTT(yr~ty) = T(y)(T(x)) 1T (y) DD IO Z EDIRS Nz, T3
—DOEHESRTH 5 d-IREGHR T —HONFEHEITdh % inverted Jordan triple product % f&
HI2LWIfRTHS.

% 72 Abe and Hatori[2] &, W22 —MLL 72 v A u X7 P LM EZHIC—BL 72, —
WAty * £ v X7 bOVZER] & FEIX IS 22 ¢, Mazur-Ulam OEH O #2572, Znznd
ICH7>T, [6] TRy Ao xXT FPVEBENTO z 2hbE L x O—HOXNIEE 2
V() =2@ 20 EVIEHRTRLTED, o, Z2—2 Y v FEMTONIREE) & FA%EOWE % i
DIEDPRINT S,

ATk, LY ¥ 4 v Ry b VRN TORNBEE o, (z) =20 20z KB LT, ~Bo%



G BRTH 5 Y v A v RF GBI NABEE Z R T 20089 IOV TEZET 5. twisted
subgroup OB, yr~ty & 22 (b L IF 27 1y?) ERETH 228, ~MRICIETIR D&
T, dREGRT B y?e (b LR 27 1y?) 2IRET 208 iE g >Twiwv. LaeL, —#i
Ly v 4 mx7 FLVEBOBOY v 4 v RS, WNHEE . (z) =220z 20y & y?,
ocxkrzttERERTILE 20y =y?x ! LA2 ) ZRETIEIBERESELOT, ML
V. RFETE, [4) NTOFEZ —BALY v A v x 7 POV L GEHTE ARRICKR L, Y v 1
HRAEOWEH T, NIREEINRAEINS 2 L 2T,

2 BEXRNLBEREAME

E&E 2.1 (¥ v A aff (gyrogroup)[7]). UTOFMAZT~ 7~ (G,®) 2 v A affv) . EHHL
TLEMFEINEA R EDL 1 DDIL0e GBHIEL, FED a € GITXHL T,

(Gl) 0da=a

BT, $hfac GICHLT, UL EMENS Ca € G BEELT, (G1) ZilikT 0 G Ic
"LT,

(G2) ca®a=0

ZWitz 9. HIZ, fEED a,b,c € G IZNL T gyr[a,blc € G B —RICHEEL T, @ IFEY ¥ A4 i
Rl

(G3) a® (bdc) = (adb) D gyr|a,blc

Zii72 9. ¢ gyrla,ble THZ 5N 55 gyr|a,b] : G — G 1Z~= 7~ (G,®) DHCRBEGHRTH
5. »7= (G,®) DACHMER2EDOELEE Aut(G,®) LT 5.

(G4) gyr[a,b] € Aut(G,®)

£7: G DHCFEREGH gyrla,b] 13 G DIt a,b € G »SERINEY v A u HAFRBEGG EFIXNR
5. gyr:GxG— Aut(G,®) 13 G DY ¥ A L—F— (gyrator) LMENS. £/, FED a,be G
&> TERI NG Y v A v HERMER gyr|a, b] 137V — 71

(G5) gyr|a,b] = gyr|a & b, b]
2R,

EE 2.2 (v A uniy v 4 0t (gyrocommutative gyrogroup)[7]). fEED a,b € G IZX L T,
Yy A uff (G,0) BUTOMWE, ¥ v A vkl



(G6) a ® b= gyr[a,bl(bd a)
Zi- T EE, (G,@) F¥ v A uifaTthsr L),

EE 2.3 (RINE (Coaddition)[7]). (G, ) Zz¥ v A oL T5. v A ufORMNE B I, £ED
a,be GIZHLT,

aBb=a®gyrla,oblb (2.2)

ILk->ThHZoNS, 2O JHEETH 5.
¥F/-aBb=aB(0b) TaBbxEXRTS. (2.2) TOb TbREZIZ, gyrla,Ob] 23HFHH
BRTthHhs I EICHEETSE, FTEDa,be GITRLT,

aBb=acgyr[a,blb (2.3)
PS5,
\ X \ X 1 1
E&E 2.4 (2-divisible ¥ ¥ 4 v F# [7]). (G,®) 2¥ v A ufftT2. g GD 5 X, 59 LHE,
1

1
5@9@5@929 Zii7zd G DILTH 5.

1
EEDILH 3 ROV v A 0 lt®E 2-divisible ¥ v A 2 EE W .

EE 2.5 (2-torsion free ¥ ¥ A BHE[7]). (G, ) Z2¥ v A uffLT5. gog=0%i7IILmge G
% 2-torsion element E\>9) . G D 2-torsion element 2% g = 0 72T DI, (G, ®) 1% 2-torsion free
THBER).

EE 2.6 (— ML ¥ 1A B X7 FLZERM (Generalized gyrovector space)[2]). (G, ®) %, B4R @ :
RxG—GZE2FOPryAunia a3, ¢ %2 Go6FE VL% (V,] - ]|) ~DO#SE T
%. DTo (GGV0) 05 (GGVS) D&M 2T (G, @,®,¢) (b L BHEHDOLD (G,0,R®)) %
LY v A v RY VR (LN EEDO GGV £3% ) Lw). {TED u,v,a € GRL T,

(GGVO) [|p(gyr[u,v]a)| = [[¢(a)]]
2TDacGITHLT,

(GGV1) 1®a=a

Wiz 9. fEED a € G, ri,rg € RITX LT,
(GGV2) (r+rm)®a=(r®a)® (r;®a)

i’z d. EED ac G, ri,ro € RIZHL T,



(GGV3) (rr)®a=r® (r; ®a)

i, AEED a € G/{e}, r € R/{0} I L T,

(GGV4) ¢(Ir|®a)/[|o(r @ a)|| = ¢(a)/[|¢(a)]

7. 2L el vy A vl (G, 0) DHMITTTH S, FED u,v,a € G,r e RIZXL T,
(GGVS) gyriu,v|(r® a) =r ® gyr(u,v]a

Wiz d. EEDveG, ri,m ERICWHLT, idg % G LOEEFEEHRETS L,

(GGV6) gyrir1 @ v, @ v] =idg

Z 7z,

(GGVV) {|lo(G)|| = {£||¢(a)|| ER:a € G} EFXRZ FLDELTOMN G LERAAT—fEF @ %FKD
F 1RGN FVERTH S.

TEDacG, reRIZNLT,

(GGVT) |lo(r @ a)| = |r| & |l¢(a)]

Zii7ed. EED a,be GITHLT,

(GGVS) [[p(a®b)|| < [lp(a)] & [lo(b)]

7z 9.

#WRE 2.7. G 2 GGV 72613 2-divisible 7> 2-torsion free TH 5.

Proof. (2-divisible TH % Z £ DFW ) GGV DEE (GGV?2) Tl
(rm+mrm)ea=(rrea)®(r;®a)

THbH. ZITri=ry= % EFTUL X\,

(2-torsion free THHI LD )ada=20a=0 LRETS. GGV DEE (GGV3) K

(Mr)®a=r @ (r: ®a)

1 1 1
ib,a:(§x2)®a:5@(2@(1):5@0:0“6‘37)%. £>Ta=07Tdh5%. O

EE 2.8 (¥ v A vl (The gyromidpoint)[2]). (G,®,®) Z GGV £$5%. 2K a,b e (G,8,R)

1
DY x4 i pla.b) & pla,b) = 5@ (aBb) LEHT 5. £EL, BEY A 0 (G,®) DR
HTH 5.



F7- B TH 57290, p(a,b) = p(b,a) DD LD.

3 GGV LOMRBENMRFIE

AETIIEEHEZIEHT 270 05M% (4] OFMEE2SHEICHRB L, ERT 5. EXTIHIC, GGV
FORHEENC DV TR B0 H 5 7, fid [2, Proposition 16] Z#E/47 5. F 7aHERHE T
EHDIREISD K DPDFEHEHRINT LD, SHETOMWRTH 2BREREIN-DT, LEIN
b0 EEHELTHNTS. LT G, G, G % GGV LT 5.

EE 3.1 (GGV Lo+ A vlfiff (gyrometric)[2]). fEED a,b € G N LT, p(a,b) = ||p(acb)||
95, ZDpx G LEOY Yy AL, v A aihif p ZL T OFEAZ 7.
p(a,b) = p(©a,Sb) = p(b, a) (4)
BT, (G, @, ) BE/ LV AERZSI1E, ¥ v A Tl L AD S MEhN 2 TS 2.
iR 3.2 (Vv A vy v A v =AAEX). BED x,y,z2 € GIINLT, v A ufifffiliy v (0

“AAER
p(x,y) < p(x, z) & p(z,y)

R R

aiRE 3.3 ([2, Proposition 16]). z € G IZHNL T, ¢,(x) = 2Dz o x zi/c T RHELH 2 GH
Yy : G — G UM ToOWEZiE-7. (LED a, be GIZHL T,

(p1)
(p2) (@), ¥=(b) = p(a,b);
(p3) Yz(a) =aldz=a EFAMETD 3;
(p4) z =p(a,b) % 51F, Y. (a) = b2, P, (b) = a;
(p5) p(¥=(a),a) =2 p(a, z).

E&E 34 (Vv A vHMHRAFG B (The gyrometric-preserving map)[2]). (Gi,®1,®1) &
(Ga,®2,®2) 1& GGV E L, p1,p2 3% GGV DY v A ulliffit §2%. D a,b e Gy ITH LT,
p2(T(a),T(b)) = pr(a,b) ZMitcT T : Gy — Go & ¥ v 4 RHHERIFTHRE 0

EE 3.5 (M B(-,). a,bc G LY, HET 2. GGV (G, ®,®,p) BUTD (1) 225 (3) DL
Ziir-T L%, (G, ®,Q,p) 135M B(a,b) ZHizd v,
(1) FED x,y € GITHLT,
p2@x0b20yob)=p(z,y)

N ARVASR



(2) sup{p(x,b) : x € Lap} < 00 IR ILD. 272 L
Lap={eeC:plaz) = p2@b6 a.z) = pla,b)}:
(3) fEED & € Lap ITHLT,
p2®xobx)> K& plx,b)
itz $ K > 1 DMEET 5.

EE 3.6 (5 Co(-,). a,be GZED,FETS. GGV (G, @,®,p) BUTFDOEMEZMLT L E,
(G, ®,®, p) X5 Cy(a,b) Z2WrT L), EED x,y e GlTrLT,

20coa=b, p2®cox,20coy)=p(xy)
Zhi7zd ce GOET 5.

EIE 3.7 (jiifi) (Gl,@1,®1) & (Gz,@g,@z) Z GGV &L, p1,p2 ZENEFN G, Go DY v A
Ot s 5. fLED a,be (G1,®1,®1) ZEVEIETS. T - Gy — G 2R v A 0 EEERA
R4 s L,

T2®1bo1a)=2x®,T(b) 52T (a)
DR VLD,

Proof. fFED £ € GLIZH LT, Yp(x) =20,:bO1x L BL. ZOE, ¢y : G1 — G113 well defined

TH Y, i 3.3. LD, Yp(b) = (b), p oy =idg, BILY D, IV v A B ¥ 0 =f

AEX LD, B(a,b) D (2) 27T DT, ¢y & [4, Corollary 3.10] DIKE Zifi7z L T 5.
FRAERD e G I LT, p(x) =2®s¢cSox EEL. 7272 ce Gy I

c= % ®92 (T(a)BH2 T(2®1 bS1 a))

THD, 20,02 T(a) =T2R1 b1 a) BEHIL>TWV5.
ZL T, pop=1idg, THY, p: Gy — Gy i well defined WG v £ 0 FEiREGHRTH 5.
HZEIC LD, o(T(a)) =T(s(a) & o(T(¥s(a))) =T(a) H3HH L.

FEE, c DIEDTTICLD,

o(T(a)) =2®3¢c62T(a) =T(2®1 b1 a) =T(Yp(a))
D3R D 37D, left cancelation law & ¢ DEDHIZ LD,
e(T(Pp(a)) =2®2¢2 (T(2@1b61a)) =22 €0, (202 ¢S T(a)) =T(a)
DL Y 32D, T 2T [4, Theorem 2.4] X D,

p2(p(T'(b)), T(b)) = 0



215, 51T p(Tb) =T(b) & 2R ¢ T(b) = T(b) 27T, FMiEH2.7 X GGV &
2-divisible 7> 2-torsion free TdH 5. X - T right cancelation law, £V — 7' [7, Theorem
3.34) £ D,

(b)
2®9 ¢Sy T(b) My T(b) =T(b) By T'(b)
%%cszﬂbmﬁW(M%Twﬂ()
= T(b) ®2 gyr[T'(b) ©2 T(b), ©2T'(b)|T'(b)
=T(b) &2 gyr|0, @zT(b)]T(b)
=T(b) ®2 T(b)
=2®yT(b)
2®5c=2®7T(b)
c=T(b)

2155, Lddo T,

T(2 &1 b@l a) =2 X9 € OS9 T(CL)
=2®2T(b) ©2 T(a)
T(2 ®1 b @1 a) =2 ®2 T(b) @2 T(a)
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A Jarosz’s theorem for real-linear
1sometries
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1 BFU&HIC

Mazur-Ulam [9] @RI S & 5 X 9 12, 25 EFHEE SR H BN RE T 2 BB RESE
FEFERERE TS (O ERPEETH 5 L v ) 26, FRMSHROMIEDIEIC
BT EEOLEOMIET 2 LHEETH S EE T, 2 2T, EIBEERICHT
% Jarosz (8] DEH Z WL L, D DAL HLH A[#a Banach BR oD [0 #4702 R AF
% R ERIEHRMEROMEIE 2 S ETRET 2 2 LD TELDT, ZN2WMET 5,

2 TEER

E&E 1 (BY%ZEH | regular subspace). X % 237 I Hausdorff 22 & L, C(X) &2 X
FoBEEREMEEREESROESGL TS, A% C(X) OB E L, Ch(A) 2 A D
Choquet boundary £ 9%, A% 1%Z28% C(X) OMIBETEMLE TS, APMEREDIE
D e > 0, LD 29 € Ch(A), LD zg DHLERE Uy 12X L TUUT D4k % 72 970
fe ADHFIET % &£ Z, A % regular subspace TH 5 &9,

o [flle=1+¢
o f(zo) =1
o EED e X\ Ul LT, |f(z)] <e

E#E 2 (uniform closed function algebra). X % &t 2 » %27 F Hausdorff Z2[H &
L, Co(X) % MR 5T 2 5 EARBUEER PR A DL ItER E L, A 2 ZDEfT% iR
E3%, UTOEMEEZAT A% X _E® uniformly closed function algebra &>,

36



o A ¥ sup norm I[ZBJL CRHTH %,
o [EHD X DIt x,y € X(x £y) IS LT, f(z) # fly) &% 5 fe ADVHFET
5, ¥7, fERBDOIGr e X ITWLT, gx)#£0 %5 ge ADVHET S,

EE 3 (one-invariant &€ 3/ VA), X 223 %7 b Hausdorff 22l & L, A 2 C(X)
DEAKEMET 2, pE A LD/ VL EL, EICUTOFERMZTLEE p %
one-invariant %&£ 3 J VA E WY,

o fEHD fe AlXDwT, p(f+1)=p(f)

EE 4 (pnorm). PZZRjt2—27 Y v FFH R2 ED (1,0) 3 1 ICHIET % /LA ek
E95, fEED pePITHLT,

Dl = tip, P

EED D, (2 DMROFLEDFEIZ D WTIEFIZIE, [13] D 3 Hid Theorem 3.22 (Z
TRINTWS, ) X 2287 b Hausdorff 2l & L, A %2 C(X) OBIBZEHE L, |- ||
ZALEDNVA || 2 A LD one-invariant 2 I/ VA ET B, TDEE, HD
peP EMLT, || || 28

lall = p(llallse, [l @ [I) (a € A)

EBLE ||| 2 A LD pnorm &9,

3 p-norm DEEZFFOHEARF BT Banach IRDH

p-norm DFEEZ b OB EHAITIE Banach B e L TUT D X 95 2HlB3H 5, 7,
R?2 D/ Vb ELT
pi(z,y) = |z +|y| ((z,y) € R?)

