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b leoobobobuoooboobod el 120 2100 120 2200 2000000000
gbgoobuobobobbobboboboboobooobooobbobbboouobon
gboooooobbboouooobouooobboobboobbobboooboooo
goboooodoon

bbb leggbobbobooooobobooobbbbooooboobbooooooo
gobboobogobooobbooboooooobobobooooboba
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120 210
[1] 013:300 14:10 (0O MOOO0OOOOOOOOOO
OO00000 Bamach OO ODOOOOODOOOODOOO

[2] 014:250 15:25 (IO MOOOOOOOOO
0000 gap metric J g-metric 0 00O 0O O

3] U15:450 16:15 (IO MOO0OO0OOO0O0O0OOOM20
0C(X)DOODODODOOO0OO0ODO0OO000000 Hauwsdorff OO XOOOOODOOOOOODO

[4] 016:300 17:00 IO MO0OD0O0ODOOOOOO
O Cole extension J 0 00 00O O O square root closed D 0 OO0 OO

[b] U17:100 1740 (IO MOOOOOOOODO
O Bergman shift 0 00000000

120 220
(6] 010:000 10:30 (O MOODOOO0DOO0DO0O0OOOOD1O
O Cyclic vectors in the Fock spacel

[7] 010:400 11:10 O MOOOOOOOOOOOOO
O00 Bergman OO OOOOOOOOOO

8] 011:200 11:50 (DO MOODO0OOODODOD MO MO00D0DO0D0D00O0O0O00O0O OO0
gobbobooooon mouoooooboboon
gbobobooboobooboobobbDb

9] 012:000 12:30 IO MOODO0O0ODOOOOOO
0 Minimum moduli of composition operators on H> [

oo Mmoooobd ™o m



0000 BanachOOODOOOO0DOO0OooOOOn

0000000 0O [ (Takeshi Miura)

1 0ooond

A BOOOOO My, MpODOOODOOOOOUODODOODODOOO BanachOOOODOODO
Banach OO O OOOOOODOODOODOOOOOOOOOOODODODODOODOOODOODOOOOO
gbooobbooboobbo0booooooub BanachOOoooooooooooooOoO
gobbboouoobbobooobbod

O0100p A—-BO0OO0OO0OOODODODOODOODOOODOO

p(f+9)=p(f)+plg)  (Vfg€A
p(fg)=p(flplg)  (Vf.g€ A
00 1000000p:A—»BO000O0O0OOOOOO0O000000OO0
p(Af)=Xo(f)  (VAeC, f € A)

gobbooubpbdbbbuobogobn
gobbbooodgbobobuoobobbboobobbobobbbooodbobbooog

Molnér [3], Takahasi and Hatori 4]0 000000000000 0000000000000
D000 Banach0 000000000000 0000000000000000000000OC
D00D0000000000C,(X)00000000 Hausdorf0 O XOOOOOOOOO0O0 O
D000000000000000C|e,b)0 ROOOOO [0,b)00»00000000000
0D00000000DPO00000000000DO000N0O000AMDO0OODDODDONONODO
D00DO00O0O00000000DOO000O0O0000000000 BanachOOOO000000
000 abel0 GOOO D0 OGOO normalized Haar measwre 0 000 LPO000C0O00DO00
0000 LP(G), (1<p<o00)000D000D0DO Cy(X), C™([a,b]), LP(G), 0 000 00O Banach
000000000000000000

Meyxy = X, Men(ap) = [a,b], Mio), = G (1<p<oo)

O0D000000000D00000 GO GDDDDDDDDMADDDDDDDDDDDDDDD

0 Banach0 ADOOODOO0OO0DOO0O0 zeM, 00000 FC My: ngDDDDf()

f(F)—ODDD fEADDDDDDDDDDDDDDDfD fO Gelfand D OO OO OO
00000000 DO Molnar, Takahasi and Hatori O O O 0O OO O OO



00 A (Molndr) 000000 p: Go(X)— ADOODODO0O0O0O000

00 B (Takahasi and Hatori) GOOO OO0 abel001<p<oc000000 B=LYRY)

or AD) or C"([a,0))0 0000000000000 p: L2(G), »BOODO0O0OO0OOOO

oooooooooooooe-gor-gbob0bob0oboobobObOooboobooooobobo
gboobbbobbooboobbdooobooooobbooobboboobbbooboboooaon
gobooooboooooobooboobooo

2 0OOo

OO0 1 A00000000 BanachOOBOOOOO BanachOOOOMy, MpOGOGO4OQo A, B
OoooobooboooO0obobo0 pr A-BOOOODOOODODODODOODOOODODO

() BOOODOOOO
(b) M, O discrete 0 00 Mg O discrete 0 0 OO
(c)ADDDDOODOO BOOOOODOOO

000000000000 A, BOOOOOOOOOOODOOO000O0 p: Co(X) — AD)O
000000000C(X)00000000 BanachOOOOO0O000 1(a)0000000A(D)
000 Banach 000 00000000000 O0000O00O0O0O0OODD0OOOO0O0000

0000000AMOOO0DDD000000 C(X)00 ADOOODONODODNDONDONO00O0DO
000
00000000000000000000000000

02 A00000000 BanachOODOOOOOOODOOOOOOp:A—AD)ODOODOOOO
goddg

00 2020 AD)O0 A~(D)0 0000000000000 ODO0O0O0O0O0ODO H*D)oooo
0000000000 20 A=Cy(X)00D0O0O0O0 MolmdarOOA=LP(G), (1<p<oo)0O0O
O 00 Takahasi and HatoriO O OO OO O

00000000000 p: L(G), »BOOO00D0000000 GOOOOO0 abelO0 D
1<p<ood00000 B=LYRY)or AD) or C"([a,b]) 00 00000000000000
0000 GOO00000000000000 GO discrete 01000000 Mppg), =G0000
0000 1(b)00000 MO discrete 00 0000000000000000 MpO discrete
000000000000 L/(G),00 BOOOOOO0OO00000000000

0000000000000 discrete 01000000000000000000

0 3 B00000000000 MO0D0D0O0000000000000000 BanachOOODODO
0000000000 p: (G),»B(1<p<o0)0000000O0

00 3 B=LYRY) or C*([a,b]) 0 000 Takahasi and HatoriD OOO DO O0O0O00000 1 <
p<oolU0O0OU000O0ODODOp=occb00000000000O0DOO



0000GO00000 abel00000000000000000 BanachOO L(G)000
0000000000000000000000000000000000 L=G)000000
0000000 L*(G),000000000000000GO00000000¢(G)000000
00000000000000000000000000000000 ¢(G),C(G), 00000
000 L*(G), L*(G),, C(G)00 €(G),0 0000000 BanachOODD0O000O00OO0OO
000

04 GUOODOO abelDODOODODODOOO

() 000000 p: L¥(G) — L*((¢), 000000000
(b)0OOO000 p: L®(G), —» L¥(G)0 00000000
(c)0DDD0D0DODO p: C(G)— C(¢), 000000000
()00D0O000 p: C(G), - C(¢) 000000000

00 p000000000000000000000
(a) GOOO0O00O0DD0O L®(G) 00000000 MO0 O00000000000000
00 1(c)00 L®G), 00000000000 My, =G0000000000GO discrete
0000000000GOO0000000000000000000 GOO000000000
00000
(b) GO discrete 100 D000 1 (b)00 My O discrete 0 000 00000000000

—

0 Mi~O0000000000000 GOOO00000000 L~(G)00000o00o0ooa
0000000 M~ OO00000000O000000

() C(G)0000000 C(G),000000 1(0)00000 My, =G000000000
00 GO discrete0 000000 GOODODODODOOOODODOODO

(d) GO discrete 000 D00 1 (b)0 O Moy = GO discrete 000 00O [

3 U0 1000

00 00 p:A—»BOOODODDOOOOO0OOOOOOO0OO0DOOOOI[L, Corollary 2.8 00 [
0000 ¢: My —» M,00 MpOOO {M_,M,M,}00000000000000 ye MO
0000000000000007,:C—CO00000

000 00 M., My, M\;,D0 000000
(i) y000000000
(i) M_,, My, M0 0000000

(i) M,00000000



000000000000000000
() 000 ye MpO0OO0O0 FCMp:y¢ FOOOOODODOOe000000000000
D0000e(F)0 M,000000000 ¢(y)€e(F)0000000 ADDOOOO

~

fle) =1, flp(F) =0

000 feAQODOOOOOODOMOO

o000 pO0b00O0OOo

(b) M40 discrete 000000000000 ye MpOOO0O0y(y)0 My00000000
e000000000{y}=¢ Y e(y)DDpeOOOODODO MpOOOOOOOO MO discrete
gooooooboooo

() ADDOD 00000000000 (1)00000yeMz0000 ple)(y)=10000
O00BOOODOOODDO ple) BOOOODDDODO |

Ooon
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0000 gap metric U g-metric U O 0O O
00 M (000000)
gopooooo 20040 120 210
goooooboogond

Hilbert 00000 (DD0)00000000 gapmetricO0 000000
ugbo,gbogbobooobobbooogbobodan.

O00000,00000000000000000000 (g-metric 0 O
0)000,000000000000000D0O0OO0,0000000000
gap metricUO0 OO0 0OD0OD0OO0O0OO0OO0O0O0ODOOO0OOOOOODODOO.

1 00

00,000000000000000.000000000 (operator) O O
000 dom(-)00000000000000000O000OOOO. (H,(--))
000 () 0000 Hibert 00000

(1) HOOOOO ¢0 closed 00000
{(u,tu) € H x H : v € dom(t)}

O closedin Hx HOOOOO. 00O, dom(t) 3 up — u, tu, — v 0
00 wedom(t), tu=0v0000000.

(2) HOOOOO s0O semiclosed 00000
{(u,su) € H x H : v € dom(s)}

O semiclosedin H x HOUOOOO. 0D00O,000000000,0
000000000000 000O0O0 (Hibert 00 ), Hx HOOODO
00000oooooooobobb. ODOog, closed operator O 0
00000 closed 000 Hx HOOOOODOODOO Hilbert OO0
0000, (0o0O00,0000000000000000) semiclosed
operator 1 00 00O 0O 0.

gooooooooooooooooo.
B(H) : H 00O bounded operators 0 0 O
CD(H) : closed, densely defined operators 0 O O



C(H) : closed operators 0 O O

SD(H) : semiclosed, densely defined operators 0 O O
S(H) : semiclosed operators 0 0 O
gddodouoouooooouooouooooan.

C(H)

SD() C S(H).

B(H) CcCD(H) C {

gbbogboooboobobboboobooboon.

s N
Theorem 1.1 (W.Kaufman) OO0 0000O.
(i) s € S(H)
(i) 00O dom(s) O semiclosed subspace O O
s: (dom(s), || - |ls) — H, (bounded)
000, 0000 dom(s) O Hilbert 00000
gooo rogoo.
(i) s0O0O00O0OO0ODODOOODO. 0000, 000000D
A, BeB(H), (kerACkerB)00ODODODO,
dom(s) = AH, ran(s) = BH,
s=BJ/A:Au— Bu, ueH
o00.000,AF 00 AODODOOODOO.
N J
Remark 1.1

(i) 0 (i) 0000, () 0000000 |-|,0 (i) 0000000 A>0

(AODDOOOOODO0OOODO)ODO0DOO0OODODOOOOODOO.

|-]|s «+— A>0.

Hilbert 00 (dom(s),||-|ls) O de Branges OO (AH,|-||4) 0000000

ogd.

000, de Branges 00 AH 0000 (Au,Av)y := (Pu,Pv) 0000

OoobobobbooboOobon Hibert OOOODO.
(PO (ker At 00O (orth.) projection. )



ggooboooobooboooon.

-
Theorem 1.2 (W.Kaufman)

S(H)st=B/ADO000ODO,0000.
(i) t O closed DO O .
(ii) (A*A+ B*B)Y2H O closed in H OO DO .

(iii) (A*A+ B*B)H O closed in H OO O.

o
/
Theorem 1.3 (Kaufman 00 0)
CH)>tODODOUOO,00D0D00000D.

t=B/(P — B*B)"/?,
P O dom(t) OO projection 000 .

.

)

0000000000 (semiclosed operators) 0 00 000000000

0D0oO00D000000.
B/A=D/C

—
B/AcD/C and B/ADD/C

—

B=DX D =BY
an Ubo X, yooooo.

A=CX C =AY



2 gap metric 00 00

H: Hilbert space
H D L, M : closed subspace 0 00O O,

go(L,M):= sup dist(z, M)

eeL, ||=1

=  sup ||z — Py
seL, of=1

= sup [|(1 = Pu)zll
seL, of=1

= sup |[|(1— Pa)Pra|
seH, |lo]=1

= |(1 = Pm)Pel,

0goood.oog, P, Py O L, M OO projection.
oooooo,

g(L, M) := max{go(L, M), go(M,L)}

0o000o0,00000000oo0 ||PLb—-Py||0OD0ODOODOOOOOO.

000, gO closed subspaces 0 OO0 O O0O0O0O0OODO.
O000,steC(H)OOO,000 G(s), G(t) O closed subspace 0 00O,

C(H)DDOO g (gap metric) 0000000000 00000.

g(s,t) == g(G(s), G(1)) = || Ps = Fi.

000, P, PO0ODO0O G(s), G(t) in H x H OO projection.

00,00 gapmetricg OO0 p-metricO00000O00O0O0O. ODOOOO,
U000 gapmetric U0 0000000 0O0O0OODOO0O0O0O0OO p-metric
ooooooooooono.

O00,steC(H)DOO00O, Kaufman 000000 0OO.

sEB/A, A= (P-B*B)"Y?
t£pjc, C=(Q-D*D)'2

OO0, P,QODOODODO dom(s), dom(t) OO projection. OO DODOOO
000,s0 t0000 G(s), G(t) 00 projection 0000000000
000000.(H.O.Cordes, J.P.Labrousse)



P A2 AB* P c? COD*
s~ \BA BB*)’ "t~ \DC DD*

UdodobbodoUud gapmetricg 000000 p-metricO 0000
0.000,steC(H)00O0OO,

{9(s,6)}* = || Ps = Ri|?
_ H( A2 —C? AB* - CD*> H2

BA—-DC BB*—-DD*
<2{)|4? - c¥? + |AB" - CD*|?
+||BA - DC|? + | BB* — DD*|[*}
=2{||4? - C*|? + | BB* — DD*||? + 2|BA - DC|[*}.

gbob,000bo0o0ogooobo. oo, 0bobooboboooooboobo
o, 00boooboooooo.