£9 5%, ZDEEZ, eEPTH5,
Bl 1. A=cC'(0,1)) %
A=CY[0,1)) ={f e C([0,1]) | f 12 [0,1] L THITRET £13 [0,1] ETHEkETH S )

ELERD fe ARKNLT, [[fll = [[fllso + 1 loe = ol fllocs [/ lloc) €920 2D
EE, (A ]l -]) 13 p-norm DKEEZ b D HALIYE A A Banach B TH 5,

37



Bl 2. (X,dx) %2> /87 FHEREZR & 5 5,

A=Lip(X)={feC(X)|L(f) = sup 1) = Fw)l < 00}

L ERD fe AIRNLUT, |flls = [1flle + L(f) = pr(lflloo, L(f)) EF B &,
(A, ]| - |ls) 1 p-norm DOHEIEZ b D HAZW A #4 Banach B TH %,

4 Jarosz DFEE E p-norm DIBEZFF D BRI HE NIk
Banach IROEDEHNERIRTEFIEHEROEE

Jarosz [ZLL T DEBZR L7z, [§]

EE (Jarosz). X, Y #2387 | Hausdorff 22[Hl& L, A, BZZhZ N C(X) &£ CY)
DBEFRIGE M E L, p, qge P T 5, TIT, A BIREBEEZER, |- |la, -z
Z2ZNZN A, B ED pnorm, gnorm & L, T: (A, -]|a) = (B, - |s) ZHAiy45
FIHHESSRIE GBR EIRET %2, CDEEH L, D(p)=D(q) =0 F7iF, A & Bhrzh
ZFNC(X) £ C(Y) @ regular subspace TH % & Z T IF sup norm IZBJ L THEEHHET
b5,

T 73 sup norm IZB L THFREECH 2 L E, UTDZODOEHEZH WS 2 L TE S,

EHE 1 (Gelfand theory). A,B % HiAzRy-Hiffin[#i Banach B & §%, T: A — B %[l
ﬂg{%k?‘%o ZDE %'ﬁﬂﬂg{%gp : MB — MA ﬁ‘ﬁﬁbf

Zf(a\) =aoyp ,acA
EIE 2 (Nagasawa DEH (1959) [11)). (A, |- |l1), (B, | - |l2) ZBIBERE T 2,
T2 A6 BNOEREREGIVERGSRTH 5 & &, T(1) \FHHED 1 O rLHEIECT
HY, 7y B ADS BADEIEE L TORBEHRTH 2.

EBL 11X Gelfand DGR &L D H <26 X KCHIONTWAEMTH D, EH 21X Naga-
sawa DEH L XN % Z £23H b, Banach-Stone O EB % BIEERDGE IR L 72 B
TH2, A, BBZNZNHEMWERM O Banach BRTH 2 L E, 26 2 DDOEH %
M2 ETT OREIRUTOXIICRET S Z L3 TE 5,
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EIE (Jarosz) @ T OMEIE. FMER ¢ : Mp — My DFEL T,

o~ ~

T(f)y) = foply) (ye Mp)

72721, 7 & Gelfand £¥a% £ 7,

5 EEME

FEE. X,Y 2287 F Hausdorff 22l & L, A, Bz ZhZNn C(X) & C(Y) D&
T E L, p,ge P 95, TIT, A BIIEBBEBZER, |- ||all s 2%
NZFN A, B LD pnorm, gnorm & L, T: (A, |- 1|a) — (B, -|lB) Z R4
BEFERIEER, T() =1 £33 T60)=—i ERET S, TDLEEBL,D(p)=D(q) =0
¥k, AL BRZznZENn C(X) & C(Y) D regular subspace TH % & Z, T & sup
norm 2RI L THEHEETH 5,

FEBL 2 78 RIS LU T Ot & BAZRY - HHi ] 4 Banach BR (3 Gelfand 2% 587
2 & TC(My) D regular subspace TH 5 Z EITTHEET %,

il (Jarosz [8] Proposition 2). (A, | -||) Z B2 HAA]HE Banach BRE T35, T0D
L, Az C(My) O regular subspace T %,

FERDOIHADEIEE. Casel: T(i) =i DL &E
ZD5EI3 Jarosz [8] DG EZEM T2 2 L THtH 2 2 L8 TE 5,
Case2: T(i) = —i D L &.

B={glgecB} L, EOEg e BMLT, gl = allgle | 7 1), %7
Ly lllg =l g1l €35 &, Bid p-norm SEZE I 7z C(Y) D regular subspace TdH
%, 22T, Ty: A= B% To(f) =T(f) LEDD L, Ty I3 A4 55 B FHUE 5
BT Ty(i) =i L 5DT, Casel Z#HT 2 Z & T, Ty & sup norm 1ZB L TERHEET
b5,
w212,

IT()lloe = 1T (oo = ITo(f)llso = 1 Fll

£ 5D, Tl sup norm 1B L THEHEECTH 2,
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A, B 3% N Z AR B # Banach BRC, T %% sup norm (ZBH U T B S
TH5EEATHEDEM 1 LMD Miura [10] W2 2 L CT OfEERZIRET 2 2 &0
TE 5,

EE (Miura(2011) [10]). X, Y Z/Fra 37 & Hausdorff [ & L, A, B%ZZNn%Z
1, X £'Y E® uniformly closed function algebra & 9%, T : A — B 235 IS
G ch 2 L &, MBSk : Ch(B) — T & B> 2M%EATH % Ch(B) Do
# K, 2L T, AMHEHe : Ch(B) — Ch(A) BMEEL T, BT D 70,

_ [ swfew) (yeK)
T = { k() f(ey)) (y € Ch(B)\ K)

e T@)=ivtE. Ty =Ffopy) (v Ms)
e T(i)=-intE,  T(f)ly)=fowly) (yeMp)
SE R
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B#IRERICH [T D Mathematica ZFHWIHRE

PR AE =, W Ek

0 [XLU®IC

WE4:, Mathematica 2 ARBEICHE ) a2 EdH o7z, BIESGERICO 2 2L TID k)%l
Liddin ?bi(LZN)"C: : CHET S

1 RHEHEDZREZEMRTR
COEITIFNHE (BiffRERR) DAL [3] ZHNT 5.

1.1 HIEIRR
A, B,C,D %EYI7H 4 205 E L, ROBIGL AT L% ELD.

Yn = Au, + Bx,

I‘OIO

up WEAN, y, 1 FHT), 2, 1FIRFE (state) EWFIEND, 22T,

oA =0
T spme (2
LEDD L .
= Z () un—j

’mbiﬁ é%w<p%ﬂ)®7—Ulﬁ@kﬁ%(ﬁ@@%ﬁ@Zﬁ@&W@ﬂ%% b
LN AR U

=> @(j)N = A+ AB(I - \D)"'C

J=0
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DR LD, p lFT AT L (A, B,C, D) DIsiEBIEL (transfer function) & MEIEI S, (BRI D

ERZEHEICHAL X9,
UN =Y wX, Y\ =Y yN
j=0 j=0

LED D L,
Y(A) =eMNUQR)

DD LD, T, ERBUE 7 — ) AL 2 TO AT ERIDHTH B, RIZ, (n+1) x

(n+1) D2=% V175l

é’ g) (D %3 n xn)

BEZDH, ZDEE, VAT L (AB,C,D) 3= VAT LAEMENG, 225 YT AT A

KB L XA N T 5,
FE 1. (A B,C,D) 2228V ATLETS, ZOLE, ZOMEERE o 3R n OFER7

7 aTETH B,
ZDEHIT, AT LDOEERKEEL T, HIHEBEFROMEE ~N—T ¢ 220 LOEH R, T

2R 22 O Blim 2 B %

2 2a—=FP7ILdVXL

ok

S(D) ={p € H*D) : [l¢[lo < 1}
EEDD, SD) IF>a—T7 7 7 ALEING, FED o € S(D) XL, BEEI{f.}nso & ET

fo(z) == ¢(2), 7 = fo(0)

__Jam1(2) = -
h@y_zﬂ—?:ﬁ@mdf Yo = fn(0).

NIZ DY a—=TRIA=FEMIENG, ZDOLE, f,cSD) Dy, DI

RS, (v0,m1, -
HHTH A9, 561, ROZEBHIGN TS,

e Ing ENst. || =1 ¢ iEng ROBR7 7> 27 .
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e P a—T7T7NIY XL S(D) DREKOESEIEE S5 2 5. FEE,

(1- |’Yo|2)zf1<2)

p(z) = fo(2) =70+

1-— )z
oy (=)

EE RS fi1(2)

1-— Nz
— o + ( ’70|1)

Yo%
(1 | >1|2)Z
! 1

%Z—f‘m

EERMETIUX X v,

1.3 EHREER

PR BEH COM BRI O TINE 223, S a—7 7N XALI1E D OEETH
HTL %, #oT, FEE T 2—7 89 X =9 %2 RDBDIFI fTT%&@T%%ﬁ AR

Mathematica 23% % . BRI WE L 725 KO R EWIE I E % , PG 3 O 4EEED AR
EMEDT—< LT P a—737 X =% DIR5EE\ % Mathematica “CDFJ’\Z) ZE) NHE
WZHRERL 72,

¥,

pz) = [[ =L (au,....c, €D)

jzll—a_jz
DEE, {Y x{ar,...,ant = (Yo, .., ) FEHERHTH S, #>T, AR 7272705
LITERIFL, 2 a—TNRNIRX=F 7T Lo mT 5L Iclbnsg, LIA0, FE60/100
DM 6 FZ R Z 8 il 7 v ¥ LITEY, WET 53 2 —7 7 A=Y Dtz FIHEZ T3 &,
M1DkI%77 7084 BE6NT. 7V DRALIZTROICHAIERRZ 3 L v DIdH
WilltThsd, 51, 1O WT, FERO—D2Z2EMHEObDICLE P2 5L, K

QDX I IV T A EDMERTE, UL L2EE 2, ROTVHZ T,
FE.D, 2R 0<r<1 DOBMRETZ, ZDE X,

O<Vr<1, dNeN st. YVn>N and Vay,...,a, €D,

0< || <|ml < < |l < |l =1

D FoO—MNfEEZ, BREZIVILTERE W) T L,
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04l
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8 10

Xl 1: n =8, r =60/100 Dl

1.0

0.8

0.6

04f

0.2

0.0

0

B 2: 1 DHNcENT, FRO—D2Z2EFEDOLDITE DR T,

7b§}szbj/)T\%% 3). ::T\(’yo,")/l,..
TINTA=FET 5,

Z DOV H% Mathematica %2\ THEGEE L 725 R RDE 1 TH S, 1D O IFFHELn &
riCXL, D, 226 n lOFELEZ T VILGERE, WHIGTE2ERT IS a7BDOS 2 —7%5
A — 7 DHHEDST R TOFITHEIIEIM L 722 & %2, x 1ZZ20HEFMERFN M EHn2 &
BREWRT S, fEoT, TRIIKT 2HIZE SR>, NHEBEDREER, HHK (—HEH) o
W hD3d ) Mo 7 7T L% KIBICKRETE D, PRZI (F4EKGEF) $§52LI13TE

TR,

2 4

) Cial,..

6

3

10

Lo, EENELTOLDOER 7 7 a7 DY 2 —

|| 30/100 | 40/100 | 45/100 | 50/100 | 60/100 | 65/100 |

X

X

X

X

X

wo|~|o| o e | w
O|0|0|010|0O
OO0 O] %

O|0]|0O]|0O| %

Ol x| X |x|X

O x| x|[x|x

XX | X|X|X

£ 1 ATDRE n, FIDSPEE r
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2 2a7ILY-EvIDRER
z=(21,22) & w=(w,wy) ZD? DKL L,

zj—wj

bu, (zj) =

) =1,2
1_w_]ZJ (j 7)

EEDD, TDLE,
[bun (22) 1% =+ [bug (22)[* = by (21)buy (22) " = 1 = (1 = [buy (20) ") (1 = [buy (22) ) > 0

5

d(z,w) = \/[bu, (21) 2 + [bun (22)[ = [buy (21)buy (22)
REBRTLIENTES, ZOdIBEL, S2ICTXRERLL.

EE 2 (S[2]). v = 1,10) 2 D* LOIEMIACE®RET S, ZDOLE,
0 < d((z), ¥(w)) < V2d(z,w) < V2 (z,w € D?)
N ARYASR

I, a2 Y-Ey 7ORERXD D? iTh S, FHEE, ZoiHEZ S(D) ICHEHT 5 L,
WD 27NV Y-Ey 7 OAERDTE LIRS 5,

(27 OFHREOBEMEBRITMEER) . £3, H2 2D Lon—FT1%BEL, Ty % f 26
57 =70y VMEHRK, Py ZEEAZEME M ST 2EZHELETZ. COLE, f(0)=0
ZHET feSMD) WL fezH? THHI 6, ¥7 7 ADMEEEETEHIZLD,

Iy >0 st. TfTy <Py =TT,

KD ALD, TIT, P DEZHFHETHL L L |TH| <126 y=1 LEXRXD I EBDNP 2,
XoT, k% H? OF4 E 1T,

AP

)\ 2
WO 7k k) < (T2 ) = 1-\p

1 —[A]2
NI A RVASS O

575 2D AEEMOARENRRTIEY —ADOEREMTH 2006, ) —ADEBEH)
53 2T NVYDAHEANEPNDE EEoTHL0ESYH, T, 29753 R Td IZFEHEEI%
2?2 DREE %, Y, ADHEDNH LD T d IXHEEREEIC o w2 s ) LR, WEEEDTH
WFEHE T 2HEENE ERBIZIR L 72039 FL kot Z2TC, XD 2 IZ Mathematica
T 7RIE, KOS BEHZFELL) E L, E2AD, BEVLEFTEH-bon, £
) OLYPDOTFRIFIR S T LD TIERVPER) k) Ick>7%, FRS8HIZAD, XE2RTI L
MTET.

(A eD)

Proposition 3. d is a distance on D?.
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Proof. Let z and w be two points in D% We denote z = (21,22) and w = (wy,ws). Firstly,
it is trivial that d(z,w) = d(w, z) by the definition of d. Secondly, let d;(z;,w;) be the usual
pseudo-hyperbolic distance between z; and w; in . Then we have

1 — (d(z,w))* = {1 = (di(21,w1))*H{1 — (da(22, w5))?}. (1)
Hence, if d(z,w) = 0 then d;(z;, w;) = 0 for each j = 1,2, that is, z; = wy and 25 = wy. Thirdly,
we shall show the triangle inequality. Since d is invariant under the action of Aut(ID?), it suffices
to show that
d(z,w) < d(z,0)+ d(0,w).

We set |z;| = r; and |w;| = s; for j = 1,2. Then the inequality

i +S;
dilz: w:) < 24— 2
i(zj,w;) < 1+7;s; (2)
is well known, in fact, which is equivalent to the triangle inequality for d;. Moreover we note that
L= (d(2,0)* =1~ (rf + 73 —riry) = (L =) (1 = r3). (3)

Then, it follows from (1), (2) and (3) that
(d(z,w))* =1 = {1 = (di(z1,w1))"H{1 = (da(22, w2))*}

c-f- () Ho- ()]
(L=rP)(1—=sP)(1—7r3)(1 - s3)

(1 4+ 7151)%(1 4 1282)2

_ o {1 d(z0)7H1 - (d(0,w))*}

- (1 +7’151)2(1+T’282>2

—1-

Hence, we have
(14 7151)%(1 + 1r982)*{(d(z,0) + d(0,w))* — (d(z,w))*}

> (L4 7151)° (1 + r282)° {(d(z, 0) +d(0,w))* — (1 _u- ((f(j’r(?s)ﬁ}j& 4__ figg)’zw)) }) }

= (L4 r1s1)*(1+ 7282)” {(d(2,0) + d(0,w))* = 1} + {1 — (d(2,0))*H1 — (d(0,w))*}
> (d(2,0) +d(0,w))* = 1+ {1 — (d(2,0))H{1 — (d(0,w))*}
2d(z,0)d(0,w) + (d(z,0)d(0,w))?
0

A%

Therefore we have
(d(z,0) + d(0,w))* — (d(z,w))* > 0.
This concludes the proof. l
SO E RS DB B, (2] ORI, FEWIOITER E 57 H5 5B, Proposition 3 43
Agler-McCarthy [1] @ Lemma 9.9 2> 5 fHICE NS Z LiZKD i, T &) 253 & &l
DERELH D, D Proposition 3 DFEHIZ 2] 2260 F 2 &Lz, LaL, FERITM S 2DH%
D2 EDLH BB LNBVDOTI ZITEET 5.
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[1] J. Agler and J. E. McCarthy, Pick interpolation and Hilbert function spaces. Graduate Studies
in Mathematics, 44. American Mathematical Society, Providence, RI, 2002.

[2] M. Seto, Indefinite Schwarz-Pick inequalities on the bidisk, New York J. Math. 26, pp. 116—
128, 2020.

3] WH gy, ¥ a—7 7013 XL 2RO, V3 0 FEARIEGRL, Bk
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Compact homomorphisms between algebras of
C(K)-valued Lipschitz functions

Department of Mathematics and System Development, Shinshu
University = Shinnosuke Izumi

1 E5

FREEZEE O I 17z Banach BRICHE%Z & % Lipschitz B35 5 72 % Banach 8% & D H1F,
DEDHERIMER L ZD a7 FEICOWTIET 5. FFIC, Lipschitz B & LT, a7 b
Hausdorff Z2[f_EOERBEEGERIEER ICEZ L 2856252 5. 78, NEIZOWTEEARELT
I (BMNRY:) & oEGH (3] D3I > T 5.

2 LipschitzEBDEH L ED
A, Lipschitz BIBDER Z R 5.

EE 2.1 (X,dx) Zav %7 MEEZEME L, (A ]| -]|l4) 2 C LD BanachBtE 3 2%,
(i) X Lo Alcfitiz & 28958 f 23,

_ 1f(x) = f(2')]|a
Lxa(f)= xil}fx e < 00,
rHx

% H1=§L E, f % Lipschitz B & \»\>, Lx 4(f) % f O Lipschitz B8 &\ .
(i) X D Atz &5 LipschitzBA%0 6 72 5546 7% Lip(X, A) £HS.
(iii)) A=C D&, C 24 L T Lip(X) £¢&X<.
RIZ, Lip(X, A) DFRERZZMWEIZOWTIERS.
B 2.1 (X,dy) #2287 MEBEZERE L, (A, || ||1) % C 1-® Banach B2 ¥ 2.
(i) Lip(X,A) Cc C(X,A) TH2. 2L, O(X,A) 1x X LD A% & 2d@5EF—ED 5% %
Banach3RTH 5.
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(ii) Lip(X, A) 3&FRTON - 2AA7—H8 - L, /vh
I fllLipex.a) = [ fllecea + Lxalf)  (f € Lip(X,.A))
IZBIL T Banach B2 7% % .
(iii) A D3A[H7: 51F, Lip(X, A) b EF70H1TH 5.
(iv) A DSHLIE%E b7 613, Lip(X, A) b =¥tk bo

3 LipschitzIROBDERBEKRICDOWNT
3.1 TEREETHER
N HERIRI GG & AN EAR DIER ZIBR 5.
& 3.1 ERABE®KR) A B 2 ZNZTNHANIC ey, s DD C LD BanachBREL, T % A D>
5 B NDEBRET S,
(i) T 301 - A7 =8 - MoMEzk>. §42bb,

T(a+0b) =Ta+Tb
T(ka) =kTa (a,be Ak eC)
T(ab) = (Ta)(Th)

ZHI-TEE, T 2#RABRER (homomorphism) &) .
(1)) T 73 Tepg=ep A7 EE, T ZHB{M (unital) &\ 9.
Banach BRO B DHEFRIBI GG O W TIX, ROEFEIHI S LT 5.

EE A (cf.[7]) A % BanachBrt U, B ZFHilin[# BanachBE T 5. ZDOEE, T 8 A»5
B ~DMERBEGH T 513, T 138K TH 5.

EHE A 1Z, Banach Bj A 2> 5 PEHGHT A Banach 32 B ~OHEFRIFI B 0 A E %2 FR L
T3,

RIZ, Lipschitz BROE D HERIBIEARIC DWW T DOEITHIE 2B 5. 1963 412, D. R. Sherbert (%
8] DT, Lip(X) %5 Lip(Y) ~OHAHER B GG 2 R D X 5 IRV 72

ZEIE B (Sherbert, [8]) X & YV Zav 37 MEMZERE TS, COLE, T W Lip(X) 206
Lip(Y) ~O R HERIN GG TH 5 72 D DLETFMEL, Y 26 X ~D Lipschitz 518 o %
T, T 28

(THy) = flely)  (felip(X),yeY)

EERINHIETHS.
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Z D%, 2013 4E121%, F. Botelho and J. Jamison 1%, Lip(X,.A) 25 Lip(Y, A) ~OHALYHE[H
RIGR % & 550 F CREAHT 72, 72720, A%, IR T 2E L5055 72 % Banach B ¢, %
7203, HEREEZELIN DS 7% Banach B (> TH 5.

ZIT,c & (™ DAL EFFONME O BRCH S Z LICHEET 3. §5% &, Gel'fand-Naimark
DEM (cf.[7, Theorem 11.18]) 76, fEEDOHAILZ KD W C* BjiX, & % 237 | Hausdorff
Zeft] K L OBEEEEGREED & 7 2 An 2 Fe o m[Hh O Bt O(K) & «FREEERM L 72 5. L
7235 T, AL O BRfl Lipschitz BRO ] DMERIT GG 2 K\ % 9 2 Tl Lip(X, C(K)) 2%
ZNETTTHDL I EDOD S,

2016 4E12, S. Oi i3 [6] DT, Lip(X, O(K)) LOHERIRI G 2R D X 5 IR T 72

EE C (0i, [6]) (X,dx) Za v 37 MEEEZERE L, (Y, dy) ZH8f57%a 87 2R & 3
5. ¥, K &£ M 2237 F Hausdorff 2l & $%. ZDEZE, T 2 Lip(X,C(K)) 5
Lip(Y, C(M)) ~DHAWHEFBIGARTH 2 72 0 DB, 5t (a), (b) ZHRT Y 225
X NOEBRDWE {py}nems £, M D26 K ~OHEHEGR o ZH T, T 23

(TH] M) = [flea)] (@) (f € Lin(X,C(K)),y €Y, n€ M)
ERINHGILETHS.

(a) ZyeY IZRHLT, Moy p,(y) €Y (FHFHTH 5.

() sup sup LXPu®):en(y))

neEM yy' ey dy (y, )
Y7y’

< 00

3.2 EFEE

F. Botelho and J. Jamison Df5HES° S. Oi DFGRTIE, R GEVBHANTH LI L L)Y 23
HETHE I EMBMREINT VWS, 22T, IN6DREZIY b &, ¥ERITEH % 582 Rl
J%. 207010, feLip(X,C(K)) Z e X & (e K Z#EBETHEBMEARL, [f(2)](&) D
R DIT f(z,8) FL. e, 2 e X ITRHLT, f(z) DRODIC f, £FL. 6T, e K ITH
LT, X LoBE ¢ 2 fS(x) = f(2,8) TERTS. 2D EZRDOMEDED LD:

il 3.1 (X,dy) Za v %7 FHEREZEEIE L, K #2827 F Hausdorff22ME$ 5. 72, f:
XxK—=C&T2. ZOLE, fclip(X,0(K)) ThddDBLEAIEMEE, feC(X x K)
VIS

||fx _fx’HC(K)

< 00
z,2'eX d)(<CC, [E,)

ZHRLETIETHS. 51, | flax.cow) = IIflloaxr) DID LD,

findl 3.1 DB ZHFIHDE, ROEHEZE7.
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EH 1 (Takagi-I. [3]) (X,dx) & (Y.dy) Zav 87 MM ET 2. £/, K & M Z2ay
X7 & HausdorffZEf1E 3%, 2O LEE, T H Lip(X,C(K)) »6 Lip(Y,C(M)) ~DHEFRTIEL
TH 257D DRENIEMZ, Y x M DA OHEDEAG D &, & (i) 2 A7 D 6 X ~OD
HRER o &, F&F (i) Z AT D 26 K ~NOHER  BAEL, fEED f € Lip(X,C(K))
RFLTiex LT, T A3

fle(y,m),vly,m) ((y.n) € D)

Ty, n) = 1
(Tf)(y,n) {0 (y.1) € (¥ % M) ~ D) (1)

LHEINDZIETHS.
(i) R Hl-FEBL >0 BHAHET 5 -

dx (e(y.m), 0/, n))

) ) /7 € Dv ' = S L.
(v,m), (¥',m) y#y (00
(ii) fFEED ne M ITNLT, D'={yeY :(y,n) € D} DHIPOHAEAGTH 5 X ) HRDE
Vi VT,
Fi=1,...n, TRLT, " V" L CEM
VNS

dY(Vina ‘/]77> >r>0 (Z 7& j)v (2)
ERBBDOREAET B, 750, r 1E n IR L e,
Ioll, T BRI TH 27O DBEADFEEID=Y xM %5 L TH5.

B

i

w

3

2 2T, EH 1 ORI I R W D DmEIC D W TIAR S . A BREHIZ O W T, X (3]
6] zEHI N0,

Rl 3.2 [TED (z9,m0) € X x K &, (20,1m0) DIEEDBIERH U 12X LT,

0<f<1

f(xo,m0) =1
flz,6) <m<1 ((z,8) € (X x K)\U)

L% % felLip(X,C(K)) LEB m>0 BEET 5.
%8 3.3 Banach B Lip(X,C(K)) I HHiTH 5.

i 3.4 Lip(X,C(K)) DERA T 7 VZ2EMIE X x K LRI N5,
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3.4 TFIE 1 OSHDHIE

O, @B 1 OFFHOBEIC O W TAR S . FAEDGEHOFE I DWW TR 3] 22K
N, £9, ROFEHEOT T, EH 1 Oz GEHT 5:

(A-1) Y x M DRSS HEA D DT 5.
(A-2) 20DHEFHEHR ¢ : D — X, : D — K BHET 5.
(A-3) T 25 (1) TIN5,
(A-4) o D3G&MF (1) 2 AT
(A-5) o D3GAF: (i) Z A7
M 3.1 X0, T 2 {EED f e Lip(X,C(K)) LT, TfeCY x M) 2D

1(Tf)y = (Tf)ylleon
L Tf)= su < 00
Y,C(M)( f) y,z;’éep}/ dy(y,y/)
y#y

AT THERBERTH S 2 L 2R T.
BN, GeF (A-1)-(A-3) 22 5 X DOHfiEE 2 %

WRE 3.1 (A-1)(A-3)%IKETS. TOLE ALED f € Lip(X,C(K)) I LT, Tf € C(YxM)
TH 5.