-

Theorem 2.1 (H.O.Cordes, J.P.Labrousse) s,t € C(H) 0D 00O
Kaufmen 00O 00O,

sEBJ/A, A= (P-B*B)"?
t£pjc, C=(Q-D*D)2
1/2
p(s,t) = {[[A? = C*|]* + | BB* - DD*|[* + 2|BA — DC|1*}

oo0oooO0,pOd C(H)OODOOODDOOO.
000, p-metricd gap metricg 0 (00000 )00000O.

g(s,t) < V2p(s,t) < 2g(s,t), Vs,teC(H).
- J/

Remark 2.1
00, steCD(H) 0000
A=(1-B*B)Y/?, c=(1-D*'D)"/?00000,

p(s,t) = {IIB*B ~ D*D|* +||BB" — DD*||?

1/2
+2|B(1 - B*B)"/? - D(1 - D* D)},




gog.

3 gap metric 00000

U000, gapmetric 0000000000000 0O000O0O00O0OO0O00O0OO
gbobooooboooon.

5 N
Theorem 3.1 (T.Kato, Perturbation Theory...)

(C(H),g)0OOOOO.

- J
e A
Theorem 3.2 (H.O.Cordes, J.P.Labrousse)
B(H)O (C(H),g) O open0DODO.
- J
s N

Theorem 3.3 (T.Kato, Perturbation Theory...)
s=s" (selfadjoint) 0 00.0000,00 6>000000,

g(s,t) <6

0000000 symmetric operator t € CD(H) O selfadjoint t = t* O

oo.
N J

Symmetric: t Ct* 000000.

4 qg-metric 0O O00O0

semiclosed operator 0 00 S(H) DOOO0O0OO0O0O0O. 00O, semiclosed
operator 0 00 0000000D0O0O (Theorem 1.1 000000 operator
range 000000 )000000 Hilbert 0000 1000000000
goobh.0b0b0o0boobd «0bbO0obogo.

Remark 1.1 0000, 000000000O0CCOOODOOOCO.O
Ub0D00,«000000 Hilbert DD OOO0DO0DDODOOOOOODOOOO
O000000. 000,e0 BH)ODODODODODOOOD.O0OOOOO,000
goooopooooooono.

oboobg, gometric 000000, OD0000 «000O,0000
uno.



Vs,t € S(H) OOOO, dom(s) = AH, dom(t) =CH OO0 A,C € «
ooooo.obgo A CcO0noo

s=B/A, t=D/CcO0000D0OO,

gooddld gmetricO0O00OOO.

[ q(s,t) = [A=Cl +[|B - D] j

oog,

Proposition 4.1

(S(H),q) DDOOOO0O0O0O0.

5 g-metric0O0O0OO

3.gapmetric0 00000 OO0O0O0OO0O0OO0O0OOOOOOOOOCOOOO,
oo0ooo0o (S(H),q DOooooooooo.00o00,00 a00O0O
0000000000000000. o0 B(H)OOOODOOOOOOOO
gboooobboobooo.

s ™

Proposition 5.1

1)aO closed00000O0 (S(H),q DODOOO.
2) a0 closed D00 .

(
(
()00 « 000000000 ODODOO(SH),gOODOODO.
(i) 00 «0O0O0DOOOOO0ODOODO,000000 AOOODO, AH
O densein HOOO (S(H),q) DOOOODO.
- J
00 Proposition 5.1 00000 «00000O0000O0OCCOOOOO0OO
O0000.«e0000 AOOOOO0,AHDO HOOOOOOOOODOO
oooooooo.
00O, semiclosed operators 0 00 S(H) O OO0 O bounded operators
000 B(H) O closed operators 1 00 C(H) OO0OO0O00OO0O00OOOO.




s )

Theorem 5.2
(S(H),q)OOOO BH)OOODOODOO.
N )
N
Theorem 5.3

(S(H),q) OOODO C(H)O open0O0O.
N J
Odog clopen DODOODOOOODODOO, open DOOOO OO. Theorem
1.20000,CH)>t=D/CO000000, R:=C?+D*D 0 closed
range 0000000000 0OO.0000, Theorem 5.3 000 ¢t0O 00O
000 CH)ODODODOOOoOoOoOO,0000000DODOO0oODOoODOOO
O000ooOOoooooooogd.

Remark 5.1

) 2
a(t. s) < min{1, A0+ IC] + ||D||)}’

0000 seS(H)O closed 00 0.
ooO0,y>00 RO lower bound 00O :

|Rul| > ~|jul|, ue€ (kerR)*:.

OO0 Theorem 5300 0000000000OO0OO.

e D
Theorem 5.4

s =s* (selfadjoint) OO0 . 0O00O0O,00 6>000000,

q(s,t) <o

0000000 symmetric operatort (t C t*, t € SD(H)) O selfadjoint
t=t¢-aoagag.

N J
selfadjoint operator s 0 closed D00, 000000000000 closed O
0000000 (Theorem 5.3), symmetric operator ¢ 0 closed 00 O 00
gooooooooooo.

6 gap metric [0 g-metric 0 00

0000, g-metric O closed operators 0 00O C(H) DOO0OOOO0O gap
metric 00 000000000O.



C(H)>sp,s(n>1)0000,
$n = D,/Cn, s=D/C.

000 dom(s,) 00000000 «000000 |-|l¢, 000000
O0. 0000, v edom(s,) =C,HOOOO, ||vle, = ||Cuullc, = |lul,
v=Cu,u€ (kerC,)t 00D0D00ODOO. 00,00000000000
s, 000000000 |-, 000. 0000, v € dom(s,) ODODODO,
o2 = |lv|?+|lspv|?0C000000000000.

00,00000000000 (Theorem 6.1)0, 000000 {s,} O
O00000 sO 000D 0000, gmetirce 0000000000 gap
metric 0 D000 0000000000000 0O0.000,0000000
0D000000000000,000000000000000000000
D00000000000. 0000,00 00000000 000000
00,0000 0000000000 0.(Corollary 6.4)

- D
Theorem 6.1 C(H)>s,, s(n>1)000.

s, = D,/C,, s=D/C.
0000,0000 (DO0OO0)0oOoooOooooao.
dk >0, Vn, Vuvedom(sy), |vl|c, <Eklvls,-

gogogoooooaoo,

q(s,sp) =0 OO0 g(s,sn) = 0, (n— 00).
N J

gbe610000

Sn 2 Dn/Cn E Bo/An, An= (P, — B:B,)"/? (1)
s2D/CEBJA, A= (P-B*B)Y? (2)
() oo,
{Bn = DpXn, {Dn = B,Y,,
A, =ChX,, ker X} DkerCh, |C,=A,Y,, kerY) DkerA,.

(2)00,00000

B:D)(7 l):B}/7
A=CX, kerX* DkerC, |C =AY, kerY* D ker A.



000000000,0000000000000000, ¢(s,s,) — 00
00,0000 C,—C, D,—DOO0, p(s,sp) —0,000,

P,— BB, — P — B*B

B,Bf — BB*

B,(P, — B:B,)"* — B(P — B*B)!/?
00000000.0000,0000000000000,0000 000
000000000,00000000.