RIZ, Gtk (A-1) EBARBEDO—MGmD 6 XOuiEE 2 5
ifE 3.2 (A-1)2IRETH. DL E,
inf{dy(y,y') : ®% ne M IZHLT (y,n) €D 5 (y,n) € (Y x M)\D} > 0.
ThH5b.
BRI, S (A-1)—(A-5) Ll 3.1, 3.2 2L RXDffEZ 2 5

#R8 3.3 (A-1)-(A-5) 2IETS. ZDLE, T Lip(X,C(K)) 25 Lip(Y,C(M)) ~DHE[FH
FRTH D

L7eh¥o T, 56 (A-1)-(A-5) 2 A% T & &, T 2% Lip(X,C(K)) 25 Lip(Y,C(M)) ~DHEFR
BRTHDL I Lot

R, I OEEZFHT 5. T2bb, T 28 Lip(X, C(K)) 6 Lip(Y,C(M)) ~DHEFH
G 513, &fF (A-1)-(A-5) ZA 7T 2 E&FMT 5. 22T, il 3.3 LB A 25, T 133
MTHDHIEICHERETE. T=0D84& D=0 Lt (1) FHWELZLS, T +£0 O%&Ez2%
Z5.

RN, fir 3.4 2V % EROMiEZ A 5:

23



WRE 3.4 T W (1) TRINDE LI, Y x M OO EE D &, 2200F4K ¢ : D — X,
V:D — K DHIET 5.

F7, finH 3.2 ZHW S ERXROHIEE 2 5
WE35 5% D—> X L y:D— K I3 TH2.
RIS, T DEFME» S ROHHEE 2 5!
MR8 3.6 p DI (i) B AT
RIZ,0<r< ﬁ EENUE, ROMEE 2 5!
HEE 3.7 (v,0), (Y, n) €D B dy(y, ) <r ZHLTHSIE, V(y) =¢"(y) TH 5.
BAZIC, fliE 3.7 26 ROFIEE 2 5
fiRE 3.8 v VGM: (1) AT

Wi 3.4, 3.5 H5M (A1) (A-3) Z AT I L300 5. i, il 3.6 2650 (A-4) % A
7232 Lbbds. wmRIC, #idE 3.7, 3.8 oM (AD) 2 AT I L5, LT, E#1 %2
AT B 2 ERTE .

4 Lipschitzi ROBD AV INY MRERIBBHKRICDOWT
ZDEITIIRDIEZEZ 5

FIRE 1 LipschitzBROBOHMERIMGHRII D287 N L7507

4.1 FTHRREETERE

1990 12, H. Kamowitz and S. Scheinberg (% [5] ®H1C, Lip(X) %5 Lip(Y) ~DHA7HE[F
RIGENa X7+ e 2D DRET RN 2E5AT0E. 22BN LDIT1 DEREZSL
Z5.

EE 4.1 ([5]) (X,dx) & (Y,dy) ZEFHZEMLE TS, COLEY 2256 X ~NDER p 23,

O (e(y), 0(y))
1m
dy (y,y')—=0 dY(?J, y’)

ZH1T EZ, o ZiBHENERR (supercontraction) & \>).

=0

EIE D (Kamowitz and Scheinberg, [5]) (X,dx) & (Y,dy) Z 287 FHEfEZ2EEE$5.
DL E, B B ORMIHERBEGRI 2 R 7 + s 57D DB DIRMIL, o DM INGASR
L5 LTHS.
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2013 412, F. Botelho and J. Jamison 23, [1] ®72%>C, Lip(X,c) 2*5 Lip(Y,c) ~D HALAYHE

[EEECAC Sl Llp(X () 75 Lip(X, () «\@ﬁuﬁﬁﬁﬂﬁ”e—%fﬁw: YRY NERDBTDDTE
%, Ml NGREH O TEZTWS. L2 LENS, ZOEMIIHDEEMEICK> TRy, 22
T, Lip(X,C(K)) 7»6 Lip(Y,C(M)) ~OHEFBEGERN 27 + L2 0 DREAI5M%
EEL, ROMGERER.

I 2 (Takagi-I. [3]) (X,dx) & (Y,dy) Za v 87 FH#EZEME L, K, M %Z23>%27 b Haus-
dorffZeMlE$%. 7, T #EM 1 TBR7% Lip(X,C(K)) %5 Lip(Y,C(M)) ~DHERTIE R
£S5, COLE, T WAV RO DBREYTISEMEL, XD 25D (i), (iv) % &
7293 Z2¢TH5B.

(iii) FEED e > 0 1T LT,

(yvn)a (ylan) € Da 0< dY(yay,) <o = p <é€

E% 5 >0 DEET 5.

(iv) FEED y e Y IZXN LT, D, ={neM: (y,n) € D} D> DHHESTH 2 X ) AR
QL. T,
Fi=1,...n, THLT, o, B Q LTEM

LB bDHEET 5.

4.2 TEIE 2 DA

Z O, EH 2 OFEHOEIZ O W TIARNS . ZaiEOGEHO I > W, EBL 1 EFH
BR, 3] 2SN\, Brpx.omy % Lip(X,C(K)) ODHAIERE T 5. $4bb,

Brip(x,c(x)) {f € Lip(X, C(K)) : [| fllLipx.cw) < 1}

L9 %.
T, ROFEHMDOT T, EE 2 O+t iEHT %:

(B-1) o D35AF: (iii) 2 A7 7.
(B-2) o MM (iv) Z A 7T
BRI, 56t (B-2) 225 RO R 2 5
W 4.1 (B-2) 2 KETD. (yo,m0) €D T 5. LD >0 ITXL T,

neO = sup  |[(THo.n) — (T)(yo.m0)| <

FEBLip(x,c(K))

L% ny O © C Dy, BHET 5.
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¥, T DERTHE I EICTHEET S L, Arzeld-Ascoli DEH (cf.[2, Theorem 1V.6.7]) & fifij#
41 S RDMfEE 2 %

fRE 4.2 (B-2) 2ETS. TDLEE, T(Bupxowry) & CY x M) DN av 87 FEEST
H5.

RIZ, FtE (B-1) Z v % EROHIEE 2 5.
fRE 4.3 LED e >0 IR L T,
1T f lLipevicany < e+ el Tflleysamy  (f € Bupx.cwx)
% . >0 BHEET 5.
BB, fliE 4.2, 4.3 225 RO E 2 %

#8RE 4.4 (B-1), (B-2) 2fET 2. TDEE, T(Bripx.cuy) 1& Lip(Y,C(M)) DN a7 |
EOTHS.

i 4.4 D25, F&fF (B-1), (B-2) BIRD V2% 61X, T 1davy 7 FTHb I EBbrolk.

RIZ, B2 OMEMEZFEHT 2. T4bb, T BNav 87 FTh s L ZIEME (B-1), (B-2) %
BT EERRT.

BIIZ, H. Kamowitz and S. Scheinberg [5] 12 & 23O FiEZ W LA % ERXROHEE 2 5

B 4.5 ¢ (Z5AF (i) Z ATT
RIZ, i [4] THRONTw2EZTiZH05 EXDOHiEZ 2 5:

#HRE 4.6 =D 7 ITXL T,
0 LT vy, 2YEfE

L% n OFERE © C D, BHET 5.
BRI, fliE 4.6 2> ROFIEE 2 5
B 4.7 © 135 () AT

Wi 4.5, 4.7 >S5 (B-1), (B-2) AT I L0b 5. D ETER 2 25T 2 2 L23T
ER
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5 ETE1,20%

EM 1 OIRET, T %2 BAIERRIEGR E U, (Y, dy) 2l 2 v 87 P2 & 3 aud, &
HOPHEos., LedoT, B 1 IEEM C o—fbick>Twas. £/, ¢ (> IZHNILE
Ffon[fa C* BR72H6 ) 5EBE 1, 2 (X F. Botelho and J. Jamison [1] D—f{LICH > T 5.

K —H$EE0846, Lip(X,O(K)) 1 Lip(X) LSHMRRE %2, 22T, K & M 255
EBEDGEEEZDL. THE, EH 1,2 25 ROBEDELNS:

F1(X,dx) & (Y,dy) Zavo87 PR E TS,
(I) T 7 Lip(X) 6 Lip(Y) “OHERIBIERTH 2 7- & DB 35 ME, Y OF2DEE
BEY, &Yy 6 X ~ND Lipschitz 544 ¢ WEEL, fFED f € Lip(X) i LT, T »°

fe(y) (yeYo)

0 (yGY\YO) )

(Tf)w) :{

EREINDIETHD. 510, T BHMINTH 20 DREL5EMEE, Yo=Y k32 LT
H5.

(I)T % (3) DI THEZ 647z Lip(X) 206 Lip(Y) ~OMERBEHRE T2, ZDLEE, T 232
VXU N ER DB ODRE SRR, o DY, ORGSR ERZ I ETHB.

L7:23>C, 8 1, 2 13, D. R. Sherbert [8], H. Kamowitz and S. Scheinberg [5] Dif§H D —#K
fLicZe > T3,

—J7TC, X B—RmEAOYA, Lip(X,C(K)) I O(K) EEHHRAMER 2. XoT, %1 LM
B, EHL 1,2 o RD3IDDENPHLNS:

1. C(K) 225 C(M) ~D a7 b 7z iEFRMEE,
2. Lip(X) 6 C(M) ~Da 37 b M RIG H

3. C(K) 76 Lip(Y) ~Da v 7 b i HEFRTIGAA.

SE 3R
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Banach algebra isometries revisited

Osamu Hatori?

Institute of Science and Technology, Niigata University

1 B

PHEEZ O/ 9 2 G 2 S AR & W5, TR OO R IZIER IS C STl 2 &8
TE %, FHHOFEHEEGR ML L B L LM TBEIZHAGOE TTE S 2 LDIEHIZSH
TR EZ D LT H > TOUIE S TH %, Fleming and Jamison [12, p.19] 1, Coolidge
8, p273| Ick B LHIRE N7 b D & LTIZ 1831 4FED Chasles [7] ICL 2 bDNH 5, L LT3,
S 512, Euler[11] 1 1776 £ 3 RILDEHDWIFEZTT > TR 5 DT, 2RILDGZEDHERIZE 5
IS HIS N TV AR L 23, (cf. [12, Notes and Remarks 1.6])

AN 25 SR SR DM, 2237 b BEEEZRR] Lo FEBEE BRI BrR ik b o 4S5 PR S
BRICX§ % Banach DERE [3, Theorem XI. 3] ICIRE D, 1937 4£®D Stone [58, Theorem 83] IZ X %
— AL Z DB DEHR e &2 e T, HARY A C* BROM D255 R REHE E R GG D N E [F P
HGTd 5 2 & 24 HIE Banach-Stone DER EMFA TV 5, 1932 £ D Mazur-Ulam DER [40]
3% % 797>, Banach % Stone (TG EICHIEM 2 KE L T ed > 7z, Mazur-Ulam OE
BUZ /v LB OB oS EREGAE TREW 2R, 2FET2 2 L2 TR, EoTZD
£ 9 BRI ERIC GG S + EBTH S5 2 LD 5, Mazur-Ulam OERIZ, FHEEZ fRFE
T HEGRPHBNICHIEREZRAFET A2 E2TRL TV RICEHITXETH D, BEIRITE
DRAIRSINI L E06 2D &) I T "REFIE) PEHRINTORIERBL LA, 25
T, Banach (& 7 22 LOSEHEEE AR O FA L [3], LP[0,1] DEHITOWTHHRT 2EmzZR L
TV X ) TH %%, HiF Lamperti [37) ICX DFEHI N5 TH S, Banach ICX DI E -
7RG R ORI, SO EA LORMELE LR L, BIETHIERICHZELS LI N
TWw3,

2 FIEHEREROBE

ARG TIEANF v B EOEREEERICOWT, RSN F 9 NBRDEGAIZ O W TR, N
F o NBEP—{RIC ) VA FOFBIIZD ) VAL STEDLNE I LS\, L5,
D EOEREEERRIL, FHRIEEEG EHEDR I wolZ L AHKRTH B, —JF, Banach-Stone D
ERE, OB C* BE3 N v B L L CEBRBERE ch iU, NFonBE L THF
FEEAIECH 5 2 L2 TR T 5, HEoRG & 1Z—RBEROL I Z2 ) nlEoBE2RET 2 L 2
HICHEZIZEEZ E»rN D, AFETIE TF o BRI E L CERRERE — NF o BRELTH

IThis work was supported by the Research Institute for Mathematical Sciences, a Joint Usage/Research Center located in Kyoto
University. This work was supported by JSPS KAKENHI Grant Numbers 19K03536.
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5\ % Jordan N F v NBRE L CTHIE IR 2 HTTNNF v B EOFEREEG R 2B L 721,
#8912, Banach-Stone DERZ 13 U & 2 FHBEGARICEE§ 2 H LAY 245 % (Banach-Stone @
B, Schur DEM, Kadison DEH) 1A LT, REEFIEDOHND 6 AGEHZ 5 2 72, 241
R EEEHRIE, ERE Y G2 R 205, ZOMh» 505 LideBE 2 R
LTWwa, 20X 2ERIcHED CEEIICIZBRDS b 7en 5,

Kadison IZ & % Banach-Stone DEBDIERHUY G- 2 6 117 DI 1950 FROYIETH % [30, 31],
[ IR I 1C Wermer @ maximality theorem [64] 1C & ) BIBERHGERDMIG £ D, Z U IERIBIE D %
BRZEFRINCH ) 2 &2 2B L Tz, 13 E 7% < Nagasawa [46] 1% Banach-Stone D EH %
BIBER O G ICIRE L, s oA FIERIBIBRA D N F v ~BITH$ % Chevalley-Kakutani
DEB [32] I L7z, Z 0%, FHIBEO 22§ & IR S w22 LoERIEAICOwWTo
IS BA AT S £ 9127 D BIETHIEFICHIE S LT 5, Lipschitz B EOFHEEER D
%1% de Leeuw [9] ICEAE D, Cambern [5], Rao and Roy [55] IC & D 5] Z kA3 % & [H]IRF I
Wiy ATRERS AL D /N F v NERRHERNEGE R D N F v NEOMRE b FIG S N, BIfEICE % £T%
COBFFIT LD SRS SN TS,

7k, FHEEEGHRICOWTOREARN 2SR & L T Fleming and Jamison DA [12, 13] 23% %,

3 Banach-Stone DEE
4 H Banach-Stone DEBL &\ 9 &, FRREFGEICEERIGE 2 KE L GRR 2 02586 TH %,

Banach-Stone DFER . BART %, 237 b Hausdorff 22 X b OEFZEAE ST RIE A D
Banach %28 C'(X) 2> S D C(Y) D E~DEZEREEHEHRMEHR L T2, ZOLE, T(1) 13
HHEDY 1 Th 2R TH D, FHER o: YV - X BFEL T

T(f)=T()fop, [eC(X) (3.1)

THs, W2 (3.1) THAONST : C(X) = CV) IFIEEHERHESRTH D, COLE, OX)
& C(Y) 13 Banachx B2 & U CEHBHHE « FIETH 5,

S HTRBOFE A S 1T %, Banach HEIZ X 2 AEHPAMDGEI T IOV T 3] %
[12] 2B E v, RIE, NF v OB OEREIERIME GG 2 RNk Z 5 L v
) EIR T O IEHER 23T H 5,

- extreme point argument : B FREEGAR T OIS GAR T* 25 2 5 J71h, WNEHD
PO 22 DR D EFHEREE G TH 5 2 &5 T 13BN 2E[H DO PHRA R D D Y 5 2 tRIET 5
WO 22 [ D A ER D 2 iR 2 Z LIS K DR A 7 7 V22 DR D AHEE o ZIRET 5,

F 7o, RSP N FVEEHIEROEFDLAITIZRD & ) hTiikbH B,

- peak point argument : & % 5T peak % peaking function (|| f|lec = 12> f71(1) = f1({z €
C:|z| = 1}) DIED T 1T X 2 B3 D — K% weak peak point 2 b D, Z DX T AHH TH
52D, ZOHDNIGD o TH 5D,

* Lumer’s method : )V S — MEMIERZEL, 2z d L2 L CTHIEMEGR ZIRET % Jitk.
C(X) % Lipschitz BiZs ED )V 3 — MMEARSEE L 2BRICN L THI R GIETH %,
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AT, FHEMEGRP 2= —H2r T 5 2 LICEH L GEHZHN T %, 225 —
IR DOEOME & HHELBIRZ b oD T, 2NEEMRIPEHMERIEOMEZ R T2 2
EWBRZBEHTSH 5,

3.1 AZ¥VJ—#BOREFMEDHEE L TD Banach-Stone DEE DI

fl=1TH2&)% feCX)ZU T2y —BKLETSE, Z02KF% Usyx) THLDT
ZEILT B, Uy R OX) D=8 ) —RELFEENSE 2 b H 5, AT, C(X) DR
Rt & 2 =% —BBIZ—3T 5 2 £ 23D D%, Banach-Stone DEBD =41 —HEIEH
L 72k 2k 5,
Banach-Stone DEEDIEA. = =% Y —#H3 C(X) DHEMROIERTH b, FHEEGRII RN 2
{%ﬁjéo)‘/@T(UC(x)) = Uc(y) ThHhs, L7zD->T, T(l) F1=%Y - chHhs, 2 THZ
SNETINLTT(T 25A22LI12&D, Flors T(1) =1 LT BEERbERV, X
I, FERDue Cr(X) (X hORBAEEREIBAE) EAEEDFE 1T LT exp(itu) € Upx) &
DT, T(exp(itu)) € Uy TH B, T DEFEMIGIE &kt X D

T (exp(itu)) = Z @) € Ucy)

n!

n=0
ThHHDH
n=0
@%%Oﬂmzlkbk:&%%ﬁbf,ﬁ@m¢M®1¢®ﬁ%ﬁﬂwﬁLt
T(u) =T(u)

Db, TITueCr(X)IFRATOLDPS57DTT(W?) =TW?) TbHHI Lbbhr s, C
DZExREBRLTX(32)DtD2ROEZ KT % &,
P*T(u?) 1T (u) —iT(u) N (—1)*T (u?)

2l 1! 1! 2l =0

Thb, LEDoT,
T(u?) = T(u)?
DBodr b, TOMIEHENS, EED u,ve Cr(V) ITHL T

T(uv) = % (T((u+v)? —u?—v—2) = % (T(u+v)* = T(u)?—T(v)?*) =T(u)T(v)

DD LD, T DEFEMIGHZERB L T, T(fg9) =T(f)T(9) DMEED f,9 € C(X) IR L THAIL
T2 E0b0s, Dbkhs, T:0X) = CY)IE%IERE L TORMERTH S, Gelfand H
WIS DEMGER e Y = XDEELT, T(f)=fop, fEC(X)THBH, FRicT1)=1%
REL-FmziToCERIE2EELT, —MRICiZ

T(f)=TM)fop, [fel(X)
DRSO Z LD D,

61



4 BAUNCRODAIZY)—BZREITIEHR

SETIE, FHMEEROMELZ =% ) — 2 RAFET 2G5BT 2 REFME L LTk ) J5iEIC
DT, Banach-Stone DERZ H & I12 L TihR7, Kadison DEH [30] b Z D X 9 % /7 mCHEH
T&E5,

4.1 AZ=H)—HBZREFEIDIER

9, BN C ROMOL=% ) —# 2T 28EMRLEGGE2EL L), B OB A
LT, 20228 =ik ADL=F ) —RL v, Uy THobZI),
EE4.1. AL BRZHPNNC BRET 2, HEWEER O : A - BOWE (resp. 2F) ZHRET
% (®(ab) = ®(a)®(b), a,b € A (resp. ®(a?) = ®(a)?, a € 4)) & Z, O IFERPEH (resp.
Jordan-¥EREER) & X33, I5IC0EG«Z2RET S (O(a*) = P(a),a€ A) L E D IE«
HEREEE (resp. Jordan x ¥EREER) L Xidns,

RO D 2 =% ) —BE2 7T 2 GARICO W TD Marcus DER [39] IF X L HISNT W3,
BEEBARE n RIESITINEIEDANF v B (V VLIEARY bV VL) % M,(C) THRT, 2=
&) =172k % Uy THSDHL, 225U —fEL ),

Marcus DEER . HERILGR © : M, (C) — M, (C) 23 ®(Unr,(c)) C Unppc) AT ET 5, C
DEZE, UV e Uy, PWHELT

®(A) =UAV, A€ M,(C),

F 72 %
®(A) =UAV, Aec M,(C)
DD LD, 22T, Al l: A DERETH R T,

K% Marcus DEFLDIRTH D, KSHONT 0L EHFEZTHED (cf. [54]), EHEBEXTH
23k E RO s m o, BEHIZSFEED RIMS OffZiits &S v, I 3 &
BT 20D LFAKTHD, 228 —REEICES LD TH 5,

TR 4.1. AL BEHMINC BET D, &: A — BEEEEEHRTOULN) CUz 75, 2D
LED(1)eUgTHY, Jordan «-¥ERIEEH J: A— BBFELT

O(a) =P(1)J(a), acA
TH 5,

EH 4.1 D% & LT Banach-Stone DEMMPE B IHE D, F 72fT7IB-IZFEER (prime ring) & D
T Herstein O7EH [27] & O Jordan GBI GG KAEEHR TH H, Noether-Skolem D
EHIC & D) AEEGROERE 2, Lcdio>T, EH 4156 Schur DEBLHE
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Schur DFEIR . T : M,(C) - M,(C) ZMHEMPFHEMEEL T2, cOLE, 2281177
UL VHBFEELT

T(A) =UAV, Ae M,(C) (4.1)
n

T(A)=UA'V, A€ M,(C) (4.2)

ThD, W (4.1) £721F (4.2) TEASNDIERT : M,(C) — M,(C) IF2HEFZMEEHHE
BTdh 2,

4.2 Kadison OEHE

BRI C* BRI 0 FEFREEG A% % Fiid L 72 Kadison O EH [30] 122\ TR %, 17518 M, (C)
DEARALER DB (extreme point) (32 =% Y =178k & —E9 2 O TEH 4.1 1F Schur DEH
IIEHTE %, B(H)DHBAEEDTC* DRMIRDOIGRIZT L =5 ) —71FTIE R E8 KL<
MonTwa (cf [12, 30]) 23, RMEBEMRPEHRBGGRRL=8 ) —2RFT 5 2 L3RI
53725 (cf. [12, Lemma 6.2.4]), 76> T, EH 4.1 2>5 Kadison DEBDE S IZHE ) |

Kadison DFEE . AL B LN C ERET S, &: A— B 2N EHEEHRE TS, 20
LEO(1)eUpThHY, AD S BDEAD Jordanx FEER T BEHEL T =0(1)) TH 5, i
WZucUg & A5 BDEAND Jordanx FEEHR JIZHLT, d=uJ TP: A BZEDS L,
¢ 3R FHM TR TH 5,

5 Nagasawa DEIE

2=8) —H2RET 25482500 T 5 2 L2 X D, Banch-Stone DEM, Z L T—fiZ Kadison
DEMDEEHTE % 2 & 27z, B C* BROBAITIE, £HHEFERIEEREEGER DS Jordan
BIcEAT2Z 2228 ) —HORFEICRE TE o, B C BICiZ2 =8 ) — 2337
FEL, 2= —HRBOWELEETH LI 6, ZNERET 2EHMERPIBICERNTS 2
EICREENIED S, T, MICREANFoNBEOI=Y ) R REVWEIIFE AT, FNTH
GRS ORE 2 R T BRI T 5, IEHIBA% DD K 58 v NERTIEE S B
BDOBPL=FY) —ThH 20, ZDX) 520 EOFRMEHR LI EOWMEZRET 5, N
F v NERD RO FEFRHEEAR D Jordan BOREICE KT 2 BLHNHMEIC o> 72 L IEF il
WERBT 5, BRI ZH] & L C Nagasawa DEM ZAHNT 5,

Banach-Stone D EB DI TH 5 BARDIE 2 M BHAGRIFHEZE &\ 9, BANHH#LC* 3R E TR S
72 WIHEHEBIED & 72 5 N v NERS Banach 22 O O EREEEGAR DM EARAMEHE L 22 0 L v
)RR D b &% DD ST w5, BIBERDM D25 E R GARIIEARTEHETH
% Z &% Nagasawa DEM [46] & L THIS N T 5, HLZAMEL C* BRIZBEEIR % DT, Nagasawa
DEM T Banach-Stone DEH 2 BIBIRDGEICHNE L /@B E b WA 5,

Nagasawa DEE . T ZBEER A D SBEER B O EANOEZHRIPERMESR TH S T3, 2
DEF, T(1) FHEA 1 Th 2 HBIETH Y, ;13 AD 6 BADEIiEE L TORPEEH
Th b,
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Gelfand BRI X D, A2 5 B~NDLILEE L TORIBERIZHAA 77 L 220 LD BRAEH]
FCORBTEZ 5D T, Nagasawa DB BIBIR D M D 2 5HE Z IS RS AU B A REH
FTHHIERFIRLTWS, de Leeuw, Rudin and Wermer [10] IFHOZICFEREDFE R Z 2 72,
Nagasawa OEH & [FAFRIC, HAZMWR D Lo N—F 4 —B H>(D) O E RSSO RE IS
Lf:o F 72 [10] Tl&, H®(D)23IN—T 4 —Z2f] HY(D) THWETH H, EHFEHEEESRY H>(D)

IHEOREEZRET 5 2 LICEHL, HY(D) hoefEFERILERME RO IE I N,
Ci 7 < LT Forelli [14] 13 HP(D) D45 & IR S e WEHFRIIEERBE GG % 0o 2 iz ik
ELT, ZOBRCS " HOME” ICEHT 5 2 EDGEHOEE LKA v P ThHh b, 2D, 1EH]
BB D 22 ] L D BRI FE IR BAR OB A I fTbN S L ) ko7, FHHEROE %k
ETHICH7D, IEHIBIEOZMICNET % 7 OME 7 | %E?‘% Z &753‘/1'34’ YETHB LD
Il 9, 7%, Miura [41] (cf. [22]) IFHAICORE D%\ 7 BIBER " D% 412 2 EHIE S A
B ZE L, Nagasawa DEHZ AR L 72,

6 EREAHENSLGSH/NTFT VIR EOFERER

B ehz L 95, HEVH EORMMHEZT &L, 20 LoERHERBEBT7 —) =
ALK T 2 & 9 7 b D4fE

W(T)={f € C(T): Y _|f(n)| <}
nez
VA || fllw = SS1f(n)] & 2 Vb & LN Ty BRI Wiener B & K130 2 U7 I Bl AT
NF o NBTH D, Wiener BRIZEFNZE[E] (1 (Z) D Fourier 2241 5\ 13 Gelfand 2241t E 2 5 2 &
B TE 5, Wiener BT ITER

W, (T) = {f € W(T) : f(n) =0,Vn < 0}

W(T) &N F w22 e U CHERBEAIE Ch 5, EiEr:{neZ : n>0} > Zz2zEHHE L
TT:W(T) = W(T) &, feW(T)IKRNLTT(f)(2) = /()™ ICEDED S E TIE4
HEFZEMICEFHREGRTH 5, —J7 W(T) DWRA 77 NVZEEIZ T TH D, W (T)DZNIIHEL
EAFMR D ¢H O i XM TIE 2w 6, W(T) & W (T) iZ3F vy nBE L CHRE TR,
DEYIT TNFonzEfi e UTHBERERE — Ny B E L TH 503 Jordan 2N F v NERE L
THEE 1%, —RICIEHED LW b5, BiEETICHA X ), BN C B (EIZHRAIT
DIGEIZ S 7\ [52]) , BIEERIE TN F v R E UTHBEREAE — NP o nBRELTH S
Wi Jordan NF oy NBRE L CHIE) 2H 73NN FoNRTHE, TOX)BWEHZ LD NNF v
BRIZZCII VWX IICEZSNS, AHDOEAICEVTIE, Jarosz IC X 2098 [28] % Jarosz and
Pathak [29] DFED D 5,

6.1 Jarosz DEI

Jarosz 28] 3 HALIL 2 R T 2 REEFMIP SRS A0S TR E L CORBEEHRTH 5 £ ) &
FHAAA N F v N2 Z2D ) VADORUTEIRT 5 2 LICK DIFEL T4, Z#Ud, Nagasawa
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[46] 1T X B BIEOR, de Leeuw [9] IC X % Lipschitz Bf, & 512 Cambern [5], Rao and Roy [55] IZ
& % Lipschitz 3%, HHTBIR DR, #onhdiiBB 0% EOWtseE 5 17T, @B D NI v
NERP N v NEE] FEOERER 2 H oo bDTHY, KfFEDOT—<TbHs5 N F v
2efi] & UCTHIERERIE — N F v BRE L Tdh 5\ ld Jordan N F v NBLE LTI, Z2HIRNIC
P> 7B 25w TdH 5,