0o, (1), (20000 (C,—C,D,-»DO0000000)
P,— B'B, = C,X,XC, — P— B*B=CXX*C
B,B' = D, X, X:D* — BB* = DXX*D*
B (P, — B:B,)"* = D, X, XC, — B(P — B*B)"/? = DXX*C

oonD, X, X, —-XX*0oooooooooo. bo,00000000
gooo.

Y'Y, — VY

goo

P, — B:B, = X:C?X,
BB, = XD:D,X,

00,0000000.
P, = X} (C? 4+ D:Dy) X
0000000 v, 000 v, 00000,

Y P,Y, =Y X (C?+ D:D,)X,Y,
=Y X C2X,Y, + Y, XD:D,X,Y,
=C2 + DD,

00000 kerY;* D ker(P, — B:B,)/? 00,

YnH C (Pn - B;Bn)l/ZH == dom(sn) = PnH

10



00,V P,Y, =YY, 00000,
Y, =C2+D:D, — C*4+D*D=Y*Y
Doooooooo.
00,0000 VY, —Y*Y OO X, X} — XX*00O00O0000

ogg
ooo,Yy,0 X, 00b0ooocoog.

[ ]

000, X!0 X,00000000000.000,X,00000000
ooo.
000000000000

Ap = CpX, = X:Cp, ker X DkerC, 00

A,/C, C X natural extension
000, natural extension 0 0 00 0000000000000 (0O00O)0O
gooooo,0googoboboooobibob oooooobboob HO
0oooOooooOooooooo. A/, 000000 1000,00000
ooo c,HOOOOOoooooO A, HOOOOO A,HOODOOO. OoOg,

X*H =A,H.

000, X;000000000, X, 0000000000000, (OOO
ooooooooo.) oo,

* * * g *
VY = X X] = X3TX] = (X, X))

D000,000000000000.
000 A, B, ABOODOOOOODOODOO, (AB)=BAT0O00OO
O000000.00000000000000000000000.

\
Lemma 6.2 (R. Bouldin)

A, B, ABO0O0OOOODOOO,0000000.

(1) (AB)! = BTAf

(2) (AB)'(AB)=B'ATAB OO (AB)(AB)! = ABBTAT

N J
000000000,4=X,, B=X,0000000000000000
0000000000.000,000000.

11



[ YIY, — Y'Y = (X, X)) — (XX J

00,00000 X,X;, —XX*00OO0O0OOOoOOooO
oboo0oooooooooodoooon.
- )

Lemma 6.3 (S. Izumino)

A, AeB(H) (n>1)000000000,A4, — A (uniformly)
goo.ooobg,

Al — AT (uniformly) <= sup|A}| < oc.

N J
000, A, =(X,X:)0ooooooooo,

sup || X X5 || = sup || X, |* < oo, (3)
n n

0000 X,X: — XX*0DD0000000. 000 (X, X5 = X, X
00ooo0o0ooo0.0o0,00 3)oooooooooooo.
A,/C, C X}, (natural extension) OO,

up Jnll _
W [Col

*
[R P

0D000.000,000000000 ()0 (v)0oooao.

(i) I >0, sup|| XX} =sup|Xa|?® <k
n n

(ii) 3k >0, VYn, sup <k.
w [|Crul

(iii) 3k >0, Vn, VYue H, |Ayul <E|Cpul.

(iv) 3k >0, Vn, YveA,H=C,H, |v|c, <klv|a,-

(v) 3k >0, Vn, Yvedom(s,), |vl|c, <Ek|v|s,-

i) 0 (v) DOOD0OO0DO0OO0OO0OO0OOOODOOOO. (i) O (iv) O de Branges
space O UODUO0O0O0O0ODO0OOOOOODOODODOOOOOOOOOOOO

12



O00.000000 A, 000000000 adjoint«x00000O.

— A H.
[v]la, sup 1aru] €A,

A |(u,v)] we
|
veA H ||U||A

00, (iv)0 (v)OOOO0OO A, O de Branges norm || - [|4, O s, OO
ooood |||, 0000000000000.004d,
[ollz, = llol® + llsno]?
= (P — B Ba)?ull® + | Byul®, v = (P — Bj;Bn)"?u € dom(s,)
= (P, — B Bn)"?u, (P, — B;:B,)"/*u) + (Bnu, Byu)
= ((P, — B:Bp)u,u) + (B! Byu,u)
= (Pyu,u) = || Paull? = |l0]%,

00000.000, P, 0 dom(s,) = A,H = (ker A,)+ OO projection O
0ooooooooo.

00000000000000000, (v)O0OOOoOoOoO, g(s,s,) —0
(ie. C, - C,D,—»D)000O0OO,

XX — XX*
000000000,00

P, — BB, = C,X,X:C, — P — B*B=CXX*C
B,B = D, X, XD} — BB* = DXX*D*
B, (P, — B:B,)"/? = D, X, X:C} — B(P — B*B)"/* = DX X*C*.

gd

Y

p(s,sn) — 0, 0000 g(s,8,) — 0.
goon

DDDDDDDDDDDD,DDDDDDDDDDDDDDDDDD (O
000 (v))000DOODO0D0000O0OO0O. 000,00000000000
oY, =X,0V =X,"'00000000.000, Y, — Y'Y O
(X, X! — (Xx""'0D0O0O0O0O0,000 X, X — XX*000O00
0.0

ag,
sup || X, X ;|| = sup ||Xn||2 < 00
n n

13



ooo,(vyOoooooooooo.oooo,

Corollary 6.4
CD(H)>s,sp, (n>1)000,

q(s,sp) =0 OO0 g(s,sp) —0000.

Remark 6.1 000, 000000000000000 CD(H)OOO gap
metric U U ¢g-metric U 0000000000000, ODOOO0OO0,000
00 «000 ¢gmetrie DO O0O0DOO00OO0O0OO0ODOO.
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CX)Ooooopooooooooooooao
Hausdorff[1 0 X

Jobdobooobooooooboooboobon bbb m
(Dai Honma)

CO000000O0000ZOO0OO0O0000OONOODOODOOOOOODOO. XO0000O00O
Hausdorff 00000.00000C(X)000 X 00 COO0OO0O0O0O0O0OO00O0O00.000
C(X)0D0D00000000suyp 00000000000 Banach D0O0O0O0.

n0000Oa, ay, ...,a,10 C(X) 000000000

P(z,2) = 2" + ap_y ()" + - + ap(2) (x e X,z €C)
0 C(X)OOmonicODODOOODO.
00 1 C(X)00000 monic 000 P(z,2) 000000 P(z,2)=000000
Pz, f(z)) =0 (ze€X)
0000 feC(X)000000D0D0C(X)0000000000000.

00 2 C(X)000000 fO00000f=¢?00¢eC(X)00000000C(X)0000
0oooOooooooogd.

0000000000000 C(X)0000000000o0ooooooooo. ¢xX)oo
goooooogoboooobobobooboooboboboboboobboXxXoobooooooo
guoggoobdobod.

01 (2)000 0,j00000C(0,1)0000000000.

0200008 ={2:2€C,|z/=1}000005' 000000 :000000z=¢200
geC(SHODODOO. 000 ¢(S) 0000000000000 000000000000
oooooo.