E&E 6.1. 200 R?2 EO/ VL pTp((1,0) =1 %2A2THOLEE P LEL, pePICH
LT
D(p) = lim (p(1,7) — 1)/t

t——+0

LED D,
EEDpe PITN LT D(p) dARDIEE L THIET 5 2 L1F[26) TRINTWV 5,

E&E 6.2. 287 b Hausdorff 22 X I LT, A% C(X) DEFZBIGH 24 CEBBIE%E &
BHLDETB, B A LN VA (seminorm) ||- || 23 |la+1]| = |lal| (a € A) Z AT EE,
- |1EF1TAZLTHE EVH, T TUIESFMWICEREL 2 & 2B88TH 2, A LD/ VA |-
LT, pePBELELT] | =p(| oo, |- ) THBEE, ||| Zp-/ VL EWVH, EL,
|- loo 1E BB V& (sup norm) TH 5,

a2 %7 b+ Hausdorff 2l K &9 %, K EOEIRBAEHRGEIE f 1) L <

% f @ Lipschitz €8 & X 5, Lipschitz EBERTH % £ 9 & f % Lipschitz BIE L W5, ZD
AR

:%yeklx#y}

Lip(K) = {f € C(K) : L(f) < oo}
EHAZI TS EERCH %, Lip(K) IS MEAR5E / VWV LADEHETE B,

[ fllmax = max{[| flloo, L(f)}, f € Lip(K),

Ifll+ = Ilflloe + L(f),  f € Lip(K)

BEFZDOHTH S, WHERI L E LT, Lip(K) &/ va ||| (5%, B/ s EER) ICBIL
THAZW M AN F o NBRTH D, ZOMKRA TT7NVEMIE K THZ I EBHASNTW 5,
Z 2T (Lip(K), || - ||l+) (I, Lip(K) LtAMT 252 &b H %) % Lipschitz B & WS, Rl LA
X, plx,y) = |z| + |, (z,y) e RRIIHLT, p-/ VAL THSB, max / V& (|| ||max 2 % ) WS
ZLicd3) bp(r,y) = max{|z|,|y|} T2 p-/ VA THY, D(p) =0THb, max /)L L4
3 K232 P ED 6 75 52554513 submultiplicative TIZ 72V DT, ZDEAE (Lip(K), || - |max) 13
NF v NBETIE R,

AREAXIA [0, 1] oM RBEE by TREBIBU R A D S 75 2 FAZ I % JuER CH0, 1] 1%, Al
VN

1l = 1 fllos + 1 loos - f € CH0,1]
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1T & D BTN F o NBRTH D, Z DK A T 7 IVEMIZ[0,1] TH S, max /LA

1 llmax = max{[| flloc; [1f'llc},  f € C[0,1]

3 CH0,1) L%/ Vi z 52 %, max / )V A1 submultiplicative TlE 7z v, AHEAXIA [0, 1]
Lo PR R D 6 7 2 BALIY AL JUBRIC b kA / VL ADNER T E 2032 2 TR
T2 (B mEWD L),
Jarosz (1983) . 2 %7 I HausdorffZ2] X £ Y ICXW LT, At BzZhZNnC(X) L CY)
DEHEGR =M CEBEER G D ET 5, £, pgePEL, || |aldALEDp-7 v
L, |- llEBEDg-/ Vb ETSE, S5, T:A—= B%Z (A |la) 226 (B, - |lg) P L~D2
WEERVEHESRE T2, 351, T(1)=1ET2%, 2OLE, D(p)=D(q) =07Tdh 32,
E7213 A & BWreqular (Jarosz DHGE) TH 57618, TIFE R/ VA (sup norm) IZBLTH
FHEHRTH B,

22[H A DS regular TdH 5 T L DEFEIZ [28, p.67] 22D T &, A DSHLLAYF R AL T »
RTHY, XMKRAT7NVEETHL%61E, Aldregular TH5, L7d>T

%6.1. A, B%, ZNZENHDp,qc PIZNT % p-/ VL, ¢-/ VLI X 5 BRG] RN
FONBTX, Y BZNZFNA, BOWAA F7NVEMTHBETH, ZOEE, T(1)=1THs X
% (A - la) 225 (B, |- |B) D LE~DOEFEFRBIEFEMEGAR T IS LT, AHERe: Y - X
DIFEL T

T(f)=foep, feA
DD LD, KT, A& BRRNF oy BRE L CHHEEETH 3,

SEBA. Jarosz DEMD S T X ER VLSBT 2 54R CTH 5, LB >T, T AD—Fk
BHEL A5 BO—REEAL B O EAd BRR 2V 2T 2 25 EEERRE S8R T IR cE 2, T35 &
Nagasawa DEHUC X ) T34 ItER L L CORBESTH 2, 5T, 2D A~DHIRT : A — B
34t E L CORBEBRTH 5, T3 & Gelfand FERHIC X D, MDD oY = X OFEDLD
N5,

O

Jarosz DEBICE T BT (1) = 1 IIKEWTH 5, Weaver [62, p.242] 13 Lipschitz BI%D 5 7%
5% ILERIC, VWO W 5 max norm & WLz N v N O LSEEGEREES TH 508, L
B VA ICBE L TEIERETIR &, MEABIEHZE TR WA Z2R L Tw 5 ([63, p.61] (IZH[H UK
DH %),

Jarosz DEPL & (28, Lemma 2] DJFFEEIIL, BIRK SR 7 A T4 T2k 2 5D TH %, Gk
DITHEL EZRE IR0, HwIcN T 25D DBEIRIC K DEAR T %5 L), FElZ
[19] 12 5,

6.2 Lipschitz IR EDFEHERE Rao and Roy DERE

Lipschitz 32 DS FHEEEAR DM X de Leeuw [9] IZ#{ £ D, Cambern [5], Rao and Roy [55]
IC & D EI SN B & AR HE AT PTREBI D /N T v NEER R BB D N F v NER DI
bR SN, BUEICES FTEOBAEICL ) SRR LZINTw 5,
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Rao and Roy [55] IZHALPAXH [0, 1] ROB%D S 7 % %Itk Lip|0, 1], C*0,1] & #inkiEfe B4
2R AC|0, 1] LOERBEE R 2Z R L 72, £E50aERRE LTk Co,1] C Lip[0, 1]  AC[0, 1]
THY, feAC0,1] (resp. Lip[0,1], C*0,1]) I2D2WT f' € L'[0,1] (resp. L>=[0,1], C[0,1]) TH
B 15 VBl + 1]l £ € AC[0,1]) (resp. | lloe + | flocs f € Lip[0, 1], C10,1)) T 5.
ERHEFBIE SR I ESREHZETH 2 2 LRI T %, LIuBk AC|0,1], Lip[o,1],
CH0,1]1& Z DRI/ Vv LB U CHMLEHA RN - v NBETH D, Z D OB EIEEE
MEEBIIMEAKREREZETH 2 2 EWRINT VDS, X612, BHEAFEIZED, L) = ||l
f€Lipl0,1] TH BT b, a7 FEEREZHE K I LT (Lip(K), || - [|+) EORSEERE
ISR K LOFHEME G2 AW TERTE 20 L) 2 MEE LTID R,

Jarosz and Pathak 1%, Rao and Roy ORBEICHN L CTHEW . ™ i ” 28 L 72 [29, Example 8.
ZZTlda v s FMEBEZER K (j=1,2) 128 LT Lip(K)) 6 Lip(Ky) D _ENDORHEEHIY
FPRREGR T IS LT T(1) 230 1 OEFEBTH 5 2 L2 T 2 EBHETH -7, |T(1)] =1
ARENTL EAIE, T()T 123 LT [29, Theorem 4] (cf. [28, Theorem|) Zi#H L T, T 5K
L OSSR T 2 MEABRMEHAZETH 2 2 L2VNEEHTE S, FX|T(1)| =127 77D
29, Example 8] Tld Lip(K;) DI ZEH D BAIBRD YL (extreme point) ZFXTW 5035, ZD
BRI IZHERTE R WET2YH D, Jarosz and Pathak DR ITAEETH % & Iz (cf. [24,
pp.152-153]) o A1/ VA ZED T2 Lip(K;) DB 2RO BAER DN O L, BETY, 7k <
EHEBN R IZFEHITIETE TR, Hatori and Oi [24] 1%, 2D " X7 FVfENF v
NER” EOREEFRIGERESROB 2 RE L 7 (cf. [19), ZDBRIZ, Choquet BGu%
TXONZEE D HENIR DBl D—E 7 Z T L, |T(1)] = 11247 55 X2R L7z, fiHE LTRao
and Roy D[ % AL HEMISIER L 72, Z D TH 72 Jarosz DER [28, Theorem] D
AEFADMEIEIR [19] THL S BERSNTW 5, £/, [19] TRERGERALITVBIETHL I LD
Lumer’s method 12 & 25EHB R L TH 5,

6.3 HAMEHGECBICEZ EB3BESHISBINFYINREEZFD EOEEMER

Nikou and O’Farrell [47]) (ZX7 F IUEGAR D6 7% % & 21D /3 F v ~NBiz w@tu-of & kA 72
([25] D Def.2.2 DEHD A X v F SZMD I &), Hatori and Oi [24] IFHAZHY AN C* BRICEHZ
EDEBRPS I NFyNBRTOULO0DENEZ2H 7T b0 %2 LALEYIMOM & @& L 72 [24,
Definition 4], L ZLEWIPY-D#H1, Nikou and O’Farrell DEYIIUD>HDF R b DTH 5, fl/
)V % D Lipschitz By, HAZHY AL C* BRI Z & 5 Lipschitz 54806 % 2 H1 7 )V A IZBH 9 BN
F B, I FTREBI B AR DR /2 0V AICEE T %8 v oNBR, HARZIY TR O BRICHEZ & 5
MBI ATRE BRI DML/ )V AIZBE T 23 F v B &3 L AL@EY) Y-S ofcdh 5, LA
IO DR EFERITEESEUE [24, Theorem 8] TIREI Nz, 2Nk AL ki
NEwaBt (HARZ CY) fitft) 1253 25%E 8% [19, Theorem 14] TihR7z, &6 6 DEHD 5 b
Rao and Roy DRED EEWME DT S, BiFICE W T LATETIUSHOGEOME L LTl
NN BHIE, FHEEEE G2 M EAREINE CEB T 2 BICERENFER T2 BIETHL I &
DI, @EYIA->H DO D HERIEE S 2 ik L 72 [25, Proposition 3.2] Z 7720 TH %, fiif
HARMEMFORIUCDWT, [19, Theorem 14] DFEATIE, Lumer’s method % M\ 72 Gk %2 5-
Z 7z, LEGHEUIU-SHMSC AR E C(Y) fEfkix, C(Y) Icfi% & % Lipschitz G2k Lip(K, C(Y))
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P CO(Y) Itz & 2 EHimar aTReRI 8D © 72 2 3 F v B CH([0,1],C(Y)), CHT,C(Y)) =%
TG L 72N F o NBRTH 5, 2287 F Hausdorff 22 Y 23 1 FSEGDOYE %5 2 UL,
Lip(K), C*0,1], CHT) DRI EEZEZ LI LB TE 5,

Rao and Roy DD HE NERE X [24, Theorem 8] TH-Z 63723, ZDHER I 7 [19,
Theorem 14] DJF VL DAL T WIETHDT, TITIEZS 6 2HERT %,

EEK 6.3 ([19] D Definition 12). X &Y %387 b+ Hausdorff22M L 3%, B% CO(X) DHAIG
EEUMABRCTX ORI HT 2L L (Vo,y e X ITNLT, f(2) # fly) THB LI % fe B
BT 2), Z0HE ([{o2D/ VAL T) NFy BTHEET S, BIEFC(X xY)DH
Rt G UEN BT, BROY)C BTHY, ZRHEWAF v "\ BTHL LT, SHICX XY
2B OWKRA F7NERTHY, BIIEELE (feB%bEfeB) £75, &5i, 2¥D
DR LO L E Bl BOHKE C(Y)HLTH S L9 1 5F) 2282 + Hausdorff 2214
M E\HERIVEB D : B— C(M) T, ker D =1@C(Y) % D(Cr(X x V)N B) C Cr(IM) 23K
D3LE, JIVADEM:

|Fllg = | Flloc(xxv) + [[D(F) || oo(m) FeB
P ATT,
HAZ Y 2 B AN - v NBRD Gelfand 28113 FOEED B DEMEE AT,

EE 6.2 ([19] D Theorem 14). 2 ¥ /%7 & Hausdorff%2M X; (j =1,2) I L T, Bl C(X;)
DHMTTE GUHIRTX; OREDHT 2L L, ZNHE (62D 7 VAL T) NF o
BThdbL95, Bjz B DHARLR C(Y,) it ThH % L T5%, fEEDFeB; &, Y; hTlh =1
THBHILEED he CY;) KL T,

IA@h)F|5 = [IFlz
WEYIDOLT B, COEE, T: Bl — By # RMHHEHEMPSHMTRE T2, $2L, V) b
|h|=1THDhecCYs) &, HiEER: XoxV; = X CEEDy € Yo IR L To(-,y) : Xo — X
VRAMHEERTH L DL, FAMHEGER T Y, - Vi BWHFEL T,

T(F)(z,y) = h(y)F(e(x,y),7(y)), (z,y) € XaxY,
PLED F e B ot LT T %,

AEHZ: 2 oWLTE [24] & [19) 2SS v,

B; % Lipschitz B & LEH 6.2 2T 5 XD X ) TH S,
F}6.3. 287 MHEEEZRM K; (j=1,2) £a¥ 37 b Hausdorff22MY; (j=1,2) IZRLT,
K; @ C(Y;) fl Lipschitz GBI ) VL ZED TN v nEj%Z Lip(K;,C(Y;) €95, D
IRg, T : Lip(Ky,C(Y1)) — Lip(K,, C(Y2)) 2 EEEMICEEMESRE T4, T5L, Vo lh|h =1
THDHheCYy) &, HER o : Xo x Yy = X; CEBEDy e Yo I L To(h,y) : Xy — X1 B8
ERERERTH L DL, FAHEHR T Y, - Y MFEL T,

T(F)(z,y) = h(y)Fle(z,y),7(y), (r,y) € Xax Yy
BHETED F € Lip(Ky, C(Y1)) 18 L TRYT %
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EM 6.2 ZWHTIUL, y e Y2l LTo(,y): Xy — X DFFHRHESRTH S 2 LMD
AT IEEEHTE 2, ROy € Y2 I LT o(hy) 1 Xo — X) DEREHHESRcH D Z L1k, X
RD3 Lipschitz BRCTH % & 0 ) FEFEIC X DEEHTE 3,

7% 63ICBWTar 87 k Hausdorff 22 Y; 2 1 6% 5bD LT 5 L, O;) LHEFER
BECIENF v B E L THEERERETH 2 2 £ 6 Lip(K;) & Lip(K;,C(Y;)) dNF v nEReE
L CHBHERIETH D, RDBWALT 52 EBDD %, Rao and Roy DRJEIZN T 2R TH %,

F} 6.4 287 MR X, (5 =1,2) ISR, X; hOMEEBUE Lipschitz BI%CRA Lip(X;)
ICH VA || loo + L(-) ZED B, DI, REEHRGIPEREES % T : Lip(X;) — Lip(X,) &
T2, $5&, T(1)|=1ThHhH, IoIEHEHHEHR 0. Xy, - X1 DREELT,

T(f)=TQ)f o, f € Lip(Xy)
N A RVAON

EWEERESEESER T - ¢1([0,1],C(Y1)) — CY([0,1],C(Yy)) DD ER 6.2 1K h XD X
ITHDB b =1THdheCYo)FEL, MMHEK p:[0,1]xYo = [0,1]xY; &E7:Yo =Y,
DHEELT, EEDye YL i LTolt,y) =t tec(0,1], Fhidpty)=1-ttc[0,1]THD,

T(F)(ty) =h(y)F(e(t,y),7(y), (ty)€l[0,1] x Yy

DMEED F € CY([0,1],C(Y1)) 12X L THRAZLT 5 [24, Corollary 18], FHZY; 251 HEEATH 58
A3 Rao and Roy DR [55, Theorem 4.1) TH 5, £/ T zHAME L L s E CYT,C(Y;))
FORIEFERICERRE GRS OV T O FARORRIER 6.2 X DE2N S (cf [24, Corollary
19])

Lipschitz B2y lsE B BRIk, 17 )V A DIAHZ D max / )V LI U &N F v N ZER
ELTCD/ VLD DD, 2D L)/ VAT 2 FHHEHROMIA S L HL SN T WD (cf.
4, 33, 34, 35, 36, 43]) .