000000000 S'000000 X0000o0o eo(X)ooooooooooooooo.O
0000000000000 000D0D00o0oO0oooooooo0oo Cc(xX)boooo xo
200"0000000000000.000X000000000 Cc(xX)Dooooooooo
O00D0000000000000000000 XO00O0000 Cech cohomology 00 000
O00oo0ooOooO (3,5). 0000000000000 0oooOo00n.oooXxoooo
0000000000000 000000oOoooooon ([1)).

1



00 3 0000 TO hereditarily unicherent 0 D 0000000 0O0OOOO MNOOOOOO
oooDoo0DMnNnNOOODOOOOoOoooooo.

00 4 0000 TO almost locally connected 00 000 07T0000000000OO00O0O0ODO0O
O0{Clhen00000000D000O0C,0 U,nxC, 0000000000000y, €Cy
000000000 {zntnem, {tntnen 00000000000 OOOOOO.

0 3 000 [0,1) O hereditarily unicoherent 0 0 O .
0 40000 80 hereditarily unicoherent 0 0 O .

O05neNOOOOOL, ={1/n}x[-1/n,1/n] Iy={0}x{0}000.00000I=U,",1I.
O almost locally connected 01 00 O .

06neNOODOOOL ={1/n}x[-1,1] Ih={0}x[-1,1]000.00000I=U,-,1,0
0000 10 almost locally connected [0 11 0 .

X00000000000000C¢(X)000000000000000000000000
000000000000000000 (1).000C(X)00000000000000X00
00000000000000000 ([1, 5)).

001 (/) XO000O0000O000000000 Hausdorff OOOODO. OOOD0OOOODODO
god.

(1) C(X)ODooooooooo.
(2) C(X)ODoooooooooooo.
(8) X O hereditarily unicoherent O O almost locally connected O 0O O .

(4) X O almost locally connected D D0 00000000 X, 0000 X, 00000 Odim X, <
100 HI(X)\,Z)DDDDDDDD.DDDDdimX)\D X,O00o0ooooOo DHI(XA,Z)
0X,000OOZOO0O0OoOOO 100 Cech cohomology 0000 .

0000 (4)0000000000000.0000 ) 000 (1)00 400000000
0000000000 cf[4))

(4) X O almost locally connected 000 0dimX <100 AYX,z)OOODOOOOO.
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Cole extensionl] [0 I OO O O square-root closed
Joood

OD0D00D00D00D00000 MO000 (Kazuhiro Kawamura)

1 00

compact Hausdorff 00 X OO OOOO0O0D0000 C(X)0O000Gelfand0O00D0O00OO
O0000 witalC*0 ADOOOOC(X)0O ADOOOOOOOO compact HausdorffO O X O
obOo00o0oobooooooooboooooooocroboobon0 Xooooooooooooo
000000000 C(X)00000000 Xo0ooooooooooooooooooooo
0000000000000000000000000000D0000000000000 C(X)
00000000000C(X)000000000 monic0000000 C(X)OOOOOOO
oooo

00 ADC(X)ODOODOODODOO compact Hausdorf 00 X OO OO OOOODOOODOO

Deckard-Pearcy[3| 00X O ODOOODOOOO C(X)DOOODOOODOO0OOOOOOOOOOOO
gubbobbdooboobobuoobooboboobbogaao

00 1.1 (6], [7)]0000000000000) XO0O0000O compact HausdorffOl 00 0 O OO
000000000000

(1) C(X)0O0O0000

(2) C(X)O sqaure-root closed, (DO D00 feC(X)0DO000¢*=f0000geC(X)0O
goooo

(3) dimX <100 HY(X)=00000 dimX0 X0O0OOOOO0O00O00O HY(X)O X000
0000000000000000O00.

gogooobbooooboooboooobbooboooboobgobbog

Proposition 1.2 ([2]) D000 compact Hausdorff 00 X O OO OC(X)O square-root closed
godoguobboo XxXxobboooooboboboobobboobobobo



gbobbooodgobbdoood1ioaob
0 X0OO000O0O compact Hausdorff 0 00O C(X) O square-root closed = dim X <10
guogdgobobodad

C(X) O square-root closed 00 XOOOODDOOO KOODODODDOD KO XOOOOOoOOoOoO
C(K) O square-root closed 0 0 00000000 KOODODODODODOOODODODODODOOOOOOO
000000 dmK <100000000000000O0O0(8)0O0)00000ooooooon
o000 dmX <1000000

00000000 Gel'tandODODOOUODOOODODOOODOODOOOOOOO compact Hausdortt
0000000000 00oooooooooooooooooooooooooooooog
O0O000DO0o0ooDoooDOOg

O0B0000XOODOOO0OO0OO0O0OODO0O Oecompact HausdorffO OO OO OO0 000 C(X)
00000 (0D0D00O square-root closed) 00 dimX <100

000 Cole extension O, compact Hausdorff 0 0 X O C(X) 0O square-root closed D 0 00 O
ddoddotuooooboooouoooouooooooooooooobdooooooo
000000000000 00000000000000000000 Stout [10, Chapter 3, §19,
p.194-197/0 0 0000000000000 0O0OO0O0DOO0O0

2 The Cole extension

compact Hausdorff O 0 X O OO OO
Sx ={(z, (zf)ecx)|f(z) = 2} Vfe€C(X)} C X x COX)

U

O000Sx 0O Xx[[{f(X)|feC(X)}0OOO0OOO0O0O0O0O0O compact Hausdorf 0 OO0 00O
mx: Sx = X O wx((w, (2f) fecix))) = @, (x, (2f) fec(x)) € Sx DO OO0 000000 Rouché D O
Ub0dr~xoooooooboboobobboo xEXDDDDW)_(l(x)DDDDDDDD
000D C(X)000000000 Odim ryl(e) =000000

() 000 feC(X)0DO000geC(Sx)0 fory=¢°00000000000
00000000 feC(X)D000,g:Sx = CO g((z,(2.)pecix)) = 2,0 000000

00 compact Hausdorff 00 X,0 00000 , compact HausdorfOO O D00 { X, 72: X5 —
Xoyla<w}O,000000000000000O00000wOO0O0O0OODODOOO)O

i) 000 f0,000000000pF=a+10000000X, = Sx,0m, =7x,: X =
Sx, X, O00OODO

i)ooo BDDDDDDDDDXg:l}Ln(Xa,ﬁg:Xv—>Xa)DDDDa<BDDDD,7rg:
{iin(wg:Xv—)Xa)DDDD



O000000ooooooobooiod Xg=limX, OOOUOa<w,0OO0O000XeOO X,
(‘

0000000 7,: Xq —» X, 000000000000000000000 a<w, 0000 7,
000000000000 0000000000CO00000000000000000000
0000000000000000000

() DODODODOOD f: X > COODO0D0O000000a<w, 00000 f,:X,—COOO
000f=f,or, 00000

(a)0 (b)0 0 C(Xq)O square-root closed ] 000000000000 0000000000
000

00 2.1 (the Cole extension) OO0 compact HausdorffO O Xo0O OO0 O O compact Hausdorff
00 XoO000000 m: Xg— X, 0000000000

(1) 000 € XO0OOOOdim 7, ' (z) =0,
(2) C(Xq)O square-root closed.