7 ERIEDFEEHNS
BATIZRD & 9 2 BLEH 5 OUFE b BEA LTI T %

- BOEME (55, HR) Z2IE L R WEREEGR O | 2RS4 Mazur-Ulam OEHIC
KD ERE+EBE B DT, EREEOIREDD £ TOMEDH 25 (cf. [35, 36, 41, 42]).

- WS EOFHE SR OIS © Mankiewicz [38] (& / /b & 22 0 ELfE BHIE A O [ 0 45551
BEGAR DY 7 L L 22 2R O EFREEGBRICINIE TCE 5 2 &, LA > TZNUITERE+HERDIET
H%Z E%ZML T, Hatori and Molndr [23] IZHLAZHY C* BRD 2= % ) —FED [ D FpHEEGAR S 1E
itk (positive cone) DD Thompson FFFEEGMR 2 5L L 72, Z D%, Positive cone k-
DEFEDOHREEC X 2 FHGHROMEIRAIITON TS ([44] R ZDSE A S| S
V), Tingley FIE [59] (&, / V2220 BAEKIN O [ O 25 EHRREEAR L 2 Vv L 22R ko &R
MEGBICIER T 202 E LTw5, L DWELH 508, k3 HE 2 RKuDGHE D KiE
IRTH %, Peralta [53] R ZDSE k2SI N7, FHEITXNERADH R L LT Mori and
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Ozawa [45] 23® %, FrlZ, HAZY C* BROHEALERIE D> & R D 2N F v 22 ) AN BRI D 42 S 55 P
BEGURDIFEREE GG E L CTaRICiRRE T 2 2 LRI T,

« X7 MVIHE®D Lipschitz BRI OFEFFEEGR DM : X7 b L2 A & XIR S 2 WHAZ C* B
952 Lz L7ZED D 5, Oi [50] 3TN % & 254805 7 % Lipschitz BR Eo 1 2 &
79 5SS %, Lumer’'s method 2 H\V>THRE L 72,

8 fFix1 : NFyN\ZEFEULUTOREKE & FERERAE

TODNFYNZER]B, LBy ILBWLWTERKN RSP ELS B, = By BHET S EE, B,
EBy IZNFNERELTHEETHS E), 612, SHHEHRIHTHL 61X, B, & By 1T
SRR CH B ), [ATEDORIEIZ N F v N oA RS 2 iF5E L, — 7 SRR R
DFEEIZ N F v NEREORMBEDE N CRIEICT 20T, MHIFRZZMEREREZETRICL
TWw3,

NF o NERE L CRABTOLIROBENRZ LS C(X) & CY) flz—> kT3,

Bl 8.1. WHEDMME X = {(z,y): -1 <z < 1Ly=0}U{(z,y) : 2 =0,0 <y <1} EFAKX[H
Y =[-1,2)IcAns, BRT . OX)—-CY)%, feC(X)IZxLT

f(l’,O), —]_<J}§]_

(T(f)(x) = {f(O,JJ —1)— £(0,0) + f(1,0), 1<az<?2

EEDD, T5HE, TIIEHEERGEAZETHD, ZOFEHEZE/ VLIZ3THS, £/, X ¢
Y IZFEMETIEZRODT, Gelfand BEHICE D C(X) £ CY) 3%t E L CTHIE T2\,

9 {182 : Banach DfERE & Mazur-Ulam O ER

I IHREZ2H (Banach DA [3] TSP EEREZEA 2 F-space & & &) L ORRSEHEEG 4
DY affine (FUBEMR+EE) TH 50> E 9 »21%, Banach D E L THIS LTV 3 3, p.150] (cf.
6, p.94]). BRXILOE1F Charzynski [6] 12 & D fRRINT W 523, —RDGHEIFSHTHAR
fEtTdh 5 E-b s (cf. [56]), / NV LZEHTIEZ 0\ F-space Dl & LT, Zygmund F-algebra,
Privalov class, Smirnov class %O IERIBS% D 75 9226235 % (cf. [20, 60]).

Mazur and Ulam [40] (cf. [3]) 1, / WV AZRRICE T 2 RNSREEIDSEEREZ 2 f5IcfiEd 2 & (DA
TOFFHDR (9.1) DEIDEEY) ITHAE L 72ilEH % 5 2 7, Viisild [61] 2SlEEH % 52 7243,
DRANFEE DI Z T %, BURC Viisala D 7 A 7«4 7IhE> 723 2B %, BT
22 (V,d) 1I2BWT, d2y—x,2) > kd(y,z) (v,y € V) Z AT TERE > 1 DMFET 5 X ) &6
X, FEROGEHTETZ O LOLSERREG AT affine TH 5 2 L 3EDNS (cf. [56, Theorem
2.8]), —MRICHRIZIRREEZEA] ClE BELD & 9 RN REE O JF IR D 27275,

Mazur-Ulam OFEE . ¢ % / VA E»S / IVLAZER F O EADER#EHRET S, DL
Z, g—g(0) FEMEEERTH 5,
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SEHA. X3 Viisdla [61] DEEHD 7 A T4 7T & %,
FEREDa,be EITHLT

<a+b>_gw%+ﬂ®

I\ 2 2

ERRETATH L, 2T, BHOLD =t ¢ =20 Lm0 A= |g(c) - ET B,
A=0%ZnR7,

o E—-E%Zopx)=2c—z, :F—>FZyu)=2d —ullXVELRTSL, o FEREET,
plc) =c, pla) =b, p(b) =aTHD,

lp(z) =zl = 2llz —cl| (2 € E) (9.1)

DD LD, Y IZOWTHFAEOWEBR D LD, 22T, h=pogloog th: E— E%E
W5ELFIE EOFRERTHS, HIC

[ o h(x) =yl = llp(z) — h(y)] (9.2)
PMEED 2,y € EICRLTHDZOZ EZHWT
1R (¢) —cf| = 271N
PMEBOHRBn I L TR SIOZ EB30D 5, (h=1DL X
[h(c) —cl| = llpogovoglc) —c| =g~ ot oglc) — (o]
=g ovog(c)—cll = |lvog(c) —gle)| = 2||lg(c) — || = 2A
THY, |lpoh(x) =yl = lle) = hy)l £b
2°X = 2||h(c) — ¢|| = [l o h(c) — h(c)|| = [le(c) — ho h(c)]]
= le—hoh(e)] = A (c) — .

n D& ZTHEA
2N = [|B®(c) — ¢

DAL L7cELTn+1DEE 1 (9.1) & (9.2) ZHWT
T“A=2WW”®%ﬂM=HﬂMTND—-@”(m
= [l (e) = B = -+ = [l(e) = KD (e)|| = [le — B (0)|
TH5,) S ha)=aTH25ZEDS M) (a)=a2DT
27N = ([ () = ¢l < R (e) = R (a)]| + fla = ¢]| = 2[lc - a

ﬁ§ff%@n c:jj‘tfb)z%@f\’ A= OT‘AJ’D%O
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Isometries on spaces of differentiable functions
with several norms

National Institute of Technology, Yonago College Hironao Koshimizu

1 Introduction

Let (E,| - ||g) and (F,|| - ||r) be normed linear spaces over the complex filed C. A mapping 7" :
(E, || - lg) = (Fy || - ||#) is called an isometry if

I1Tf—Tgllr=|f—9le

for all f,g € E. The linear isometries on function spaces have been studied ([1, 2, 4, 5, 8, 9, 10]).
The source of this subject is the classical Banach-Stone theorem, which characterizes the surjective
complex-linear isometry on C'(X), the Banach algebra of all continuous complex-valued functions
on a compact Hausdorff space X, equipped with the supremum norm

[flloo = sup{lf(D)] : 1 € X} (f € C(X)).

The Mazur-Ulam theorem [7] implies that every surjective isometry 7' with 70 = 0 is real-linear.
Hence, we consider a characterization of surjective real-linear isometries between function spaces.
For example, Ellis [3] gave the characterization of surjective real-linear isometries on C'(X), and
hence we can get the form of surjective, not necessarily linear, isometries on C'(X).

In this paper, we treat with the space of continuously differentiable functions, as follows. We
denote by C™(]0,1]) the normed linear space of all n-times continuously differentiable complex-
valued functions on the closed unit interval [0, 1] with a norm. Note that we may regard C® ([0, 1])
as C(]0,1]). For example, C™ ([0, 1]) with one of the following norms is a Banach space;

— |fP()]

Iflle= suwp > ===,
te[0,1] 15, k!

NN
e = 3 e
k=0 ’

n—1
e = D 1A O]+ 1/l
k=0

for f € C™([0,1]). In particular, (C™([0,1]),]-|l¢) and (C™([0,1]),]| - ||s) are Banach algebras.
In 2018, Kawamura and Miura with the author [6] gave the characterization of surjective real-
linear isometries on C™M([0, 1]) with respect to a certain norm including these norms. The main

theorem of this paper generalizes the result to C™ ([0, 1]).
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2 Results

Let D be a compact connected subset of [0,1]"*! and ¢, > 0 for each k € {0,1,...,n}. We

define
1 fll<Dfery> = sup >l Py
)eD =0

(10, r15esTn

for each f € C™([0,1]). If Dy = {(r,r,...,7) € [0,1]"*! : r € [0,1]} and ¢; = 1/k!, then
Illpygays = IFlle- 1 Dy = [0, and cp = 1/k, then [fllp, 1y = flls. I Dy =
{0} x [0,1] and ¢ = 1, then || fll<p, 1> = £l
We denote by py the projection from [0, 1]"*! to the k-th coordinate in [0, 1] for k = 0,1,...,n,
that is,
pe(ro,r1, . ym) =16 ((ro,71,...,m0) € [0,1]"T1).

Since pg(D) is a compact connected subset of [0, 1], we write p(D) = [ak, bx] with a < b. We
denote a+ibe by [a+ib]® for a,b € R and € € {£1}. Foreach z € C, [z]°=zife=1,and [z]*=Z
ife=—1.

Proposition 1. The function ||| <p.e> 5 a norm on C™ ([0, 1]) if and only if U pr(D) =[0,1].
k=0

Proposition 2. If p,(D) = [0,1], then the norm || - ||<pe}> 5 equivalent to || - ||s. Hence,
(C(n)([oa 1])5 H ’ H<D,{ck}>) is a Banach space.

Theorem 3. Suppose that Upk(D) =[0,1]. If T : (C™([0,1]), ] - ll<pofery>) — (C™([0,1]),

k=0

| - <D {ery>) 18 a surjective real-linear isometry, then there exist a permutation T of {0,1,...,n},
Cr . :
a function w, € C™ R ([ay, b)) with |wy| = ® g C=F)_diffeomorphism ¢y, - [ay, by] —
c

k
[ar k), brey] and 6, € {£1} (for k=0,1,...,n) such that

(T )P = wi[fT 0 o] on [ax, byl
for all f € C™([0,1]) and for all k.

Now we define the set
L={ke{0,1,...,n}:ar < by}

Proposition 4. (1) If k,¢ € L, then o = .
(2) If k.0 € L with [ag, by] N [ag, b # 0, then or = @p on [ak, be] N [ag, be].
(3) If k € L, then 7(k) = k. Hence, wy, is a unimodular function on [ay, by].

The proposition yields the following result immediately.
Corollary 5. Suppose that Upk(D) =[0,1] and that L = {0,1,...,n}. If T : (C™([0,1]),

k=0
) H ’

|- l<pfeys) — (C([0,1]) |l <D,fex}>) i a surjective real-linear isometry, then there exist a
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function wy, € C" ) ([ay, b)) with |wy| = 1, a C"®_diffeomorphism ¢y, : [ax, by] — [ax, br] (for
k=0,1,...,n) and § € {£1} such that

(TH® =wi[fP opil® on [ag, by
for all f € C™([0,1]) and for all k.

By Theorem 3 and Corollary 5, we can get the characterization of surjective real-linear isometries

for several norms.

Example 1. Let E € {C,X}. A surjective real-linear isometry T : (C™([0,1)),] - [|lg) —
(C™([0,1]), | - ||z) if and only if there exist A € T and § € {£1} such that 7" has one of the
following forms;

() (THE) =AfOF (¥ € [0,1),¥f € C((0,1])),

or

(b) (Th)(H) =AfA =) (vt € [0,1],¥f € C™([0,1])).

Example 2. A surjective real-linear isometry T : (C™([0,1]), ] - ls) — (C™([0,1]),] - ||s) if
and only if there exist a permutation 7 of {0,1,...,n — 1}, constants Ao, A\1,..., A1 € T, a
unimodular continuous function w : [0, 1] — T, a homeomorphism ¢ : [0, 1] — [0, 1] and 0 € {1}
for k=0,1,...,n such that

nz_i Ml f(T o t +/ / / " (p(tp))]dty, . . . dtydty

k=0

for all t € [0, 1] and for all f € C™([0,1)).