O00n-,>100000X,=n000D"={zeR"||2(<1}0000000000000 Xg
0 Xn)DODOOX(n)OO Xo=D"O0O0OOO0O00210000 n00 w(n): X(n)— D*O0O
0. 7(n) 00 compact Hausdorff 0 00 00 0000000000000 O0OOOOOOOOOO
0000000000000 dimX(n) <nO0OOO0OO

00 2.2 ([4], Theorem 3.3.10) f: X — Y O paracompact 0 00 0000000000000
g

dimX < dimY + sup{dimf *(y)|y € Y}
goodago

00 COdimX(2) =2?

000000000000, X(2)000BO00000000000000000 #(n):X(n)—
prO000000000000000000000000000000000 dim X(n)=n00
00000000000

000 0X(2) =x(2)" 40D 00000000 «(2)0X(2):0X(2) = oD200000000O
000000000HY(9D?) ZDDDDDDDDDDDDDDDDD @X(»DDDDDD
0Doooo0o

00 2.3 ([5], Theorem 3.2) f : X — Y O compact HausdorffOO O OO0 000000000
D000 fO0000O f:H(Y)-H(X)DDODOOO



005], Theorem 3.20 000 000 OO0 ”confluent mapping”0 00 000000000000
00000 0Ocompact Hausdorff OO O OO OO0OO OO confluent mapping0 00000 OO0
goon

O0H(DY=00000000000,000000000000

00 2.4 ([1]) (1) DO Cole extension0 000000000 compact HausdorffO O Spn O
D0O0HY(Sy) 0000000000

(2) HY(X(n)) DD D0OO0OO00D0D0DOO

00(2)0, X(n)O O Sp(=Cole extension 1 000000 X;000000000 X(n) — Spn
00000000000000,(1)000230000000000

000000000000 0000000C(X)0 000000000 square-root closed) d O
O0D0000000b0b0O00bDbOoO00DOOeompact Hausdorff OO0 XOOODOOOOODOO
DDDDDDDDDDDDDDDDDDﬁl(X(l))DDDDDDDDDDDDDDDDDDDDD
00000000000 1.13) 0000000000000 oooooooooood

gb2400000000000o0bob0oononon

00 25 00000 A00OQ0OCOO0O0DODOOOO f:A—-ADDOODOOODOOO
O00ec ADODDODOOOORODO0O00O0 fMa)=000000
D000 ADO0OO0OOQC0OO0DooOOoDo

0000241)00000000000000 000000000 7=mpn:Spn — DO L
0000000000000 000 " By={zeD"||z|<1/k}00000

D"=B DBy D--DB,D--- DN By ={0}
gooodoo
Spn=m ' By) D7 '(By) D--- D7 '(By) D--- DNy (By) =7 '({0})
000000dim 7 }({0})=000000000000000000O
0 =H'(z""({0})) = lim H' (77" (By))

00000000« Y(By)0O Sp-0"000"0000000000000O00OO0OOOOOO
oo

H'(Spn) = H (n~Y(B,)) —— H'(7~(By)) > o y HY(n ' (By)) —— -

0"000"0000000000000000000000000O0 (DoooOOooooooo
gbbbobooobbbogbbobogn Hl(SDn)DDDDDDDDDD 2500000000
gobboooobooboooodn HI(SDn)?éODDDDDDDDDDD

Ooooo-00000-Rouchée 0000 0O0OD0OOOODOMO



00 2.6 compact HausdorffOO X O feC(X)DODODOO

S ={(@,2)|f(2) = 2} C X x C

000000000000 py: Sx — Sp0

pr((x, (2p)pecx)) = 25, (7, (24)pec(x)) € Sx

gooooooddop, 0000000000

0000000000000P"000000 f:D"—CO,HY(S;)#£000000000000
00000000 ps:Sp.— S;0000000000230000000 p}:HY(Sy) — H(Spn)
0000000000 HY(Sp.) £0000000

Ooon
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Bergman shift 0 OO OO O O O

0000 (00000 000)

0000 CO000000D={AeC:|\ <1} 00 Bergman 00 L2(D) 000

gooo:

L*(D) = {f . f is analytic on D and || f|* := %/D|f(z)|2 drdy < +o00 (z = x+iy)}.

Clz)000 0000000000 O0O0OOOODOO. Bergman OO0ODOOO MO
Clzl00D00D00DD0ODODODO0O0OO00OO0O0 (ie. feM=pfe M foranyp e Clz])
M O Bergman submodule D0 0000 DO O. Bergman submodule 0 0000000

gopooooo.

Theorem 1 (Richter [2]) Let My and My are two Bergman submodules. Then there
exists a unitary operator from My onto My such that Upf = pU f for any polynomial p

in Clz] (i.e. My and My are unitarily equivalent as modules) if and only if My = Ms.

S, 0 Bergman 00 L*(D) 00000 000000000, S, 0 Bergman shift
opoooo. R, 0 S, 0 Bergman submodule M OOO0OO0OO0 MOOOODOOOO
IyO0OO. 0000 R, O IO MOOODODOOOODOD. AR,)0O R, O IO
00000 Cralgebra 000, 00 YAR,) 0 MOO0000000000 BM) O
C*-subalgebra 00 O O .

gbobbbooogboobobood.

Problem Let M be a Bergman submodule. Then does there exist a unitary operator U

from L2(D) onto M such that UA(S,)U* = 2A(R,) ?



Richter 0000000 M#£L2D) OO0 US,U*=R, 0000000000 UOO
O000.0000000000000000. Axler-Bourdon ([1))DO0,00000

gogodgbobooboobdoogooobbooabobooag.

Theorem 2 Let M be a Bergman submodule of finite codimension. Then there exits a

unitary operator from L?(D) onto M such that UA(S,)U* = 2A(R,).

CMOODOOOT={’:0<0<2r} 000000000000 C*-algebra 00,
0000000 HOOOODOO0OODO0O0O0O0O00O000000 KH)OoOoO. 0000

gboobbooobooobboboboon.

0 —— R(LA(D)) —— A(S,) —— C(T) — 0,
oo 00000000, ~r00000000000O.

Corollary 1 Let M be a Bergman submodule of finite codimension. Then there exists

a unitary operator U from L*(D) onto M such that the following diagram commutes:

0 — R(I2(D)) —— A(S.) —== C(T) —— 0

oo fur |

0 —— KWM) — A(R,) — C(T) —— 0,

where Ad U is the x-isomorphism from 2(S,) onto A(R,) defined as follows: Ad U(X) =
UXU".

Ooon

[1] S. Axler and P. Bourdon, Finite codimensional invariant subspaces of

Bergman spaces, Trans. Amer. Math. Soc., 306, No. 2, (1988), pp. 805-817.

[2] S. Richter, Unitary equivalence of invariant subspaces of Bertgman and

Dirichlet spaces, Pacific J. Math., 133, No. 1, (1988), pp. 151-155.