Example 3. Let D, = {0} x [0,1] x [0,1] and let ¢g = ¢; = ¢ = 1. We see that || f||<p, 13> =
1£(0)] + [ F'lloc + [ f"loc- Then a surjective real-linear isometry 7 : (C@([0,1]), | - [|<ps.11>) —
(CP([0,1]), || - ll<pa{1y>) if and only if there exist A, 4 € T and dp, &1 € {£1} such that T has one
of the following forms;

(a) (Th)(E) = ALFO)* +ulf(t) = (O (vte[0,1],¥f € CP([0,1])),

or

(b) (T)(&) = ALFO)% + plf(1 =) = fFI (vt € [0,1],Vf € CP([0,1))).

Example 4. Let Ds = [0, 3] x [0,1] and let ¢y = ¢; = 1. Then a surjective real-linear isometry 7 :
(CO0,1]), | l<ps.(13>) — (CO([0,1]), ]| | <ps.{13>) if and only if there exist A € T, a unimodular
continuous function w : [0,1] — T with w = X on [0
@(t) =t on [0,%] and § € {41} such that

72

, 3, a homeomorphism ¢ : [0,1] — [0, 1] with

(T1)(t) =

for all f € C([0,1]).
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Hermitian operators on Banach algebras of
vector-valued continuous maps

NI RVWANTITEE e 2 S NS PN

1 BA
NF Y NEE] B LT, B 76 By ~ORNERIEGRZ2 U LB, ZDLE, 2FEHH
B U ZAESRIEHZETD 520 £\ 9 RV IER D Banach-Stone DEMDN 6 72726 IZED LS,

Theorem 1 Let X; be a compact Hausdorff space. Then U is a surjective complex-linear isometry
from C(X1) onto C(Xs) with ||+ ||« if and only if there exists a homeomorphism ¢ : Xo — X7 and

a continuous function a € C(Xy) with |a| =1 such that
Uf(z) =alx)f(e(x), feC(X1), ve€ X

Banach 22l Lo> 1)L 2 — FMEHIZEOWIZEIE, Vidav [9] & Lumer [6, 7] I X > TH® 54, Lumer
\& Banach Z2[H] RICEFR S N PR Z VT, TV S — MERIFEZRD X HITERL 2,

Definition 2 Banach 2% B 12X L C, ERHRRIPEREZET . B - BBV I — MEHETH 5
Li, B EDHBEAR], ] ISRLT,

[Ta,al € R, a€B
BHRITEZ R,

Banach 22RO D RS FHEEG G & 2V 2 — MEHFER, IFFISRCEERH 2, FIZIE, KD
£ BEEPALNTN 5,

Fact 3 Let B; be a Banach space for i = 1,2. Suppose that T : By — By is a Hermitian operator
and U : By — By is a surjective linear isometry. Then we have

UTU_15B2—>BQ

15 a Hermitian operator.

Z DHFFHE % M\ T Banach 22 EOSFREEG G % IE T % /15 %, Lumer O /575 £ M5, Lumer
DFFEEEIG L T, EEEHRESR2IET 57201213 FF, W d % Banach Z2[E LD )L 3 —
MEHZZRET 2 2 LB TH 5, 1980 412 Fleming and Jamison IFFwX [2) IZEWT, X7
M UEEEEAR 2K D> & 72 5 Banach 22 DORICER I Nz )L S — MEHEZVE L 72,
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Theorem 4 Let E be a Banach space and X a compact Hausdorff space. Then T : C(X,E) —
C(X, E) is a Hermitian operator if and only if for any x € X there exists a Hermitian operator
¢(z) : E — E such that

TF(z) = ¢(x)(F(x)), FeCX,E),zecX.

ZDINE — MEHZEDRHEDL j”i’ﬁﬁbl’c, Fleming and Jamison |25 &R EE DI TE
INB1DDTIEMNZRD &) ITH T,

Theorem 5 Let E be a Banach space on which the set of all Hermitian operators has real dimen-
sion one. Then U : C(X1, E) — C(Xs, F) is a surjective linear isometry if and only if there exist
a homeomorphism ¢ : Xo — X1 and a continuous function x — V(x) from Xy into the space of
bounded linear operators on E given its strong topology with for each x € Xo, V(x) is an isometry
on E and

UF(z)=V(z)F(p(z)), FeC(X,FE)xeX,.

E = Co&gf, BFEH Lo I — MEHFEIZ, FEE O multiplication operator £ TdH 5 Z &
DHIGNT WS 70, LOEMBMOSEEZT, &> T DEMIE Banach-Stone DEF D —f (L
ZH2ZTEMTH D, ZOHEHFTIE, SRFHREEGRL O X 7Z2PRE TE TV 72\ Banach 22[H]IC
NLT, Z2OMkzR575EE LTIV — MHZEZRET S L2 —OHEE L, ZDIK
Rz d 5,

2 FEFHR

ERRREBARDE T E T2\ Banach 22 & L C, Lipschitz 8823 %, 2019 4E D Hatori and
Oi Bl 2B VT, 2 87 FEEREZEM X RICERSINIERBEY 7> v Y BB E» 6% %
Banach 8 Lip(X) DB DGR EARFEHRICT R 5 2 & DSRAEINICEEH S 172723,
X7 b U Lipschitz BRO B O2SH GRS IZ VW E 721 E A ERESIN TR VLODERTH 5,
COMEZEBERT 27200 oD L LTIV I — MEHZEZH\ V2% Lumer DHEZEZ 5,
9, X7 )UH Lipschitz B ED TV § — MERAF ORI IR D & 9 IcfF s,

Theorem 6 Let X be a compact metric space and E a Banach space. Then a bounded linear
operator T : Lip(X, F) — Lip(X, E) is a Hermitian operator with || - ||s = || - |lec + L(-) if and only
iof there exists a Hermitian operator ¢ on E such that

TF(z) = ¢(F(z)), F € Lip(X,E).

Lipschitz B2 b D )V 3 — FMEHFEICBIT 2 @I, 2014 4£12 Botelho, Jamison, Jiménez-Vargas
and Villegas-Vallecillos IZ & 5T, @[] ICEWVWTE = COLEBRRINIZOBMED TH 5,
CDEMIIZDEHZEA MRINREHE > TWw 5,
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3 IbH

Theorem 6 Z 23 Z & T, WL DD kU Lipschitz Bt b 252 HHEE SR O HSR 5y
ICIRETZE A EL D> T3, RBICZENLDEMEHENL, KREEZHO 5,

Theorem 7 [3, /] Let X; be a compact metric space and Y; a compact Hausdorff space. Then
U is a linear isometry from Lip(Xy, C(Y1)) onto Lip(Xa, C(Y2)) such that U(1) = 1 if and only
if there exist a continuous map ¢ : Xo X Yo — X7 such that o(-,y) : Xo — X is a surjective
isometry for each y € Y, and a homeomorphism 7 : Yo — Y, which satisfy that

UF(z,y) = F(p(z,y),7(y)) z€ Xs,y €Ys (1)

for every F € Lip(Xy, C(Y?)).

2%, Hatori and Oi [5] ICE T, Theorem 7 DFMAFU(1) =124 L7 LT, 2HFHEHY
BIFFMHEABRMEMRICR S 2RI Tw5, LB Z2SRLTOLowRWD, UQ) %
WIET 57D DI EB T, Lumer DFEREREVICBERL TuAWI EISHEET 5,

Theorem 8 [8] Let X; be a compact metric space for j = 1,2. Then U : Lip(Xy, M,(C)) —
Lip(Xa, M,,(C)) is a linear surjective isometry such that U(1) = 1 if and only if there exists a
unitary matriz V€ M,(C), and a surjective isometry ¢ : Xo — X1, such that

(UF)(z) = VF(p(x))V™, F € Lip(X,, M,(C)), z € X,

(UF)(z) = VF'(p(2))V ™!, F € Lip(X1, M,(C)), = € X,

where F*(y) denote transpose of F(y) fory € X;.
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Weighted composition operators on spaces of
functions with derivative

Shuichi Ohno

1 Introduction

Throughout this paper, let H(ID) be the space of all analytic functions on the open unit disk
D. For each function u € H(D) and an analytic self-map ¢ of D, we may define the weighted
composition operator M,C,, by

(MuCo f)(2) = u(2) [ o ¢(2)

for f € H(D) and z € D. Whenu = 1, M,C, = C,, is a composition operator. By the Littlewood’s
subordination theorem, we know that C,, is bounded on the Hardy spaces. We refer to [9, 25] for
an overview of composition operators.

(Weighted) composition operators have been extensively investigated on various analytic func-
tion spaces during recent decades. The main theme is to characterize the operator-theoretic
behavior of weighted composition operators in terms of the function-theoretic properties of the
weight u and the symbol .

We here will consider weightted composition operators on spaces of functions with derivative in
some analytic function spaces.

2 The space S?

For 1 < p < o0, let H? be the classical Hardy space of all analytic functions f on the open unit
disk D such that

1 2T ) 1 2 o
17 = s L [ igenpan = L [T i < oo
0

0<r<1 2T Jo 2

where f*(e") = lin% f(re®®) a.e. on the boundary 0D of D. From now on, we will write f* by f
T—

also and put dm = df/27. Let H* be the Banach algebra of all bounded analytic functions f on
D, endowed with the supremum norm

[ flloc = sup [f(2)].
z€D

85



See [12] or [23] for any standard reference of the Hardy spaces.
We focus our work on the following spaces. For 1 < p < oo, the space S? is the collection of all
functions f € H(DD) such that f* € H?. Then S? is a Banach space with the norm

1A llse = £ O+ 11 e,

which is called “the derivative Hardy space” by some authors.

For each A € D, the evaluation of function in S? at ) is a bounded linear functional and for
each f € S2,

FO) = (£, KX),

where

n

Ky =143 A"

Then S? is a Banach algebra.

Basic Facts.

(1) By a classical result of Privalov [12, Theorem 3.11], each f € H(D) is continuous on D and
absolutely continuous on 0D if and only if f* € H'. Thus, it holds

S C SP C St c A= A(D) (the disk algebra).
Here A = A(D) is the disk algebra endowed with the norm

1£1la = sup{|f(2)| : = € D}.

(2) The inclusion operator j, : S — A is compact if and only if 1 < p < oo.
(3) The polynomials are dense in SP.
(4) The polynomials are dense in S with respect to the supremum norm of A.

To characterize the compactness, we will need the so-called “weak convergence theorem” ob-
tained by adapting the proof of [9, Proposition 3.11].

Proposition 2.1 For 1 < p,q < oo, let X = SP or HP and Y = S, H? or A. Let u € Y and
@ an analytic self-map of D. Suppose that M,C, : X — Y is bounded. The M,C, : X — Y
is compact ( weakly compact) if and only if whenever {f,} is a bounded sequence in X and f,
converges to 0 uniformly on every compact subset of D, |M,Cyfully = 0 (M, C,fn} is a weak
null sequence in'Y ).

Recall that C,, is compact on S? if and only if ||¢|l < 1 ([20, 25]).
Since
(M.Coof) =u'fop+upfop,
the study of M, C,, : SP — S%is equivalent to the study of any of these operators: M,C,, : S? — HY
and M,y C, : H? — HY.
We could modify Theorem 2.1 of Contreras and Hernandez-Diaz [8].
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Theorem 2.2 (Contreras and Hernandez-Diaz (2004)[8]) For 1 < p,q < oo, let u € H(D)
and ¢ an analytic self-map of D.

(1) M,C, : S? — S is bounded if and only if u € S¢ and My, C, : H? — H? is bounded.

(2) Suppose (p,q) # (1,00). Then M,C, : S? — S is compact if and only if u € S and
M,y C, : H? — HY is compact.

The boundedness of M,C, : S — S? implies that u and uy are in S7, so u and up extend
continuously to D. Then ¢ extends continuously almost everywhere to D and ¢ is not necessarily
in the disk algebra.

(1) Let u(z) = (1 — 2)? and ¢(z) = exp (27). Then up € A and ¢ &€ A.

z—1
1 1
(2) Let u(z) = (1 — 2)? and ¢(z) = —exp (Z i_ 1). Then M,C, : S — S' is compact, but
up € Aand ¢ € A.

The boundedness and compactness of weighted composition operators acting different Hardy
spaces are characterized in [6, 7, 11], using the notions of Carleson measures.

Problem. Characterize the boundedness and compactness of operators M, C, : H? — H? by
the function-theoretic properties of the weight u¢’ and the symbol .

Next we consider the excluded case.
Theorem 2.3 (Contreras and Hernandez-Diaz (2004)[8]) Foru € S* and an analytic self-
map ¢ of D such that M,C, : S* — S> is bounded, the following hold.
(1) M,C,:S"— S is compact if and only if ||¢|le <1 or
/
lim |u/(2)] = lin lu@)¢ )] (Z)2| =0
()| le(x)l=1 1 — |o(2)]
(2) M,C,:S"— S is weakly compact if and only if ||¢|lec <1 or

lim |u/(2)] = 0.
\@(Z)\—>1| ()|

Furthermore we consider the Hilbrt-Schmidtness of M, C, on S 2,
Let T be a bounded linear operator on a Hilbert space H with the orthonomal basis {e, }. Then
T is called a Hilbrt-Schmidt operator on H if and only if

(o)
D lITenl3; < oo.
n=1

Theorem 2.4 M,C, is Hilbrt-Schmidt on S* if and only if
/ |u(e”)¢'(e”)?
0

p 1= le(e?)?

dm(f) < oo.
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3 Sl A

Recall that the inclusion operator j, : S — A is compact if and only if 1 < p < oo.
Contreras and Hernandez-Diaz (8] considred the operator M,C, acting from SP to H? for
1 < p,q < oo, but the case between S* and the disk algebra has been left.

Theorem 3.1 M,C, : S' — A is bounded if and only if up® € A for k =0,1,2,....

Theorem 3.2 M,C, : S' — A is compact if and only if u = 0.

4 The space S4

Let A be the disk algebra. Then S, denotes the space of all analytic functions f on the open
unit disk D such that f’ € A. Then S, is a Banach space with the norm

1A llsa = 1O+ [1F 1,

where || f||4 = sup{|f(2)| : z € D}.

Theorem 4.1 Suppose that u, € A with o(D) C D. Then M,C, : Sa — Sa is bounded if and
only if u,up € Sa.

Theorem 4.2 Let u,p € Awith p(D) C D. And assume that u,up € Ss. Then the following

conditions are equivalent.
(1) M,C,:Sa— Sa is compact.
(ii) My Cyp: A— A is compact.

(iii) |¢]le <1 or lim |u(z)¢'(2)] = 0.
lp(2)|—1

By the Julia-Carathéodory theorem, a condition (iii) implies that ‘ (liﬂa lu(z)] = 0. Then
@(z)]|—1
M,C,: A — Ais compact.
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