Cyclic vectors in the Fock space

g mo
gobgobooboooood

DODODOODO COO0DDOOODOOoOocoooooooboXxo coag
O00QO0000000000 BanachODODOODODOfCO XOODODOO
0000 fO0 X O cyclic vector OO OO

1 HardyU O O Bergman(] [J[J cyclic vector

0000 HD)0 Hardy D000 OO
1 [ ;
HAD) = {1 € HOlD) : o = s 5 [ 1) < oo
00 1([4]). fe HAD)DOODOO0DO00 fO0 HXD)O cyclic vector O
dbtddUouterDDOO0O0OOOOOOODODOO

0000 L2(D)0 Bergman 000 000

mezﬁeﬂmmwm@®=§AV@wma<w}

000 DOdADO Lebesgue0 OO 0O OO

00 2 ([8]). fel2(DO0000O0OO0 fO0 LAD) O cyclic vector O
000000LXDlouter 0000000000000 pecO00Dn
Ipglizzm) < lIpfllzy 00000000 ge Ly(D)0 DT [g(0)] <[£(0)]
000000000000

00 3 ([1]). X3, X0 DOODOD0OO0O0O00ODD0OO0O0O0O cCOooooono
BanachOOOOX, Cc X, 0OOOOOODOOOOOOOO fO0 X;0 cyclic
vectorOO 0O O OO0 Xo0O cyclic vector 0 0O 0O 0O O

1



O000000f € HY(D)O outer 00000 Of0 L2(D) O cyclic
vectorUO OO0 Oogn

K CTO Lebesgue0 0O m(K)=00000000T\K =u,0000
000070 disjoint 00000000000 Y m(L)logm(I,) > —oc0
OO000OKDO Carleson 000000

00 4 ([3]). singular 00 000 singular inner 0 00 L2(D) O cyclic
vector0 000000000 Carleson00 KCTOOODO pu(K)=00
godagobbgonbd

2 FockU OO cyclic vector

0000 LXC)0 FockOOODO OO

1 z|?
L) = {7 € HOll©) : I g = 5= [ 1£)PF dale) < o

00 5([5]). fel2(C)000000000000000

(i) fO L3(C) O cyclic vectorO O OO
(i) f0 CODO0DDOOOOO

oo
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U0 BergmanO O OO OOO0OOOU
000000000 00 Mmoo

ooooo,Crobb00bobbb00o0b0dl BergmanOOOOOoooooo
goggobobobobbbboogooooobooon.

1 Introduction

B=B,0C"0000,S=0oB00000000O. vO BOODOOODOODO
Lebesgue 000 00,00 SOOODOO0O0O0DO LebesgueOOOOO. a € (—1,00)
000, ¢, =T(n+a+1)/{T(n+ 1D (a+1)}, dvy(z) = co(1—]2]*)*dv(z) (2 € B)
000.0000,40 BOODOO BorelDODDOO, v,(B)=1000. H(B)D
00 pU00O0O0OO0OO0OOoOooOn.

p € (0,00), a € (—1,00)0 00, BOO Hardy OO H?(B), 00 Bergman O O
A(v,)0000000000:

H?(B) ¥ {f e HB) : ||f|%y = Oiugl/smwda < 00 }
A1) {f € HB) : Ml = [ 117 dvn <00 }

0Doo, ()= f(r¢) (re(0,1), ¢eS)0O0D0O.
O0000¢:B— B, HB)ODOO,0000000 W,,00000000O
00d:

Wouwf =v-(foo) (f € H(B)).

0000000000 DODO0OD0OODODO HardyO O HP OO0 OO Bergman O
0 Ar(y,) 0000000000000, 000000000000C0DOOC0OOO
Oo0ooooooooo ([1,2,3,4]). 000, M.D. Contreras0 A.G. Hernandez-
Diaz([1,2))000, W,,000000000000000000000000.
Theorem ([2]). 1<p<¢<o0,¢:D—-DOOOO0,y € HOO00. DOO
00 Borel 00 pg4,0 000000000

How.a(E) E/ 4*|%do (EO DO BorelD O).
¢*71(E)

gooo,oogoboo.

(a) Wy : HP - HIOOOO OO <= fpypqU %—CarlesonDD.
(b) Wy : H - HIOOOOOOD00OU <= pgp,,0 00000 L-Carleson0 0.



00000000000 Bergman OO Wy, : AP(vy) — A%vg) (0 < p <
g <oo,-1<af<oo)0000000,000000000000000
00 Carleson-type measure 1 00000 O0O0O0O00O. OO, OO0 M.D. Con-
treras 0 A.G. Hernandez-Diaz([1, 2)) 0 0000000000000 O0OO,
W,y : HY(B) — HYB) (0 < p < ¢ < 00)000000000000000
oooo.00d, We,d HaeddyOOOO OO Bergman OO OO O0O00O0O00O0O
gooobobbbbobbooobuooouooobbbuooobboooa.

2 Results

0<g<oo,—1<f<oco000.¢:B—BOOOODO,¢ e Ay)000. B
0000 Borel 00 pyyp,s0000000000:

o pas(E) = /

[W|%dvs (EO BO BorelOD).
)

DDD,@/JGH‘I(B)DDDDEDDDD Borel OO pyy,000000000O:
,uqﬁﬂ/aq(E) E/ |v*|%do (E O B[O Borel O 0).
¢*71(E)

000,¢":S— BO ¢0 radial limit mapO0 0 0. D00 0000 Uppgs féva
oo, doooddoooooioonoooodooooogd:

() BOOODODOOOOgOOODO,

/gduw,w,qﬂZ/ [9]%(g 0 p) dvg.
B B

(hyBOOODOOODOgOOOO,

/_gdl‘%qu = / [1¥*]7(g o ¢*) do.
B S

O0,0000000W,,0000000000000000000, v-Carleson
measure 0 00 compact y-Carleson measure (y >n)0 0000
B(OOODO B)ODDOOO BorelDO p0O,
B(¢,0 S(¢,9

sup ————~ < 0 sup ———— < 00)
5>0,(€S o7 5>0,0€8 gl

D00000,pD BODOO B)OO vy-Carleson measure 000 . 00, p0

thUPMZO (00oo limsupmzo)
640 ces Yy 510 ces 57



000000,p0 BOOOO B)OO compact y-Carleson measure 0 00 . 00
0O, B(¢,96), S(¢,0) (C€ 8,0 >0)0 Carleson set0 0 O

B((,0) ={z€ B:|1—(2,()] < é},
S, 0)={z€B:|1— (2| <}

Wy AP(va) — A%(vg) 0000, 0000000000 :

Theorem 1. 0 < p<g<oo,—l<a,f<occ000.0000,0000000
oooo:

(a) Wsy t AP(v,) = A%(r) 000000 (resp. DODOOOOOD)DOO.
(b) pepqs0 BOO W—Carleson measure (resp. compact W—Carleson

measure) 0 0 O .
(c)¢0 ¢0DDO00D:

a(n+l+a)

s [ WG 1<_<|za>|,2a>|2} C () <o

g(n+l+a)

et [ | 1<s_o<|za>|,2a>|2} - () =0)

Wy HP(B) - HY(B)OODOOOODODOOOOOODODOODOO0OOOO0O0OO
OD000.00000, M.D. Contreras0 A.G. Herndndez-Diaz([1, 2)) 0 00 0 O
goo.

Theorem 2. 0 < p<¢g<ooc0O00.0000,00000000000:

(a) Wy : HP(B)—>H‘1(B)DDDDDD (resp. 000 O00O00)0D00.

(b) poyp,0 BOO £*-Carleson measure (resp. compact 4*-Carleson measure) [J
gg.

(c)¢0 »0000DODO:

qn

s [ O Ry 400 <o

qn

o i [ 0O =} =0

000, Wy, : H(B) — A%(y,) 000000000000,

Theorem 3. 0 < p<g<oo,—-l<a<occdOD0.0000,00000000
0oo:

(a) Wy : H(B) — A%1,)0 00000 (resp. 00000000)000.



qan_ an_
(b) ftpypae D BODO - Carleson measure (resp. compact - Carleson measure)
ooo.
(c)pO0 0O DOODODO:

SRS e }qu”‘“(z) =

. Jf A-la®
resp. tim [ (o) {|1— <¢<z>,a>|2} dval2) =0)-

0000000 pl0oo0oo0ong.
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MINIMUM MODULI OF WEIGHTED COMPOSITION
OPERATORS ON H*

TAKUYA HOSOKAWA

1. INTRODUCTION

Let D be the open unit disk, D its closure and T the unit circle. Let
H> = H>*(D) be the set of all bounded analytic functions on D and
A be the set of all analytic functions bounded on D and continuous on
D, called the disc algebra. Then H> and A are Banach algebras with
the supremum norm

[fllso = sup [f(2)]-
z€D

In this paper, we will deal with the minimum modulus of analytic
functions on D and T. For f € H*, the radial limit f* of f is defined
almost everywhere on T. We denote that

[ Fll=sep = inf (=)
and
£l -nee = essin | ().

Let S(D) be the set of all analytic self-map of D. For ¢ € S(D),
we can define the composition operator C, on H* as C,f = f o .
Moreover, for u € H*, we can define the multiplication operator M,
on H* as M, f = uf. Hence the weighted composition operator uCy,
is the product of M, and C,, that is, uC, f = M,C,f = uf o .

As well known, ||[uC,|| = ||u||o both on H*. Putting u = 1, we have
that ||Cy,|| = 1.

Let X and Y be Banach spaces and 7" be a bounded linear operator
from X to Y. The operator norm ||T|| of 7" is the maximum modulus
of its image of the closed unit ball Ux = {z € X : ||z||x < 1}. In [2],
Miiller introduced two quantities as the minimum moduli of 7'(Ux).
We can regard j(7T') as the minimum modulus of T'(Uy) estimating
from the outside and k(7T) as the minimum modulus estimating from

the inside.
1
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Definition 1.1. Let T' be a bounded linear operator on from X toY.
(i) The injectivity modulus j(T') of T is defined by

J(T) = inf{[|Txfly = ] x = 1}.
(ii) The surjectivity modulus k(T') of T is defined by
E(T)=sup{r >0:T(Ux) D rUy}.

Though the operator norm holds the triangular inequality, neither
J(T) nor k(T) hold it. Some properties of j(7') and k(T') are studied
in [2].

Proposition 1.2. [2] Let T' be a bounded linear operator on from X
toY.
(i) Clearly 0 < j(T) < ||T|| and 0 < K(T) < ||T].
(i) If T is invertible, then j(T) = k(T) = || T || .
(iii) j(T') > O (this is said that T is bounded below) if and only if T' is
one-to-one and Ran'l" is closed.
(iv) k(T) > 0 if and only if T' is onto.
(v) J(T) = k(1) and k(T) = j(T").

Example 1.3. Let [?(N) be the Hilbert space of square summable one-
sided complex sequences.

(i) Let F' be the forward shift operator on [*(N) Then ||F|| = j(F) =
1 but k(F) = 0.

(i) Let B be the backward shift operator on [*(N). Then ||B| =
k(B) =1 but j(B) = 0.

2. MINIMUM MobDuLl OF WEIGHTED COMPOSITION OPERATORS
ON H®*>®

In this section we estimate j(uC,) and k(uCy,) on H*®. First, we
concern with the trivial cases. If u =0 or ¢ = p € D, then RanuC,, is
a zero or one dimensional subspace spanned by u. Hence we have the
following,.

Proposition 2.1. If u =0 or ¢ = p € D, then j(uC,) = k(uC,) = 0.

In the sequel, to exclude these cases, we assume that u € H* is not
identically zero and ¢ € S(D) is not constant. Under this assumption,
we call uC, non-trivial. We remark that uC, is injective on H* if
uC, is non-trivial. This fact and (iv) of Proposition 1.2 imply that
k(uC,) > 0 if and only if (uC,)™" is bounded on H*.
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Theorem 2.2. Let uC, be a non-trivial weighted composition opera-
tor on H*. Then k(uC,) > 0 if and only if ||u||_op and ¢ is an auto-
morphism of D. Moreover, in such cases, k(uCy,) = j(uCy,) = ||u|| s p-

Considering the special cases of u = 1 and ¢(z2) = 2, we have the
following corollary.

Corollary 2.3. Let u € H*® and ¢ € S(D).

(i) k(M) = [[ull—op-
(ii) If ¢ is an automorphism of D, k(C,) = 1. Otherwise, k(C,) = 0.

Next we will consider the estimation of j(uC,). For convenience, we
provide some notation.

Definition 2.4. Define that Ds(u) = {z € D : |u(z)| > ¢}.

In [3], Ohno and Takagi have stated their results in terms of Gelfand
transformation and Shilov boundary of H*. Our main theorem is

expressed in function theoretic terms. We need the following lemma
(see [4] and [5]).

Lemma 2.5. Let G be a subset of D such that G D T. Then, for any
feH™,

sup [ f(2)| = [[ /]l
zeG

Now we can prove the main theorem.

Theorem 2.6. Let uC, be a non-trivial weighted composition opera-
tor on H>*. Then we have

(1) J(uCp) = sup{d: p(Ds(u)) > T}
(2) = inf limsup |u(z,)|
weT (2n)—w
where we define the supremum in (1) is equal to 0 if such a constant
d does not exist, and we define also the infimum in (2) is equal to 0 if

p(D) A T.
Considering the special cases of u = 1 and ¢(z) = z, we have the
following.

Corollary 2.7. Let M, be a multiplication operator and C, be a com-
position operator on H™.

(i) J(My) = [Juf| o

(ii) If (D) D T, then j(C,) = 1. Otherwise, j(C,) = 0.

Now we give a typical example which shows what affects the estima-
tion of the injectivity modulus.
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Example 2.8. Let u(z) =1 — z. Let p(z) = z and ¥(z) = z?. Then
j(uC,) = 0 and j(uCy) = V2.

Proof. Indeed, j(uC,) = j(M,) = ||1 = 2||—oor = 0.
On the other hand, we have that
J(uCy) = inf max{|1 —¢|:¢* = w}
we
= inf max{|1 — |, |1+ ¢} = V2
0€[0,7]
O

In the last of this section, we collect some quantities which hold the
“zero-one law”. The essential norm ||T'||. of T" is the distance from T
to the closed ideal of compact operators, that is, ||| = inf{||T+ K :
K is compact}. It is trivial that 7" is compact if and only if ||T']|. = 0.

It is known that C, is compact on A if and only if ¢(D) N T # 0.
Moreover if C, is not compact on A, then ||C,|| = 1. Hence we have
the following.

Corollary 2.9. Let ¢ € S(D). Then we have that
0 <k(Cy) <j(Cp) < ICplle < |G| =1

and each of these quantities above is zero or one.
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